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ON A FAMILY OF DIRICHLET SERIES GENERATED BY
HARMONIC NUMBERS AND THEIR LAURENT EXPANSION

Lo Ho TIN

Abstract. This paper explores a family of Dirichlet series with two variables, generated by the
generalized harmonic numbers and the generalized skew-harmonic numbers. We investigate
their analytic continuation to negative arguments and derive argument interchange formulas.

w  HY

Additionally, we determine the general coefficients of the Laurent series for J#(s,z) = Y| 7

and (s,z) = Yo

H
n=1"n%

n

in terms of a newly defined mathematical object

b

2{rHab) = [ (1) - f)a

1. Introduction

The analytic function J#(s,z) = Yo, % Yii ki has been investigated in [2], with
a specific focus on the case where z = 1, as explored in [9], and by utilizing tech-
niques of Euler-Macluarin summation formula in [7]. Different versions of harmonic
zeta functions are studied in [4]. In the first part of this paper, we will study the gen-
eralized version of those three functions in [4], the formulas were described but not
stated explicitly. We derive the Euler-Maclaurin formula for each function and con-
sider an analytic extension to the entire complex plane. We will also state the negative
values, the residues and derive argument interchange formulas similar to the formula
H(s,z) +H(z,5) = {(s+2)+ {(s){(z) in [2]. In the second part of this paper, we
will use the Euler-Maclaurin formula and a newly defined mathematical object to find
the general term of the Laurent series centered at s = 1 for these functions. The Laurent
expansion of the harmonic zeta function . (s) (see Definition 7) and the generalized
harmonic zeta function .77 (s,z) centered at z = 1 are expanded in the paper [5] using
Ramanujan summation. We offer a different proof using the Euler-Macluarin summa-
tion formula. Furthermore, we will write the general term of their Laurent expansion in
terms of the difference transform (see Definition 6). §, is defined as

1

H6) = 17

YL e (DR k
—1
+s_1+k§) o s = 1)

which was proposed to be called the harmonic Stieltjes constants in [5]. In this paper, I
will call it as such.
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In this study, we will consider using the notation B,, denoting the n-th Bernoulli
number, B, (x ) denoting the n-th Bernoulli polynomial (see [8] and [1, pp. 804-806])
and B, (x) = B,({x}) denoting the n-th periodic Bernoulli polynomial (see [10]) where
{x} denotes the fractional part of x. As for the n-th Euler numbers, Euler polynomials,
and the periodic Euler polynomials, we will denote them using E,, E,(x) and E,(x)
respectively.

‘We will use the notation of the harmonic numbers, skew harmonic numbers, and
the generalized version of them as the following

Sio m=3l - m=3h
Sk k=1 Sk k=1
We also make use of the rising factorial and falling factorials respectively:

I(x+1)
Fx—n+1)

l)k+1 )k+1

. F(x+n)
SR v

Here I'(z) = [;"#* e " dt denotes the classical gamma function (see [1, pp. 255-258
and 260-263] and [0, 5]).
Lastly, we recall the Riemann zeta function

=x(x+1)...(x+n—1), x*:= =x(x—1)...(x—n+1).

)=~  RE>1

and the Dirichlet eta function

(R(s) > 0).

-5

2. Results of the generalized harmonic zeta functions using Euler-Maclaurin
and Euler-Boole summation formula

Apostol-Vu [2] studied the generalized harmonic zeta function (see Definition 7)
0o Hn(z)

H(s,z) = 2

n=1

ns

They showed that the function is meromorphic on the entire complex plane in both
variables using the Euler-Macluarin summation formula [7].
Boyadzhiev [4] studied the functions

= "+1H oo
2 X
They gave an analytic extension to the negative values using Euler-Macluarin summa-
tion and Euler-Boole summation formulas [3]. In this section, we study the generalized

version of the other three functions, by replacing the harmonic numbers and skew har-
monic numbers using the generalized versions of them.
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2.1. Skew harmonic zeta function

DEFINITION 1. We define the skew harmonic zeta function as

LEMMA 1. The following formula holds: for R(s) > 1 —m

1)k+1 (_l)n+1 = SEEk(O)(_l)n-&-k
N kg‘l oo )+ 2 kg;) klnstk
(=)™ cml:fm—l(_x)
T am= 1)!/n T

Here E,(x) and E, (x) denote the Euler polynomials and periodic Euler polyno-
mials respectively.

Proof. Start with the Euler-Boole summation formula [3]

n—1 m—1
z<—1>ff<j+h>—;kzoE",f,h’ (-0 W)+ (179 @)

—l/f )Em_1(h—x)dx

for positive integers a,n and & € [0,1). For our purpose, we let a =1, h =0 and
f(x) =% implies f®(x) = (—s)x~*=*. By such, we have

n—1 _11 m—lE 0 -~ —S]i o nE,
Jz“l(‘]s) :E 2 I;c(‘ ) ((_l)n l(nSJr)k _(_S)K)_'_Z( ) ) /; 1( >dx

(m—1)! xsm

Take the case where n — oo and subtract with the above case

(=DF 1GE(0) e s (=)™ [ Ep1(—x
Y =3 S e e

= ks 2 ns+k 2(m_1 | " xst+m
>

) dx.

Writing the sum Y-, —1) as —n(s) +ﬁ£,s) — (_ln)snﬂ
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THEOREM 1. (Euler-Boole summation formula of skew harmonic zeta function)
For z# 1, R(s) > 1 —m and R(z) +R(s) +m > 2, the following formula holds:

— 1] Ek(O)

%(Z7S)=n(z+S)+n(S)C()+2 L (1) (s 2K)

k 0
_1 E:lnz/ xs+rn

Proof. Multiplying both sides of Lemma 1 by n~¢ and summing both sides gives
the formula. [J

To figure out its domain, we consider the latter infinite sum. Like the periodic
Bernoulli polynomials, it is evident that there exists a bound for periodic Euler polyno-
mials, say |E, (x)\ < M, forall x € R for some M, > 0.

1 > M, 1 < My
< — < S _m=
n;l ne / xs+rn = n;l ne /n |xstm| dx < = nR@) /n xR (s+m) dx
/ m 1 Mm_1 2 1
n>1 nZ strm g{(s +m— 1) n>1 nCX(SJrZeril) .

The latter sum converges for R(s+z-+m— 1) > 1, therefore the domain would be
such. We can do analytic continuation by increasing the value of m.

Let’s let s = —n and consider some m > n where n is some positive integer, So
that the formula is valid for R(z) > 2 —m+n:

— 175! B (0)(—n)f

T (z,—n) = n(z—n)+ n(-m)E() + (~1  n(=n+z+k)

2 k=0 k!
_n m—1 n
- i@ 5 (i) Eomn+z i

note that (7) =0 for k >n

niz—n 1 & (n
=T g @ - 3 () Bromn b,
k=0
The formula is valid for R(z) > 2 —m+n, z # 1. However, it is also independent of
m, hence we can take m — oo. Reindexing the sum to get rid of the zeros of Ej,(0)
gives

COROLLARY 1. (Negative integers at the second argument) Forall z€ C\{1} and
n € N, the following formula holds:

%(z,—n):n(z_n)+n _% i <2k+ ) Ey1(0)n(z+2k+1—n).
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LEMMA 2. (see [2, pp. 88]) For R(s) > —2q and positive integers q, the follow-
ing formula holds:

dt.

1 B nl=s N 1 N i S2m—lB2m §2a+1 /oo §2q+1(t)
B s—1 2n 2m)\nst2m=1 " (2g+1)! J, rst2a+]

k>n m=1

Proof. Euler-Macluarin of f(x) = & from n to e (see formula 1) gives this for-
mula. O

Multiplying both sides by and summing both sides gives

(71)n+1
ne

— — 9 2m—1
%(S7Z): n(z+s l) n(s+z) 2 S B2m

s—1 2 = (2m)!

B s2a+l1 (_1)n+1 /-oo E2q+l(t) u
(2q+ 1)| =1 n? ts+2q+1

n(s+z+2m—1)

Again, we can bound the integral term,

B2q+l
t\+2q+l

THEOREM 2. The following formula holds: for R(s) > —2q and R(z) + R(s) +
2q > 1 for any positive integers q,

= |Bag11(t))] Cog1 1
< <
S / R(s)T2q+1 dr < 2+ R(s) 2R

— CNEt+s—1) n(s+2) | & 7" By
A3 =72 2 mz:fl (2m)!

s2a+1 (_1)n+1 /-oo §2q+1(t) J
(26]+ 1) S ni 15+2q+1 :

n(s+z+2m—1)

Let s = —n and choose a g such that 2g+ 1 > n, we get the following

COROLLARY 2. (Negative values at the first argument) Forall z€ C and n € N,
the following formula holds:

nil |
- —n—1 T Bm
%(—mz):_n(zn:l ) n(z—n) Z ( ) j_ln(z—n—i—Zm—l).

Note that the domain is for all z € C because we can always increase the value of
q if we want a larger domain. This is similar to Corollary 1.
With the help of Corollary 2, by setting z =1 we easily get

-n —n I /n m
%(_"):_Z(H)Jrn(lz - 2 <2tnl>fi1”(2m_”)'
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Now we consider the following type of sum

. -1 n -1 n m—1 ~1 k
s:’;nm(m—log(z)ﬂzﬂ) - 2) P (nk+)1 Ex(0)).

The sum is convergent because the summand is alternating and in the magnitude
of O(1).

= (2k—m) — ¢ (~m)log(2)

k+1—m)
k=1
Note E,,(0) =0 forall n € N
1O g = LS B (On(2k—m)
Tl g 2~ 2%k—1U)N
Lm+l

THEOREM 3. For all positive integers m

1\ _1\nm=1(_1\k
> (ﬁn—log(Z)—i-( DA 21) P (nler>1 Ek(0)>
1(=m) L%
o = {(—m)log(2

1
= O, Ex1(0)n(2k —m)
25

VEJ m+1 sz (Zk )
— —m
&2k Jmrt!

where E,(x) is the n-th Euler polynomial and B,, is the n-th Bernoulli number.

If m is positive even, we have 1)(2k —m) being 0 for all 2k < m, thus obtaining
the following corollary:

COROLLARY 3. Forall m € N, the following formula holds
2 LV B Ezf—1(0)> (4’”‘1 1

1
— ——— By,
& n2i m 2 4m> 2

Note that E,(0) = %(1 — 2" OB, (see [4, pp. 27])
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EXAMPLES.

2 (5 (=1)" (—1)"> 1
H, —log?2 S
gﬁn( nTeet T T T T ) T

Y (- 1)"4<( 2 —log2)(— )+i—ﬁ+8—24>:—%.

2.2. Harmonic eta function

In the below section we study the harmonic eta function _# (s,z).
DEFINITION 2. We define the harmonic eta function as

=L L

k=1

n

The special case where z = 1 will be written as

n

»|~

THEOREM 4. (Euler-Boole and EM of harmonic eta function) The following for-
mula holds: for R(s) +R(z) >2—m,

175 SFEL(0)(— 1)
/(S:Z)ZEZan(S+Z+k —1 Z‘lnz/ xs+’"

k=0

s — s Sm m
S (es) = (@) - ML D ety —mili(zm?f

N s2a+l1 (_1)n+1 /oo EZq-H(t) u
(2q+ 1)' e nc ts+2q+1

N(s+z+2m—1)

Proof. Using Lemma 1 and Lemma 2, we multiply both sides by - = and &

respectively and sum both sides to obtain the Theorem. [J

This is good news, because if we add the above formula with Theorem 1 (or The-
orem 2) we get the following formula

S (5,2) + 7 (z.5) =n(z+5) +n(5)¢(2)

for R(s) +R(z) > 2 —m. However it is also obvious that we can take m — oo and the
formula will still hold, hence we get the following corollary.
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COROLLARY 4. Forall (s,z) € C? and 7 # 1, the following formula holds:

S (5,2) + A (z,5) = n(z+5) +n(5){(2).

Letting s = —n in Theorem 4 gives us

COROLLARY 5. (Negative values at one argument) Forall z € C and n € N, the
following two formulas holds:

L5
)y

k=0

B n(z—n) 1
f(_nvz)_ 2 E

<2k+ )E2k+1(0)n(z+2k+ 1 —n)

S = T gy DE2D

2
LnTHJ n+1 B2m

+ ) <2m)n+ln(z—n+2m—1).
m=1

2.3. Skew harmonic eta function

In the below section we study the function _# (s,z).

DEFINITION 3. The skew harmonic eta function _¢# is defined as follows

B oo (_l)n+1 n )k+1
where the special case z =1 will be written as
1 k+1

oo )n+l n
Z .\' ;

n=1

THEOREM 5. For R(z) +R(s) +2m > 2 and R(s) > 1 —2m, the following for-
mula holds for m =1,2,3,...:

s m—1 2k 1
F(z,5) = C(Z; )+n( Nz )+% D WC(H—H—Z}H—I)
k=0 :
(—s)2m (=)™ = By 1 (—x)
+ 2(2}’}1— 1) n;l nz /n x.\'J:2m dx

— _ C(z+s) 1! smEzkH(O)

— __ 2 1

(s,2) 3 2 2 k) C(z+s+2k+1)
e =
22m—-1)' & xs+2m ’
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Proof. Consider Lemma 1, multiplying by (—1)""'n~? on both sides

i (—l)szrlHEls) _ i (—1)Zn+l (_IZnJrl +n(s)+l"ilw#
= n = n n 2.5 k!n
(=5 = Bur(—x)
T om= 1)!/n e dx]
— 1S SR B (0) (— 1)F
A (zs)=Cats)tnime) -5 2 — 7T 6etsth)

k=0

o5 G B

2m—1l 5 nt xstm

+

Since E»,(0) = 0 for any natural numbers n, the summand only adds something

every two terms. As such, let’s change m to 2m for simplicity:

— 1250 6k (0)(— 1)K

T =t rnen@ -5 Y 2O ro g

k=0 :
Cop g GO B9,
X.

22m-1)1 5w xs+2m

+

To justify the latter infinite sum, we consider

(=11 = By (—x) 1 1 |Ear ()|
by /n dx| < Y R0 /n R(s)+2m dx

Z s+2m
n>=1 n X n=1

M2m71 1
< .
SRE) +om—1 ; O TR T 2m T

Which converges for R(z) + R(s) +2m > 2, reindexing the finite sum and taking
out the k = 0 case gives the first formula.
Now we go back to Lemma 1 which states that

_1)k 1m=l1 EE 0)(—1)tk _m ooE" (=
2 ( 5) =5 2 ) k( [)(S+k) + ( S) '/ = s1+(m X) dx
Sk 2.5 k!n 2m—1)'Jn  x

for R(s) > 1 —m. We multiply both sides by (—1)"n~%, sum both sides and reindexing
the finite sum proves the second formula. [

COROLLARY 6. (Negative integers at the both arguments) The following formula
holds for z#n+1 and z # n—2k for 0 <k < |25

—n "7 n
F(ng = 3 (ZHI)E2k+1<o>c<z—n+2k+1>
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n—1
_ C(z—n) 1'&l n
n)=2=_ — - = E 0 —n+2k+1).
Flem =252 emn@ =5 3 () B0 -n 24
Proof. Letting s = —n in Theorem 5 gives the formula. The steps are similar to

Corollary 1,2,5. U
In Theorem 5, the domain is R(z) + R(s) + 2m > 2. If we add them up, we get

J(s,2)+ F(5,2) =L(z+5)+n(s)n(z)

for R(z) + R(s) +m > 2. Taking m to infinity gives

COROLLARY 7. Forall (s,z) € C* and z+s # 1, the following formula holds:

I (z,8)+ 7 (s,2) = C(z+5) +n(s)n(z).

2.4. Residues

Using Theorem 2, we see that 77 (s,z) is entire in z and is meromorphic in s with
apole of s = 1. Itis evident that

Res [%(&z)] =n(z).

§=

Similarly, using Theorem 4, it is also_obvious that ¢ (s,z) is both entire in s and in z.
Now we study the residues of _# (z,s), Using Theorem 5, we can see that its poles

all come from the zeta functions:

— {(z+s)

1 m—1 S2k+lE2k+1 (O)

j(Z’S)ZT+n(S)n(Z)+5k,O T C(z4s+2k+1)
(—s)2n (=)™ = By (—x)
+ 2(27’!’! — 1)' o ne /n x.v+2m dx

for R(s) +R(z) > 2—2m. As we increase the value of m, we have a representation for

Y (z,5) on the entire complex plane. Using the limit lim,_,; (s —1){(s) =1, we get

S |
R -
z+.\'e:Sl _/(Z,S)_ 2
- T
R - _Epy(0
_Res | 7(zs), ST 1) 2n+1(0)
1 Eynii(0) (2n+2
[ Res | A (zs)| = 2 \2n+1

for any non-negative integers 7.
The residues of the generalized harmonic zeta function are evaluated in [2].
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2.5. Other possible harmonic zeta functions

In this section, we consider slightly different forms of harmonic zeta functions, for
example the below function.

DEFINITION 4. The function .# (s,z) is defined as the following

o (_l)n n 1
S s,2) 1= ,g‘()(znﬂ) z(2k+1)z'

To study the analytic continuation of this function, we apply a similar technique in
Lemma 1.
Starting with the Euler-Boole summation formula

n—1 m—1
S G =5 % B () 1 (10 @)
Jj=a k=0 :

__1/f VB 1 (h—x) dx

fora,n €N, h€[0,1). Let f(x) = (x+ll e
2
let a be anything (a = 1 for example):

— j m—1 —s k

0 (x) = (—s)k(x+ 1)7%, h=0and

% k=0 n+ )tk
—g)n n [ —
L9 / w0,
2m— 1)1 Ja (xt Ly

Take n — oo and subtract it from the above case

)

S+ %)S 25

(—1)) 1SV E0),
= D

(=)t (=)= [ Epi(—x)
(n+ %)Hk * 2(m—1)! /n (x+ %)”’” .

¥ (-1 _ mi Ex(0) 1y (—s)kok-1 N (—s)2 /w Ep_1(—x) .
22j+) & & Qn+ 1yt " 25 n— 1)1 fy (xt Ly
The integral converges for R(s) > 1 —m. Multiplying both sides by ﬁ and sum-

ming both sides gives

i 1 3 (—1)/ :milEk(O ok 12 )"
2n+ 17 & 2j+1) Kl 2n+1 S+k+z

n=0 k=0

o

-~ * Ep1(—x)
d
+2s+1 ! Z 2n+1 /n (x_|_%).\'+m x

n}O
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Interchanging the summation gives us the following:

m—1 E.(0
I(s,2) =, %(—s)kzk_lﬁ(s—i-m—k)
k=0 "
¢ (9" /°° Ep1(~x)
+ 25+ (m 'gb 2n+1 n (x+ %).\'er dx

To find the convergence of the infinite sum, we use a similar technique as before

NS | *® Ep1(—x) & 1 /w My
dx| < dx
VEO (Zn + I)Z /q (.X+ %).\'er ' rg() (2l’l+ 1)%(2) n (.X+ l)fﬁ(.\')er
R(s)+m—1
R Ly
R(s) +m— 1,5 (2n+ 1)RE)+FRE@+m-1

which converges for R(z) + R(s) > 2 —m. Since E»,(0) =0 for n > 1, we can only
consider m being even: m— 2m.

THEOREM 6. For R(s) > 1 —m and R(z) + R(s) > 2 — 2m, the following for-
mula holds:

2m—1
Ex(O
S-S %(—s%zk-lﬁ(mm
k=0 :
( s)2m oo /-oo Eszl(—x)
+ dx
2t 2m—1 'n;) 2n+1 no (x4)stam

Letting s = —n gives the following corollary.

COROLLARY 8. Forall z€ C and n € N, the following formula holds:

S (—n,z) = B g ( ) (0)47B(z+2j+1—n).

3. Harmonic polylogarithm function

(s)

Seeing the above you may ask: “What about the function Y, fo’:l') (=)

DEFINITION 5. Define the function HIY (x) as the following:

oo (s)
H,
- Z

Z
1 n
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Let’s consider the domain of convergence, since Yj_, % ={(s)+ 0( 1,1) for
R(s) > 1.

We see that the summand has the asymptotic behavior

(s) n
Hy" X
ne X :0<nz+.\'l)'

Therefore the sum converges absolutely for |x| < 1, converges for R(s) > 1 and
R(z) > 1 when |x| =1, and diverges for |x| > 1.

ns

Removing the H,ES) in the summand turns the function into a polylogarithm. In
this regard, we may expect that ngs) (x) has similar properties.

Using Definition 5, it is easy to prove that

(s)

; x HL, (¢

ngs)(x):/ %()d[
0

x Lig(r)

which is similar to the formula [y == dt = Lig;1(x).
LEMMA 3. - )
2 Y = Lis (%) :
= 1—x

Proof. Multiplying both sides by 1 —x and expanding the sum gives the for-
mula. [

Using the above lemma, we let x — xt, multiply by %(—logx)z’1 and integrate
both sides from O to 1

b Lig () 'S )
— ———(—logx Z71dx=/ Hy ' (—logx)* ' dx.
) i e > (~logx)
To switch the order of integration, we can use Weierstrass-M test if we assume that |7| <
1. Using the fact that [ x*~!(—logx)?~'dx = % , We get the integral representation
for the harmonic polylogarithm:

(), 1 U Lig(xt) —
HI; (t>_m/0 m(—logx) Ldx.

We can consider using analytic continuation if we want 7 on a larger domain.

THEOREM 7. The harmonic polylogarithm ngs) (x) is holomorphic on (x,s,z) €

C3 for where it is defined.

Proof. Using the Cauchy-Riemann equations easily finishes the proof. [J

¥

By Lemma 2, multiplying both sides by 7- and summing both sides gives the
following.
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THEOREM 8. The below formula holds for R(s) > —2q and |x| < 1, R(s)+
R(z) > 1 —2q for |x| =1:

HIY (x) = Li, (6) £ (5) + ——Lig 1 () + ~Li, 15 (x) — }q) " B 4 (x)
Z — Ltz 1—s s+z—1 2 z+s — (Zm)! s+z42m—1
S2£1+1 x_" oo §2q+l (I) "

_|_ JE—
(2q+1)! & n7 Jy  rst2atl
The condition listed is again from the convergence of the latter integral term.

HIY (ix) — HIY (—ix)
2i

= T (9(5) + T Tiose 1)+ 3 Ters()

q s2m71 )
- 2 7mTIS+Z+2m 1( )

m=1 (2m)
2a+1 (_l)nx2n+1 /oo Ezq_H(t)dt
2

+(2q+1)!n>1 (2n+1)2 Jopgr t5+2a+1

where Ti,(x) denotes the generalized inverse tangent integral. Letting x = 1 gives the

(s)
. . . . w H
formula for our desired alternating odd harmonic zeta function ¥, (2nzfll)z (=1

Though closely related, since it is not mainly about the topic in this paper I will

not go too deep investigating the function ngx) (x). A curious reader may consider

studying the function
n

5y
X

This function elicits similar properties like the argument interchange formulas in
Corollary 4 and Corollary 7.

S

ns

4. Difference transform

Before proceeding to the Laurent series, I will define a mathematical object that
favors our derivation.

DEFINITION 6. The difference transform (DT for short) on an analytic function
f(x), denoted as Z{f}(a,b) is defined by

b
P4{f}(a,b) ::/a F(lx)) = £ () dx.

We will mostly consider a,b to be integers. Sometimes if there are multiple vari-
ables, one could emphasize their notation as

2 f(x)}a,b) : /f[x
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The x below the Z is to show which variable we are doing transformation on.
Note that the difference transform could be written as

b—1 b
2{1Hab) = 3 fn)= [ s

If f(x) has a removable singularity at an integer x = xp, then we take f(xo) as
lim,_.y, f(x). To solidify the usage of notation, here are some examples.

4.1. Examples
If f(x)=<,a=1, b=N,then

N1
'@{f}(LN):/I - ; 2 1” / —dx = Hy- —log(N).
If f(x) = (x) ,a=1,b— oo, then
I n(|y n(y N—1 n N n(x
g{f}(l’w):/l logp(dt 1) _logx( )dlemo L; logk(k) _/1 logx( )] .

where 7, denotes the n-th Stieltjes constant.
Let f(x) = %, a=0, b — o, f(x) has a removable singularity at x =0
which has the limit 1.

< - & sinn = sint
@{f}“’“):kzof(k)‘/o f(t)dt:1+k§17_/0 g

IR E S A |
B 2 22

where we used the classical results Y | 882 = Z-L and [° 80l g = Z

Note that the difference transform could be written in terms of the Euler-Macluarin
formula:

— fla k ; . .
) at) =~ IO 53 2o (006) - 127w
=1 (1)

- @ [ Ba s ya

5. Laurent series

DEFINITION 7. (Generalized harmonic zeta function) We define the generalized
harmonic zeta function as

H(s,z) =

< 1
n=

51
PN~

IR
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where the special case z =1 is denoted as
i i
ot
This function is already thoroughly 1nvest1gated in [2]. However, since it will be
used later, I will state the formulas that we will use in the upcoming sections.

oo 1
(= S L) s P23y, @

T
k‘l'—‘

n?ln n

~ C(s+z—1)  C(z+s) ko (s+2r—2
H(s,2) = p— +5 —rzl< 2r_1>C(1—2r)C(s+z+2r—l)

s+ 2k B2k+l
A\ 2k+1 21 ne xs+2k+l
Formula 2 can be proved by putting k =1 and z =1 in formula 3.
This section will be split into three parts, the series expansion of 7 (s), 7 (s,z)

and J7(s,z). Note that the case where z = 1 is split up into different cases because
A (s) has a double pole instead of a single pole at s = 1.

3)

LEMMA 4. For integers n and complex s for where the integral converges, the
following formulas hold:

< {1} -1 1
/ {}2 2 dt = Hy, —log(n) —y— —
n

2n
1 nlf.\'
/ {} rd o1 Zn‘_g()

I will only show the proof of the former formula, the latter one follows a similar
procedure.

Proof. We start by considering the fact that {z} =7 — [¢],

I M | M—1 k41 k M ]
= lim / —dr — 2/ Sdit— [ —dr
M—eo | It Sl ot N 2t

N 11
= lim |log(M)—1 ) [ER
wim_ | log(M) —log(N 2 <k+1 k)+2M ZN]
= lim _10 (M) —1log(N) — (Hy — Hy) + ! !
T | 08 g MTEN T oM T 2N

[ 1 1
=1 1 H — —log(N)+Hy — —
Jim_1g(04) — Hy + 57~ 1og)+ Hy — 7 |

Writing y = limp;—... Hyy — log(M) finishes the proof. [
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THEOREM 9. For 9{(1) >—1:

Proof. Consider Lemma 4

{x}—— (H—l) n? 1 1

‘o= 2
z+1 z+1
z 2n k%k

dx 1

1 1)
= 2pztl +/n xl+z _Ig;qszrl'

Writing the latter term in terms of the difference transform gives the theorem.

{f} 7
nz&”/ =—h 5

Proof. Since we have Lemma 4, all we have to do is prove that

LEMMA 5.

& Hy—1 — S
L Of(n) Y__y_)’_+_

2 .
and subtract off 75 . Write

i log i i H,—log(n)—y

1+z
ZH0n=1 n

%n&%(z—kl)—i—c/(z—kl)—yg(z—kl).

Notice that the summand is O(-), by formula 2:

n

%(s)=&+75(5“)—25 "Wy,

s—1 2 Sintn t!
Let s =z-+ 1, we can plug it into the limit
. C(zt+1)  C(z+2) ={1}—3
S=1 ! 1)— 1)+——F4—--+(—2z—1 dt
lim &' (z+1) —yE (e 1)+ 24252 >N§1 M=
. 1 ¢(2) {r} -
=1 ! 1 H{-— = / d
lim {'(z+ 1) + (a+ )(Z Y>+ 5 Né,l | N

to evaluate the limit, we use the Laurent expansion of {:

1 1
C(1+s)= ;—H/—yls—l—O(sz) and {'(1+s)= —S—z—}/1+0(s)7

87
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) 1 1 2 1
S=lim——-y+0@)+ | -+y-—nz+0() ) | - —v
=0 Z e Z
Q) g i

+ 2 N Ntet2

N>1
-1}

— 2 ~ dt.

ST ZL%NEI/N NieP2

By Lemma 4,

2 7.[2
:—2 —_— — —
S S T (S 12)

2 2

_ ~ Hy—log(n) —y y T
e s
subtracting ’f—; proves the lemma. [l
LEMMA 6. For integers m > 0
d" L(z+1) (=D Y( Yiermel k
- — D+ m! m -1 +m+1
dzm z Zm+2 (m+ ) +k§>:0 k+m+lkZ( )

where ¥y, denotes the n-th Stieltjes constant.

Proof. Consider the Laurent series of {(s) centered at 1:

65 = 7+ D1 By

n>1

divide by z and differentiate n times gives the lemma. [J

5.1. Harmonic zeta function

Consider formula 2
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where ¥, denotes the n-th Stieltjes constant

89
1 % C1+s {1} -1
_(S_1)2+S—_1—yl+0(s— n>1”/ pres| dt
. 1

:1111}[%()

Yoo
SIS S_J_ it

The infinite sum is evaluated in Lemma 4
, 1 Y r+502)
lim | 7 (s) —
SLH}[ ()= G=1e s—l] 2
Therefore we now have the Laurent expansion centered at s = 1 up to the constant

= J(s)

/ {t}

term

2

Yy L r+EQR)

= O(s—1).
coEtioit T Tl

We now compute the Taylor expansion, letting z = s+ 1 and differentiating for-

mula 2 on both sides gives

1) 1 LEED)

£ (z42) 1 dam ~{x}—1
Z + 2 B N / )

az X2 < XZ )
I] . I 3 .

1y y(—1y"
A (241) - (Zm—+)2(m+l)!— (z+1)
¢ (z+2) Vikm+1 ko vkl
= ~1 m
2 +,§6(k+m+1)k!z( )

m!

1 dm

“)
{x} z+1>
N>1Nd7
Let f(z+1) :%(H—l)—z—z— ¥, then f(z) has the expansion

The left hand side of formula 4 is f

)(z+1), taking z to 0 gives
(m) 2 1)m+1

Ymtl 1 d” / {x} z+ l)

2 m+1 N1 N dz™" zzo'

Using Theorem 9 gives
£m2) (=)™ i 1 log" N log"t
= -, (=" — N, o0
2 + m+1 Iél N (=1) 2N _@< t >( ’ )]
{m@) (=)™ ly, (M(2) 1™ _ slog™t

= p— N oo

2 + m+1 2 +N>1 N _@< t >( <)
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m+1 m
(m) _ (_1> " Ym+1 _1\m l log™1 o
= ) = ) 3 59 (S )W)

This gives the general term of the Laurent expansion of the harmonic zeta function

THEOREM 10. (Laurent series of the harmonic zeta function) For |z| <1

jf(z+1):l+z+y2+€(2)

(=1)"Tn 7
2z 2 +r§l n!
where . log®
~ Yn+1 og't
n— _9( ) N7°°
v n+1+N§;‘1N ! t ( )

denotes the n-th harmonic Stieljes constants

Note that #7(s) has poles at 1,0,—1,—3
expansion at s =1 is 1

so the radius of convergence of its
REMARK 1. We can also write the formula as

%(Z—Fl):@—pm_kw !

Z 1 log"t
—(=1)" —9( —— ) (N,).
R (R (£ ) o
COROLLARY 9. For natural numbers m
H, —log(n)—vy -
2 : g( ) 10g (n):%n_Ym+l_YYm
n>1 n

Proof. This can be proved by considering the Laurent expansion of Riemann zeta
and harmonic zeta function, differentiating both sides m times and taking the limit z to
0. O

5.2. Generalized harmonic zeta function
In this section, we consider z # 1 so that the pole at s = 1 are all simple poles
Consider letting £ = 0 in formula 3
4 -1 X
%(S,Z>:C(s+z)+§(s+z sy L / {x} -
2 s—1 a1

xs+l
Consider z # 1, then (s, z) only have simple poles, more specifically, it has a simple
poleat s =1

i (o7 0 - 257

s—1

lim C(s+2z) N C(s+z—1)—

2 s—1 ng‘lnz/ {);}:H ]
:C(z2+1 g-y L /{x}

n>l

= lim
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From Lemma 4, we have

/{} 2dx— n—logn—y—L
2n

. }1_{1} (%(s,z)—fﬁﬂ) _ C(Z;- 1) +{(@)-Y % (Hn—logn—Y—z—ln)

n>1

=7y8(z) = H(2) + {(z+1).

This shows that
H(s,2) = %4—%(1) —H(2)+L(z+1)+0(s—1).

Before deriving the general term of .77 (s,z), we prove the following limit which
will arise in our later derivation

LEMMA 7. The following limit holds:

C(n+1) (Z)
s—0 n+1 °

ds" s

9" (C(HZ)—C(Z))

Proof. Leibniz product rule gives

ds™m s s—0 s—0

7" (M) ~ lim l(s—mljlm <mz<c<s+z> - {(2)

+2() (m— )isigl <s+z>>

To evaluate this limit, we do LHospital m+ 1 times

(’7)(—1>~f<m gl <s+z>>

m+1 N .. .
« 2 (m—: )jlsjlg(JerJrll)(Z—l—S))

s

(m+1)!

s—0

(=" <m!g“<m“>(s+z)+

i=0

As we are taking s — 0, the latter inner sum is non zero only if i = j (because of
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the s/~ term and the falling factorial term).

(m!C('"+1)(S+Z)+ 3 (") 1/n-y (mjl)ﬂc@“”(ws))

B

—~

—1Y

p Ky
(_

s—0

J=1

(") c<m+1><z+s>>

j=1 J

:(”;j—)’ln (é(_l)j (m;k 1) C(m-&-l)(z))

nHm
m-+

NgE

=lim
s—0

<C<m+1>(s+z) +

—_—

B g(nJrl)(Z)

— =
s—0 n+1

9" (C(HZ)—C(Z))

s s

This proves the limit. [J

THEOREM 1 1. (Laurent expansion of the generalized harmonic zeta function)
_ S
H(1+s,2)= +718(z) — #(z)+ (1 +2)

s

s | D () 1 log" ¢

5 )y — o) | .
B | e B () 6o

n

Proof. Let f(s+1) = #(s+ 1,2) — @ Then by Taylor series expansion:
(n)
F(+5) =18(R) = A#(2)+ L+ 1)+ sy ol

+ n:
Our goal is to compute f () (1). We again utilize formula 3, consider

Hls.z) = C(S+Z)+C(S+Z—1)_szi = {x}—3

2 s—1 ), e

k>1

f(")(”S):;:n (C(S+Z)—C(Z)+C(s+2z+1)>

s
BNEy TR
kz ds™ ), x5

2
k=1 X

dx.
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We take s — 0,
" (C(s+2)—C(z) C(H—z—i—l))
my= 2
f (l) (9S”< N + 2 ’\4»0
1 0" w{x}—%s—i—l
_kglkz s x5 dx s—0
_ 9" (E(s+2)—¢(2) +C(”)(Z+1)
_Bsn s s—0 2
1 0" w{x}—%s—i—l
_kglkz s x5 dx s—0
using Theorem 9:
9" (E(s+2)—C() {W(z+1)
() (1) = ALY 7, > &t
) 8s”< s 50 2
log" N log"t
_Nngvz {21\7 _9< 1 >(N’ )}

_9 (M)

~ Osn
The limit is computed in Lemma 6

g(n-&-l)(z)

o = nt1

Putting f ()

H(1+s,7)= @4—%(1) -
§ C(”“)(z)
+n>1n' I’l+1

This finishes the proof. [J

Note that since #7(s,z) has polesat 1,2 —z,1—z,

+(=1)" Y

N>1

(1) back into its expansion, we have that
H(2) +L(1+2)

R | log"t
S g (2 )(k,«o] .

k>1

—2n—zforn=0,1,2,3,...,

the radius of convergence is dependent on z. This also applies to Theorem 12.

REMARK 2. If we move the infinite sum into the difference transform, we have

H(1+5,2)=y8(z)—H(2)+(1+2)+

C(Z—|—s 7 +2kz

k>1

(,s+1> (K, ).
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5.3. Generalized skew harmonic zeta function

THEOREM 12. (Laurent series of the generalized skew harmonic zeta function)

(s +1,7) = @wn(z)m(zﬂ)—ﬂz)

+

m>1m' m+1 nt t

PGy (‘1)"“@{1°gm’}(n,oo>].

Proof. We start with Theorem 2, putting ¢ =0 gives

%(M):n(sﬂ—lun(sﬂ) D / {x}

s—1 2

n>1

This is similar to formula 3, finding the residue and the constant term

liir}(s— 1) (s,2) =§iir}n(s+z— D+0(s—1)=1(z)

— %(SJ) (Zl) n(S—f—Zs—_z—n(Z)_’_n(sz—l—z)_ 2 (_1)n+1s /oo {x}—% "

The constant term is

im (70,0~ 1) =g + 1D 5 (0t e -d

s—1 s—1 2

n=1

we use Lemma 4 to obtain

lim (7@,@ - M) — @G+ ) - £().

s—1 s—1

Now we find the general coefficient of its Taylor series. We use the same technique
. . . = n(z)

used in the prior section, let f(s) = 7 (s,z) — L.
Then

fG+1D)=yn(z)+n(z+1)— _Z(2)+

Since

we have

am
das™m

" nis+z)—n(z) n"(1+z)
e - + - >~ @7
ds™m s 5—0 2

_2( 1)n+1 am/ {x} E

Z m S
S on ds x

e = s—1 2

nGtz=1)-n@)  nG+7) g D™ o {xh—g ]
s—1

dx

s—0
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Again, we use Theorem 9

f(m)(l) _ aa::n n(S‘f'Zz_n(Z) SHO_’_ 1’](’“)(21+Z)
o (=)™t /log™n S log"t e
(=1) rg‘l n? ( 2n '@{ t }(’ >>
m s _ _1\n+1 m
— f<'")(1):ssm n(st2) ~n() +Z§ ne) +(—1)m2( D™ @{logt t}(n,oo).

b4
s—0 n>1 n

The last step is to compute the former limit, we do it similar to how we did it to
the zeta function in Lemma 6. The limit works out to be

_ n(erl)(Z)
s—0 m+1 ’

0" n(s+z)—n(z)
s s

In fact, we can replace zeta with eta in the derivation of Lemma 6 and the lemma still
holds. This shows that

ey 17VE) e (G plog”s
B R e e e

Substituting £ (1) the formula below

H(s+1,2) = @ +yn)+n(iz+1)— _7(2)+ 21 f(}z,(l)sn
n> :
proves the theorem. [J
REMARK 3.
s+ 1,9= "5 @ sy ner ) - £Q)

3 S S e

Furthermore, one can prove that

%w ()] _, = (1" liz(x) - ;::1 ];l‘zfl) + %Li5+z(x) ~

4 (_1)m+1n>1%@{ 105:;, t}(n,w)

but does not seem to have any significant use for now.
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