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ON LACUNARY .7 -INVARIANT CONVERGENCE OF SEQUENCES
IN QUATERNION-VALUED GENERALIZED METRIC SPACES

OMER KiI$1*, BURAK CAKAL AND MEHMET GURDAL

Abstract. In this study, we explore the concept of lacunary .#; -convergence of sequences and
analyze the relationships between this new convergence concept and the notions of lacunary in-
variant summability, lacunary strongly s-invariant summability, and lacunary o -statistical con-
vergence, all of which are defined within quaternion-valued generalized metric spaces. Addition-
ally, our paper aims to introduce the concepts of lacunary .#; -convergence in quaternion-valued
generalized metric spaces. We then establish the equivalence between lacunary .#; -convergence
and lacunary % -convergence by providing the definition of property (AP). Furthermore, we
introduce lacunary .#;-Cauchy and lacunary .75 -Cauchy sequences, adapting classical theo-
rems to quaternion-valued generalized metric spaces.

1. Introduction

Fast [11] explored the concept of statistical convergence, which had a profound
impact across scientific disciplines. For further reference, see ([5, 7, 18, 19, 21]). Nuray
and Ruckle [26] subsequently introduced generalized statistical convergence, marking
significant advancements in this area. Also, the readers should refer to the monographs
[4], and [22], and recent papers [17], [31], [32], [33], [34], [35] and [36] for the back-
ground on the sequence spaces, and related topics. Kostyrko et al. [16] generalized this
concept further into ideal convergence, investigating its properties and applications.
This development led to ideal convergence becoming a prominent topic in summability
theory, as studied by [8, 9, 15, 24, 25], and others.

Fridy and Orhan [12] expanded on these ideas by introducing lacunary statistical
convergence using lacunary sequences. Other researchers, including Raimi [28], Schae-
fer [30], and Mursaleen [20], focused on invariant convergent sequences. Nuray et al.
[27] explored .#5-convergence with o -uniform density, while Mursaleen introduced
strongly ¢ -convergence.

Savag and Nuray [29] proposed © -statistical convergence and its lacunary variant,
establishing correlation theorems. Lastly, Nuray and Ulusu [37] defined lacunary .¢ -
invariant convergence and lacunary .# -invariant Cauchy sequences of real numbers.

In mathematical analysis, the notion of distance is formalized using a distance
function or metric, which can be generalized in diverse ways (refer to, for example,
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[14]). An important extension is the G-metric space, extensively explored by Mustafa
and Sims [23]. Metrics in this context quantify the separation between three locations.
Choi et al. [6] introduced the g-metric as an expansion of traditional distance functions.
It generalizes the ordinary distance between two points and the G-metric among three
points into the n+ 1 point distance, termed the g-metric of degree n. Abazari further
advanced this metric framework with the introduction of statistical g-convergence [1].

Quaternions constitute a number system extending beyond complex numbers, orig-
inally formulated by Irish mathematician Hamilton in 1843 to describe mechanics in
three dimensions. Quaternions are characterized by noncommutative multiplication,
distinguishing them from other systems. Extensive discussions on quaternion analysis
are found in [3] and related literature. This paper introduces a new type of convergence
in quaternion-valued g-metric spaces, building upon the g-metric spaces by Choi et al.
[6], quaternion-valued g-metric spaces by Jan and Jalal [13], and various forms of ideal
convergence documented in existing literature. This proposal is motivated by practical
applications in quaternions and fixed point theorems.

In this investigation, we delve into the intricate realm of lacunary .%; -convergence
of sequences, exploring its nuanced interplay with established concepts such as lacu-
nary invariant summability, lacunary strongly s-invariant summability, and lacunary
o -statistical convergence. These explorations unfold within the context of quaternion-
valued generalized metric spaces, offering a novel perspective on convergence dy-
namics in this specialized domain. Additionally, our study introduces the concept
of lacunary .#; -convergence, aiming to delineate its relationship with lacunary % -
convergence through the lens of property (AP). We extend our inquiry to include la-
cunary % -Cauchy and lacunary .#} -Cauchy sequences, adapting classical theorems
to align with the unique characteristics of quaternion-valued generalized metric spaces.
This endeavor not only broadens theoretical foundations but also underscores the prac-
tical relevance of these convergence concepts in diverse mathematical applications.

Let us now establish several definitions and notations that will be utilized in this
paper. First, we will introduce some fundamental notations for quaternion spaces. The
four-dimensional real algebra with unity is known as the space of quaternions, denoted
by Q. The null element of Q is denoted by Oq, and the multiplicative identity of Q is
denoted by 1¢g. Within Q, there exist three imaginary units represented by the symbols
i, j,k. By definition, these units satisfy:

P=P=k=—1,ij=—ji=k, jk=—kj=i and ki= —ik = j.

For each p = yo + y1i 4+ y2j + y3k; where ygp,y;,y> and y3 belong to R, the
elements 1,i,j,k are assumed to constitute a real vector basis of Q. Given p =
Yo+ yii+y2j+y3k € Q, we recall that:

(1) p =yo—y1i —y2j — y3k is the conjugate quaternion of p,

(i) | = Vpp = \/y5+yi+y3+)3 €R

(i) Re(p) = 3(p +p) =y €R

(iv) Im(p) = %(p —p) =y1i+y2j+ y3k is the imaginary part of p.

When p =Re(p), the element p € Q is said to be real. It is obvious that p is real
only ifandonlyif p=p.If p = —p or p =Im(p), p is said to be imaginary.
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The concept of a complex metric space was introduced by Azam et al. [3] as
follows:

DEFINITION 1. ([3]) Let X be a nonempty set, and suppose the mapping dc :
X x X — C satisfies the following conditions:
(1) 0 <dc (11,1), forall 71,7 € X and d¢ (11,72) =0 if and only if 1) = 15,
(ii) dc (11, ) =dc (1, 71) forall 7,1 €X,
(iii) dc (11, 12) 2 dc (11,73) +de (13, 12) forall 71,12, 73 € X.
Then (X,dc) is called a complex metric space.

Ahmed et al. [10] extended the above definition to Clifford analysis as follows:

DEFINITION 2. ([10]) Let X be a nonempty set and suppose that the mapping
dg : X x X — Q satisfies the following.
1) 0= dQ (Tl,Tz), forall 7,7, € X and dQ(Tl,Tz) =0 if and only if 11 =1,
(i) do (11, 2) =dg (m,71) forall 71, € X,
(iii) dg (11,1) < dg (11,13) +dg (13,12) forall 7,7, 13 € X .
Then (X,dq) is called a quaternion-valued metric metric space.

Ahmed et al. [10] introduced a partial order < on Q (space of all quaternions).

DEFINITION 3. Let p1,ps € Q, then p; < p, if and only if Re (p;) < Re (p2) and
Img (p1) <Img(p2), p1,p2 €Q, s=1i,j,k where Imm; =b, Imm; =c, Immy =d. It
was observed that p; < py, if one of the following conditions are satisfied:
(i) Re(p1) =Re(p2), Imy, (p1) =1Imy, (p2) where s; = j,k, Im; (p1) <Im;(p2);
(ii) Re (p1) =Re(p2), Img, (p1) =Imy, (p2) where s =i,k, Im;(p;) <Im;(p2);
(i) Re (p1) = Re(p2), Imy; (p1) = Imy, (p2) where s3 =i, j, Imy (p1) < Tmy (p2);
(iv) Re(p1) =Re(p2), Imy, (p1) = Imy, (p2), Imm; (p1) = Im; (p2);
(v) Re(p1) =Re(p2). Imy, (p1) =Imy, (p2), Imm;(p1) =Imm;(p2);
(vii) Re(p1) =Re(p2), Imy, (p1) < Img, (p2), Immy (p1) = Immy (p2);
(viii) Re (p1) <Re(p2), Im, (p1) = Imy (p2);
(ix) Re(p1) <Re(p2), Imy, (p1) = Imy, (p2), Im; (p1) < 1Im; (p2);
(x) Re(p1) <Re(p2), Imy, (p1) =1Imy, (p2), Imm; (p1) <Imm;(p2);
(xi) Re(p1) <Re(p2). Imy, (p1) = Imy, (p2), Imy (p1) < Immy (p2):
(xii) Re(p1) <Re(p2), Imy, (p1) <Imy, (p2), Im; (p1) = Imm; (p2);
(xiii) Re (p1) <Re(p2), Imy, (p1) < Imy, (p2), Imm;(p1) =Imm;(p2);
(xiv) Re(p1) =Re(p2), Img; (p1) = Imy; (p2), Imy (p1) = Im (pz);
(xv) Re(p1) <Re(p2), Imy(p1) <Imy(p2);
(xvi) Re (p1) =Re(p2), Imy (p1) = Im (my).

Specifically, we denote p; = py if p; # po and one from (i) to (xvi) is satisfied
and we will write p; < p; if only (xv) is satisfied.

REMARK 1. It should be noted that p; < p2 = |p1| < |p2].

Motivated by Ahmed et al.’s [10] work, Adewale et al. [2] provided the following
definition.
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DEFINITION 4. ([2]) Let X be a nonempty set, Q a set of quaternions and G? :
X x X x X — Q be a function satisfying the following properties:
(i) G211, 72, 13) =0 if and only if 7) = 1o = 13,
(1) 0 < GQ(Tl,Tl,Tz), VTl,TQ € X, with 14 75 T,
(iii) GQ(Tl,Tl,Tz) = GQ(Tl,TQ,T3), V1,7, T3 € X, with 73 #£ 15,
>iv) GQ(Tl,Tz,T3) = GQ(TQ,T3,T1) = GQ(Tl,T3,T2) = ... (symmetry),
(v) There exists a real number s > 1 such that

GQ(117T27T3) <s [GQ(T17CZ7CZ)+GQ(LI,T2,T3):| )

Va, 1,7, 73 € X (rectangle inequality).

Then, the function GQ is called a quaternion G-metric and (X , GQ) is referred to
as the GQ-metric space. A GQ-metric space is considered complete if every Cauchy
sequence in it is G2-convergent.

The following is an extension of G-metric space with degree /.

DEFINITION 5. ([2]) Let X be a non-empty set. A function g : X'*1 — R* is
called a g-metric space with order / on X if it satisfies the following conditions:
) g(w,71,7,...,7)=01ifandonlyif =11 =... =1,
(ii) g (70,71, 72, T1) = 8(To(0)s To(1)> To(2)» - - -» To(r)) Tor permutation o on {0,1,2,...1},
(i) g (70,71, 725+, T) <& V0, ¥1,¥2,---,y1) forall (7o, 71,72, -, 7)), (Yo, V1,2, -5 V1)
e X" with {5;:i=0,1,...,1} C{y;:i=0,1,...,1},
@iv) For all 1y, Ty,..., Ts, Y0, V1,---,Vt, wE X with s+1+1=1,

8(107T17T27'"7TS7y07y17y27~”7yt)
<g(T07T17127~”7157W7W7"'7W)+g(y07ylay27"'7yt7W7w7"'7W)~

The pair (X,g) is called g-metric space with degree [. For [ = 1,2 respectively, it is
respectively equivalent to metric and G-metric space.

The statistical convergence of real sequences is based on the concept of natural
density of subsets of N, the set of all positive integers, which is defined as follows:
Let (X,d) be a metric space. A real number sequence (i) is said to be statistically
convergent to the number 7 if for every € > 0,

. -1 .
<n: ; > =0,
limn {j<n:d(tj,7)>€}|=0
where the number of elements in the contained set is indicated by the vertical bars.

indicate enclosed set.
The following definitions were given by R. Abazari.

DEFINITION 6. ([1]) Let p € N and K € N* and
K(n) = {(i1,i2,....ip) <n(n €N): (i1,iz,...,ip) EK},
then
. p!
8(p) (K) = lim ~Z|K(n)],

is called p-dimensional asymptotic (or natural density) of the set K.
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DEFINITION 7. ([1]) Let (x,) be a sequence in a g-metric space (V,g).
(i) (x,) is statistically convergent to x, provided for all € > 0,

il
lim £

Pl |{i1,i2,...,ij <n:g(x7x,-1,xi27...,xij) 26}’ =0,

and is indicated by gS-lim, X, = X.
(ii) (xy) is called to be statistical g-Cauchy, provided for all € > 0, there exists
ie € N so that
N L :
nlg‘[;; |{11,127...,lj < n:g(xi87xil,xi27...,xij)}| =0.

The following definition was given by Jan and Jalal [13].

DEFINITION 8. ([13]) Let X be a non-empty set. A function gq cXPHl . Q
(where Q is the space of quaternions) is called quaternion-valued g-metric space with
order p on X if it satisfies the following conditions:

() go(10,71,72,...,Tp) =0 ifand onlyif o =171 =... = 1),

(i) g (70,T1,2,---,Tp) = &Q (16(0)770(1)770'(2)a . .,To(p)) for permutation ¢ on
{0,1,2,...p},

(i) gq (10,71, 725, Tp) = 80(%0,61,62,---,Gp) forall

(107717727'”7717)7(g07g17g27"'7gp) EXP+17

with {7;:i=0,1,...p} C{g:i=0,1,...p},
@iv) For all 19, 7(,...,7,%0,61,---G,vE€X with s+7+1=p,

gQ(707717727~~»Ts»€0»€17€27~~>€t)
<gQ(7077:177:27"'77:57‘)7‘}7"'7v)+gQ(g07gl7g27'”7€tvv7v7"'7v)'

The pair (X,gq) is called quaternion-valued gq-metric space with degree p. For p =
1,2 respectively, it is equivalent to quaternion-valued metric and quaternion-valued G-
metric space.

DEFINITION 9. ([13]) A gqg-metric on X is called multiplicity independent with
degree p if the following holds

gQ(T()7...,Tp) ng(go,...,gp),

for all (7o, 71,...,7p),(c0,G1,---,Gp) € XPT with

{1::i=0,...,p}={¢:i=0,...,p}.

Note that for a given multiplicity independent gq-metric with order 2, it holds
that go(7,6,6) = go(7,7,¢). For a given multiplicity independent gqg-metric with
order 3, it holds that go(7,6,6,¢) = go(7,7,6,¢) =g(7,7,7,6) and gq(7,7,6,2) =
gQ(T7 S Q,Z) - gQ(T’ Q,Z,Z) .
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REMARK 2. If we allow equality under the conditions of monotonicity in Defini-
tion 9 that is

gQ(T()w”va) ng(gOavgp)

for (7,...,7p),(G0s---,Gp) € XPT! with {7;,:i=0,...,p} C{g:i=0,...,p}, then
every gg-metric becomes multiplicity independent.

Utilizing the notion of ideals, Kostyrko et al. [16] determined the notion of .# and
J* -convergence.

Assume Y # (. .# C 2V is called an ideal on Y provided that (a) forall S,T € .%
implies SUT € .#; (b) forall S€ .# and T C S implies T € .7 .

Assume Y # 0. .7 C 2 is named a filter on Y provided that (a) forall S,T € .7
implies SNT € .%; (b) forall S€.% and T O S implies T € % .

An ideal .# is known as non-trivial provided that ¥ ¢ .# and .# # 0. A non-
trivial ideal .# C P(Y) is known as an admissible ideal in Y iff .# D {{w}:weY}.
#,; is defined as the set of all subsets of N whose natural density is zero forms a non-
trivial admissible ideal. Then, the filter % = % (%) ={Y —S:S € .#} is called the
filter connected with the ideal.

An admissible ideal .# C 2% is said to have the property (AP) if for any sequence
{A1,A,,...} of mutually disjoint sets of .#, there is a sequence {Bj,Bs,...} of sets

such that each symmetric difference A;AB; (j=1,2,...) is finite and UB €S
j=1

Let ¢ be a mapping such that ¢ : Nt — N* (the set of all positive integers). A
continuous linear functional @ on L., the space of real bounded sequences, is said to
be an invariant mean or a ¢ mean, if it satisfies the following conditions:

(1) ®(x,) > 0, when the sequence (x,) has x, > 0 forall n € N;

(2) ®(e) =1, where e =(1,1,1,...);

(3) @ (xg(n)) = P (x,) forall (x,) € L.

The mappings @ are assumed to be one-to-one such that 6™ (n) # n for all posi-
tive integers n and m, where 6™ (n) denotes the m th iterate of the mapping o at n.
Thus, ® extends the limit functional on ¢, the space of convergent sequences, in the
sense that @ (x,) = limx,, forall (x,) € c.

In case o is translation mappings o (n) = n+ 1, the o-mean is often called a
Banach limit.

The space Vi, the set of bounded sequences whose invariant means are equal, can

be shown that
Vo = lim —
c { (xe) € et ML m 2 Xok(n }

uniformly in 7.
Let 6 be a lacunary sequence, £ C N and

Spi= n;in{|Eﬂ{Gm (n):mel}|}
Sy = m;lX{|Eﬂ{Gm (n):melL}|}.



ON LACUNARY .# -INVARIANT CONVERGENCE OF SEQUENCES 117

If the following limits exist

Vo (E)=lim L, Vo(E)= lim >,
r—eo J1,. r—eo J1,.

then they are called a lower lacunary invariant uniform density and an upper lacunary
invariant uniform density of the set E, respectively. If V, (E) = Vg (E), then Vg (E) =
Vo (E) =V (E) is called the lacunary invariant uniform density of E .

The class of all E C N with V (E) = 0 will be denoted by .#5¢ . Note that .%¢
is an admissible ideal.

A sequence (x,,) is lacunary % -convergentto L, if for each € > 0,

E(e):={meN:|x,—L| > e} € Isp,
i.e.,, Vo (E(g)) =0. In this case, we write Y59 — limx,, = L. Note that Z;¢ is an

admissible ideal.

2. Main results

DEFINITION 10. Let (X,gq) be a quaternion-valued g-metric space, T € X be a
point, and (7;) C X be a sequence. A sequence (T;) is said to be lacunary gq -invariant
summable to 7 in (X,gq) if

. p!
lim — Z 8Q <Tcri1 (m)> Toi2(m)> -+ "Toip(’")> -0

T .
TN e, 1<wsp

uniformly in m = 1,2,3,... . In this instance, we denote 7; — 7(gq (Vs6)) to demon-
strate the sequence (7;) is lacunary gq-invariant summable to 7 in (X,gq).

Additionally, the set of lacunary strongly gq-invariant convergence sequences in
(X,8q) is defined as follows:

80 [Voo] = {(Ti) : lim p—;i >

r .
e iw€l, 1<w<p

gQ (7:7 To'il (m)7To_i2(m), ceey T(Fi”(m)> ‘ = 0}

uniformly in m. In this context, we denote 7; — T(gq[Vse]) to indicate that the se-
quence (T;) is lacunary strongly gq-invariant summable to 7 in (X,gq).

DEFINITION 11. A sequence (7;) is said to be lacunary strongly gq-s-invariant
summable (0 < s < eo) to T if
!

.. p: K
lim— Y 'gQ (1:,1'0,-1 () Toi2 (m)> - .,‘L'Gip(m)>| =0,

F— .
= iw€lr, ISW<p

uniformly in m and it is indicated by 7; — 7(gq [Vse),)-
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DEFINITION 12. A sequence (T;) is said to be lacunary gq - o -statistical conver-
gent to 7 if, for every ¢ € Q with 0 < g such that

. plyy.
lim P ’{zw el,1<w<p: ’gQ <T,1’0,-1(m),1'0,-2(m)7...,roip(m)>’ > |q\}’ =0,

r—e [

uniformly in m.

DEFINITION 13. A sequence (7;) is lacunary gq-.%s-convergent to 7, if, for
every g € Q with 0 < ¢ such that

K := {(il,iz,...,ip) e NP . |gQ (T7Til,Ti27...,Ti’,)’ = |q\} € 50,
i.e., Vo (K) = 0. In this case, we write 7; — T(gq (-Zs0)) or go (Fs9) —lim7; = 7.

THEOREM 1. Let (7;) is bounded sequence in (X,gq). If (%) is lacunary gq-
S -convergent to T, then (T;) is lacunary gq-invariant summable to T.

Proof. Let m € N be arbitrary and g € Q with 0 < g. Also, we suppose that (7;)
is bounded sequence and (7;) is lacunary gqg-.#5-convergentto 7. Now, we proceed
to estimate

p!
Yo (m) = Y 2 gQ (7:7 Tcil (m)7TGi2(m)""7T(Fi”(m)> .
h’ iwEl, I<W<p
Foreach m=1,2,..., we have
Vo (m) < wg (m) + y (m),
where
1 _ P! . . .
Yy (m) = ﬁ . %w<p ‘gQ (7-'7 Tgll(m)7TG’2(m)7 .. .,Tclp(m)> )
8Q <7770i1 () Toi2 (m)7-~-770ip(m)) '2\4\
and
2 _ D
Vo (m) = ﬁ Z ‘gQ (T7Tc)'il (m)’Tc)'iz(m)7""Toil’(m)> ‘ :

iw€lr, 1<SW<p

8Q <T7Toil (m) Tl (m),-~-770ip(,,,)> '<“1‘

Forevery m = 1,2,..., itis evident that w3 (m) < |q|.
Since (7;) is bounded sequence, there exists an M > 0 such that

‘gQ (rﬁgil (m)7r(,,-2(m)7...,rc,-,,(m))‘ <M, (inel, 1 <w<pm=12,.)
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and so we have

vy (m) = b )y ‘80 (7% <m)7fofz<m)~~~vchP<m>>‘

iw€lr, 1<W<p

‘gQ <T7T<5il (m)JO'iZ (m),...,‘l,'aip (”’)) '2‘(1‘

Mp! .
< hg {lw € Ir, 1 < w < p: ‘gQ (T,To_il (m>,To_i2(m),. . .,To_ip(m)> ‘ 2 ‘q|}‘
p!max, {iwelr, lgwgp:'gQ (7:,10,-1( 17T ),...,TG,-p >'>|q|}'
m m (m) 1S,

Thus, based on our assumption, (7;) is lacunary gq-invariant summable to 7. [J

In general, the converse of Theorem 1 is not valid. Let X =R, .¥ = %5 and
Gy : R xR xR — H be a quaternion-valued G-metric space defined by

Go (p1.p2.p3) = [36— 30| + |30 — 30| + a5 — 30
+i(|s1 — 31|+ 51 — 31| + 31 —31])
+j(l—a|+ -5 +B-3)
+h([35 =33+ |33 — 33| + 133 —33))

where p, = 3, +37i+ 35 + 35k for r=1,2,3.
Consider the sequence (7;) defined as follows:

if jro1 <Jj<jr1+ [V,
and j is an even integer,

0 ifjrfl <]'<]'r71 + [\/h_r] s
" and j is an odd integer.

)

Tj =

When o (m) = m+ 1, this sequence is lacunary gq-invariant summable to % but it is
not lacunary gq-.#; -convergent.

Next, we will present the following theorems which establish the relationships
between the concepts of lacunary gq- .5 -convergence and lacunary strongly gq-s-
invariant summability. We will demonstrate that these concepts are equivalent for
bounded sequences.

THEOREM 2. If a sequence (7;) is lacunary strongly gq-s-invariant summable
to T, then it is lacunary gq- Y5 -convergent to T.

Proof. Let 0 < s <o and ¢ € Q with 0 < g. Suppose that 7; — 7(gq [Vsel;)-
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Then, for every m =1,2,..., we have

> ‘80(Tﬂo"l(m)’fofumw---’To"wm))

iwEl, I<W<p

‘gQ <T7 T(fil (m)7 Tciz (m)7 ey

=
iw€l, I<W<p

‘gQ <r,10,-1 (m)’To"z(m)""’Tgip(m)>‘>|II\
> |qf’ ’{iw el,1<w<p: ‘gQ (L’L'Gil (m)7TGi2(m)7...,To.ip(m)>‘ > Iq\}‘
> |61\smn:21x){iw €l,1<w<p: ‘gQ <T7 Tgil (m)77:o.i2(m)7...,To.ip(m)>) > Iql}‘

N

gQ (T, To'il (m) s To'i2 (m), ceey T(Fi” (m)>

!
By

iw€lr, 1<W<p

£Q <7770_i1 (m)” ot
hY

p!max,, {iwelr, 1<w<p:

> |q)’
Hence, due to our assumption, gq (Z5¢) —lim7, =7. [

THEOREM 3. Let (7;) is bounded sequence. If (T;) is lacunary gq - Y -convergent
to T, then it is lacunary strongly gq-s-invariant summable to T.

Proof. Assume that (7;) € L. and gg (Z5p) —lim7;=7. Let 0 < s <ecand g € Q
with 0 < ¢. The boundedness of (7;) implies that there exists a M > 0 such that

To.ip(m)>’ <M,

’gQ <T7 T(fil (111)716"2 (m)7 ey
(iw €, 1 <w< p, m=1,2,...). Therefore, we obtain

(T’ Toit (m)> T2 (m)>+++» Top <m>> '

p!
4 > 8Q
" iw€ly, I<w<p
s
= Z ‘gQ (T,To_il (m)’TO'iZ(m)""7T(Fi”(m)>
iw€ly, I<W<p
sol 77,0 (m)770i2(m)7-~-770ip(m))'2“1‘
s
T(Fi” (m)>

+ ’gQ (T,To_il (m)’TO'iZ(m)""’
iw€ly, 1<W<p
50 (%1 ot e )| I

{iwelr,1<w<p:'gQ<T,fa,—l Toiz () Tl )‘2\4\}'
(m) o2 (m)"" "o'P (m)
lq|’

hy

plmaxy,

<M

1S,
= M"’hf +|qf*.
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Therefore, we obtain

lim Z—I: D

r—oo .
rivel, 1§W<17

N

:07

gQ (7:7 Tcil (m) s TGiZ (m), ceey T(Fi” (m)>

uniformly in m. Hence, we get 7; — 7(gqQ [Vool,). O

THEOREM 4. A sequence (T;) € l.. Then, (T;) lacunary gq- -9 -convergent to
T iff'it is lacunary strongly gq-s-invariant summable to T.

Proof. This directly follows from Theorems 2 and Theorem 3. [J

Now, we state the theorem without proof that establishes a relationship between
the concepts of lacunary gq-.#5-convergence and lacunary gq- O -statistical conver-
gence.

THEOREM 5. A sequence (7;) is lacunary gq- - -convergent to T iff this se-
quence is lacunary © -statistical convergent to T.

Finally, by introducing the concept of lacunary gq - .5 -convergence, we establish
the relationship between this concept and the notion of lacunary gq - .#5 -convergence.

DEFINITION 14. A sequence (7;) is said to be lacunary gq-.7;-convergent or
Jio-g-convergent to T, if there exists a set M* € .7 (F59),

M* = {(mk17mk27...,mk,,) eNimy eM,i= 1,2,...,p},
where M € F (S59) (NP\M =H € F5g),
M={m <m<..<m<..}CN
such that
lim  gq (T,kal ,kaz,...,rmkp> =0.

k17k27...7kp~>00

. T S 75
In this case, we write gQ"" —lim; e Tj=7To0Or 4, — 7 (gQ"9> .

THEOREM 6. If a sequence (7;) is lacunary g-.#%-convergent to T, then this
sequence is lacunary gq- Y -convergent to T.

Proof. Let g € Q with 0 < ¢g. Since gg"" —lim; . 7; = 7, there exists a set
M €7 (Fs0),
M* = {(mk17mk27...,mk,,) eNPimy eM,i= 1,2,...,p},
where M € F (S59) (NPN\M =H € F59),

M={m <m<..<m<..}CN
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such that

lim T,7, T, T =0. 1
k17k2,....kp—>°<)gQ I mkl’ mkzv I mkp ( )

There exists an my, € N by (1) such that

gQ <T7kal ’kaz""7kap> < ‘q|7

for each my, ,my,,...,my, > my,. Then
A:{(il,iz,...,ip)ENp:’gQ(T,Til,Tiz,...,TipﬂZ‘q|} )
Q[HU{(mkl,mkz,...,mkp DM € \ Mgy My -, Mg ],

supplies for each g € Q with 0 < ¢.
Since .#5¢ is an admissible and H € Z;¢, the set on the right-hand side of (2)
belongs to .74 . Hence, A € 9. Hence, we get gg (Fog) —lim7y =7. O

If the ideal ;9 possesses the property (AP), then the converse of Theorem 6
holds.

THEOREM 7. Let the ideal .99 has the property (AP). If a sequence (7;) is la-
cunary gq-Fs-convergent to T, then this sequence is lacunary gq- %4 -convergent
0T.

Proof. Given that .7 satisfies property (AP). Let gq (Fg9) —limT; = 7 and
q € Q with 0 < g. Then

A= {(il,iz,...,ip) e NP : }gQ (T7Til,Ti27...,Ti’,) > |q\} € Is0.

We can specify:
Al = {(il,ig,...,ip) e NP : ’gQ (T,Til,Tiz,...,Tip)| > 1},

and

! 1
Ay = {(i17i27...,ip) GNP:; <|go (7,7, Tiys -1 T, ) | < ST}’

for s > 2, s € N. Clearly, A,NA, =0 for u # v and As; € Y59 (for each s € N).
By property (AP), there exists a sequence of sets {B,} such that A;AB; are finite (for

oo

jeN)and B= UB.f € J5¢ . It suffices to prove that for M* = NP\ B, we have
J=1

g8Q— }L‘E T =T. 3)
ieM*

Let 0 > 0. Forevery o € Q with 0 < ¢, choose k € N such that k% < |o|. Then

k+1
{(il,iz,...,ip) cN?: ’gQ (T,Til,Tiz,...,Tip)| = ‘G‘} C UAJ'.
=1
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Since AjAB;, (j=1,2,...,k+ 1) are finite, there exists a g € N such that

k+1
UA ﬁ{ (i1,02y. .- yip) €ENP i Dn,. ip>0(0}
k1 4)
= UB ﬂ{ i1,00,-.-,0ip) ENP 1 iy 0y, ip>OC()}.
k+1
If iy,i2,...,ip > 0 and (iy,iz,...,ip) ¢ B, then (i1,ir,...,ip) ¢ UBj and, by (4),
j=1
k+1
(i1,i2,...,ip) & | JA; but then
j=1
1
g0 (7.7 %1%, )| < g <ol

Hence, (3) holds. As a result, gg"" —limje7=17. O

DEFINITION 15. Let (X,gq) be a quaternion-valued g-metric space, T € X bea
point, and (7;) C X be a sequence. (T;) is said to be lacunary gq-.#5-Cauchy if, for
every g € Q with 0 < g, there exists i, € Q such that

B= {(il,iz,...,ip) e N |gQ (Ti,7Til,Tiz7...,Tip)| > \q|} € 50,

ie., Vo(B)=0. (X,gq) is called a complete quaternion-valued g-metric space.

THEOREM 8. Let (X,gq) be a complete quaternion-valued g-metric space. Then,
a sequence (T;) of points in (X,gq) is lacunary gq- S5 -convergent if and only if it is
lacunary gq - #s -Cauchy.

Proof. Suppose that g (-#5¢) —lim7; = 7 and ¢ € Q with 0 < g. Then, we get
A € Fs9, where

.. . €
A(S) = {(llal2a"'7ll7) EI\Ip’gQ (T7Ti1aTi27"'aTip)| = ‘Q| = 5}7

where g = 415+ j§ +k%. Since ;¢ is an admissible ideal, there exists an (m1,m,
ms,...,ms) € NP such that (mj,my,ms,...,ms) ¢ A(g). Let

B(e) :={(i1,i2,--,ip) ENP:|gQ (T, Ty s+ Ty Tig s Tigs -5 Ty ) | = €
we need to demonstrate that B(e) C A(g). Let (iy,i2,...,i,) € B(€). Then
|gQ (Tml7Tm27"'7T’n.§7Ti17Ti27"'7Tir))| 2 €

and hence

N M

8Q (T7TilaTi27"'aTip) =
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Thatis (i1,i,...,ip) € A(g). Otherwise if

€< }gQ (TmlaTmza"'7Tm3aTilyri2a"'7Tip)|
ggQ (T7Ti177i2a"'7rip) +gQ(T7Tm17Tm2a"'aTms)
<5+%
=€

)

which is not possible. Hence B(g) C A(€), which implies that (‘L',-I,T,-Z,...,T,-p) is
lacunary gq--#s -Cauchy.

Conversely, suppose that (7;) is lacunary gq-.#5-Cauchy but not lacunary gq-
o -convergent. Then, there exists (T, T, ... T, ) € N? such that G(g) € ¢ where

G (&) :={(i1,i2,--ip) ENP 1 |8Q (Tiys Tigs- -3 Tips Thy s Thoo -+ » i) | = €}

and D(g) € J5¢ where

D(S) = {(il,iz,...,ip) e NP . |gQ (T,Til,Tiz,...,Tip)’ < %},

thatis D°(g) € .F (Igp).
Given that

180 (T s Ty s+ Tong s Tiy s Tigs -5 iy ) | <2080 (72T T, T3, ) | < €

if |gq (7., Ty, -, T, ) | < §. Consequently, G (&) € Z5¢ , implying G (€) € F (Ig0),
leading to a contradiction, since (‘L',-1 yTigseens T,'p) was lacunary gq- #-Cauchy. There-
fore, (1) is a lacunary gq- %5 -convergent sequence. [J

THEOREM 9. Let (X,gq) be a complete quaternion-valued g -metric space, Is¢
be an admissible ideal, and (1;), (@;) be two sequences in X. Then, the following
statements hold:

(a) If 8Q(Fo6) —limimw T = T and g (Io0) — limie ) = ®, then gq(Is0) —
lim;j e (T + @) = T+ ;
(D) If 8 (Fs0) —limj—oo T; = T and x € R, then go (I5) — lim; e KT; = KT,

Proof. (a) Let g € Q with 0 < g. Since gq (F59) —lim;—. T; =7 and gg (FLs0) —
lim; ... w; = @, we have

{(i17i27""i17) eNP: }gQ (TaTi“Tiza"')Tip)} = %} S jae,

and

{(il,iz,...,ip) ENp2|gQ (a),a),-l,w,-z,...,w,-p)| = —} € Is0.
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Then
{(ihiz,...,ip) e NP ’gQ (T+(D,Til +(uil,1',-2+a),-2,...,rip+a)ip)| P |6]|}

g{(il,iz,...,ip)eNl’:|gQ(T7Ti1,1',-27...,1',-,,) 2%}
U{(il,iz,...,i,,)eNl’:’gQ(w,w,-l,w,-z,...,w,-p)]2%},

can be easily verified. Thus, by properties of ideal,
{(il,iz,...,ip) eN?: |gQ (T—|— w,T; —l—(x)il,’l.'iz —l—(x)iz,...,Tip +(9i,,)| > |q|} € jc(-)’

ie., gg (Fs0) — limje (T + @) = T+ .
(b) This can be proven by a similar way. So, we omit detail. [J

DEFINITION 16. Let (X,gq) be a quaternion-valued g-metric space, #5¢ be an
admissible ideal, and (7;) be a sequence in X. Then, (7;) is said to be lacunary .7 -
g-Cauchy sequence if there exists a set

M*:{(mkl,mkz,...,mkp) € Nt my, 6M,i:1,2,...,p} C NP,

where M € .F (I59), M = {m <mp <...<m<...} CN such that the subse-
quence (Ty) = (Ty,) is an ordinary g-Cauchy sequencein X, i.e.,

lim £Q <kal s Ty -+ .,kap) =0.

ky ,kz,...,kpﬁoo

THEOREM 10. Let Y59 be an admissible ideal. If (7;) is a lacunary 75 -g-
Cauchy sequence then this sequence is lacunary gq- Y -Cauchy sequence.

Proof. Let (1;) be alacunary .#; - g-Cauchy sequence. Then, there exists the set
M* = {(mk17mk27...,mk,,) EN’imy, €M, i=12,...,p} CN?,
where M € .F (I59), M ={m; <myp < ...<my <...} CN such that
8Q <ka1 7ka2 yeeey kap) < |CI| )

for every g € Q with 0 < ¢ (|q| = €), and for all my ,my,,...,my, = my, (€).
Let U = U (&) = my,+1 . Then, for every € > 0, we have

£Q (TU,kal ,kaz,...,ka’)> < E, My My M, kao (8)

Now, let L =NP\M*. It is clear that L € Y549 and

A(e) ={(ir,i2,...,ip) ENP: |go (W, Ty Tiys- -, Tip ) | > €}
- [LU{(mk“mkz,...,mkp) My € mkl,mkz,...,mko}}].
Then
[LU{(mk17mk27...,mk,,) Ty, € {mk17mk2,...,mk0}}] € Is0.
Thus, for every € > 0, we can find an U € N such that A (€) € Z5¢. Hence, (7;) is a
lacunary gq-.#s-Cauchy sequence. [J
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LEMMA 1. Ler {S;};, be a countable family of subsets of NP such that S; €
F (Is0) for each i, where F (Isg) is a filter associate with an admissible ideal
Iso with property (AP). Then, there exists a set S C NP such that S € F (Fs9) and
the set S\S; is finite set for each i.

THEOREM 11. If Z5¢ is an admissible ideal with property (AP), then the con-
cepts of lacunary gq- s -Cauchy sequence and lacunary g - g-Cauchy sequence are
equivalent.

Proof. If a sequence (7;) is a lacunary .7 - g-Cauchy sequence, then by Theorem
10, it is also a lacunary gq--#s-Cauchy sequence, where .#5¢9 need not necessarily
have the property (AP). Assuming now that (7;) is lacunary gq- % -Cauchy sequence,
we need to show that it is also a lacunary .#; - g-Cauchy sequence.

Let (7;) be a lacunary gq--#s-Cauchy sequence. Then, if for every g € Q with
0 < g, there exists ry € Q such that

{(il,iz,...,ip) e N?; |gQ (Tro,Til,Tiz,...,Tip)’ > |q\ 28} € Zs0.

.o . 1
Si::{(ll7lz,...,lp)ENp:’gQ<kai,Ti17"L'i2,...,Tip> <?}7

i=1,2,... where my, =rp (%) It is clear that S; € .F (F5g) for i =1,2,... Since

Js¢ has the property (AP), then there exists a set S C N such that S € .7 (Y5¢) and
SN\.S; is finite for all i/ by Lemma 1. Now, we show that

Let

lim T s Ty sy T =0.
kl’kzw"k’)_}ng Mgy 3 UMy, 5 ) by,

Let € > 0 and jp € N such that jy > é—’ If ky,ka,...,k, €S and S\ S}, is finite set,
so there exists m = m (jo) such that ki, ka,... .k, € S}, forall ky,ks,... .k, = m(jo).
Thus, it follows that

’gQ <ka17ka27"'7kap>‘ < ‘gQ (Imkl,r,-“...,r,-l)‘—i—‘gQ (kaZ»TinmvTh)‘
+...+ 180 kap,rl-l,...,‘t',-l ’
<‘gQ (kal,r,-l,r,-z,...,r,-p>)—i—)gQ (kaz,r,-l,r,-z,...,r,-pﬂ
+...+ g0 <rmkp,r,-17ri2,...,rip>

1,1 1
<j0+j0+...—|—j0<£.

This shows that the sequence (7;) is lacunary .#; - g-Cauchy sequence. [J

DEFINITION 17. Let (X,gq) be a quaternion-valued g-metric space, T € X bea
point, and (7;) C X be a sequence. A sequence (7;) .# -invariant statistically conver-
gent to 7 if, for every ¢,p € Q with 0 < g, p such that

{neN: 2L (it i, ip) €NP, iy ia, iy <
|gQ (T7Til,Ti27...,Ti’,)’ > |q‘}| = ‘p‘} € jﬁ'
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So ()
. . So (S . 8
In this scenario, we denote the convergence as gQ"( ) _ lim; e T; = T or (7;) e,

7. The collection of all .# -invariant statistically convergent sequences in quaternion-
. . . So(.7)
valued g-metric space is symbolized as g .

DEFINITION 18. A sequence (7;) is said to be lacunary .# invariant statistically
convergentto 7 if, for every ¢,p € Q with 0 < g,p such that

!
{VENZ %’{iWEIhlgwgpt |gQ(T,Til,Ti2,...,Tip)’ > |q\}| = p} € Is0.
r

In this case, we write 7, — T (gg""m) or g'g""(s) —lim;—. T, = 7. The collection
of all .# -invariant lacunary statistical convergent sequences in quaternion-valued g-

metric space is symbolized as gf)""(j) .

DEFINITION 19. A sequence (7;) is said to be strongly .%;-summable to 7 if,
for every g € Q with 0 < ¢ such that

! n
{rEN: :—p Y g (7.7, T, T,) | 2 |q} € Iy,

i3 ip=1

We will use [gg"} —limj Tj=ToOr T, = 7T {gé"} to indicate the sequence (7;) is
strongly ¥ -convergentto T.

DEFINITION 20. A sequence (7;) is said to be strongly lacunary .#;-summable
to 7 if, for every g € Q with 0 < g such that

!
{nENZ_p Z ’gQ(T7Ti17Ti2a"'aTip)|>q|}6j0'9'

T iyw€ly, 1I<w<p

We will use [gg""} —limjwTi=ToOr 7, — 1T [gg"e} to indicate the sequence (7;) is
lacunary strongly .#;-convergentto T.

THEOREM 12. Let 6 = {k,;} be a lacunary sequence. Then, the following state-
ments hold.:
i)/ (a) If gj"e —limj e T; = T, then gS"e ) _ limje T; = T, and
Q Q
i)/ (b) {gé""] is a proper subset of g%"e(']).
ii) If (77) € l=(X), the space of all bounded sequences of (X,gqo) and gS"e ) _
J Q Q
iy T; = 7, then [ggve} limye T = T.

(ii)) g7°) Nl =g N1,
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Proof. (i)/(a) If g € Q with 0 < g and {gé""} —lim;_. T; = T, then we can
write

> }gQ(T,Til,Tiz,---,Ti,,)|> 2 |gQ(T,1:,-l,T,-2,...,r,-p)}
iw€lr, ISW<p iwEl, I<W<p

|2Q (.5, Ty 1% ) [ >a
> |q }{iw €l 1<w<p: |gQ (T,Tll,f,z,...,r,pﬂ > \q|}}
and so
!
|q1|7hpl o 21:<W<p|gQ (T7TilaTi27' . 'aTip)|

h,, ’{zw €l 1<w<p: |gQ (T,Til,riz,...,r,-p)’ > \q|}|

Then, for every p € Q with 0 < p, we have

{rEN

{lw Elr’l ng ’gQ (T7Ti1aTi27"'aTip)| P M}’ P |p|}

> |61|P|} € oo

h”

!
g rEN:p_ 2 }gQ(T7Ti1,Ti27~~wTi,,)
" iw€lr, I<w<p

Hence, we obtain gQ o(f) _ limje T = 7.

(i) / (b) In order to establish that the inclusion {gé""} C gf)""(y) is proper, let 6 be

given, and define 7; to be 1,2,...,v/h, for the first /A, integers in I, and 7; =0
otherwise, for all r =1,2,... Then, for any g € Q with 0 < ¢

! !
Z—p H{ivel 1<w<p:lgo (0,7, T,....5,)| = l4l}] < php L
r r
and forany p € Q with 0 < p,

{reN: B [{ivel 1 <w<pilgq (0.5 T, 1,) | > lal}| > oI}
Q{VEN:%}’—’Z\P\}-

Since the set on the right-hand side is a finite set and so belongs to .7, it follows that

g —limi_e 7 =0.

On the other hand, for p > 1,

. p! VA (VA + 1
W Z |gQ(O’Ti17Ti2a"~7Til,)’:ﬁ¥_>0’

el 1I<w<p

andfor 0 < p <1,

z p! Vhr (Vi +1
W 2 }gQ (07Til,Ti2,...,Tip)| hp ( : ) e,

T iyely, 1I<w<p
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So, we have

WV

!
reN: ]%)iwelr,zl:éwépng (O’Ti17Ti2""’Tip)’ O}

= {rEN: 5_’:7\/5(4}7#1) 20} ={mm+1,...}

for some m € N which belongs to . (.#5¢), since 54 is admissible. Hence, {gé""} -
limiﬁm T 75 0.

(if) Suppose that (7;) € f.. and gf)"" “) _lim_... 7; = 7. Then, there exists a M > 0
such that

<M.

}gQ (TarilarizwuvTiI,)

Given g € Q with 0 < ¢, we have

’I;_é iwelr,%gw@ ng (7.5 B Tip) ’

> Y g0 (7,7, Ty, T,
iwEl, I<W<p
‘gQ(T:Til ’Ti2~,'~~,Tip)|>‘-q2-‘
+ 2 |gQ(TaTilaTi27"'aTip)’
iw€ly, 1<W<P
|A’Q(Tﬂ'il7Ti27-~-77i,,)|<‘%

Mp! .
P h_g {ZWEIplgng |gQ(O7Ti17Ti2a"'7Tip)} P %}“"Izﬂ

Therefore, we have

iw€ly, 1<W<p

{VGN:% 2 ’gQ(T,Ti17Ti2,~~~,Tip)|>|q|}

Q{rEN:S—é

{iw61r71<w<p: |gQ(0aTi1aTi27"'aTip)| = Bil}’ = %} EJGG-

As a result gg"" —lim; o T; = T.
(iii) Follows from (i) and (i7). O

THEOREM 13. Let (X,gq) be a quaternion-valued g-metric space, T € X be a
point, and (7;) C X be a sequence. Then, the following statements hold.:
i)/ (a) If [g'g"} —lim; . T; = 7, then gf)"(j) —1lim; e T; = 7, and
i)/ (b) {gé"} is a proper subset of gé"(/).
(ii) If (7)) € l=(X), the space of all bounded sequences of (X,gq) and g%"(/) -

lim; ... T; = T, then [gg"} —lim; oo T; = 7.

(%)

(iii) gy Nl = {gé"} Al..
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3. Conclusion

In this study, we have delved into the intricate realm of lacunary .#; -convergence
of sequences within quaternion-valued generalized metric spaces. Our investigation
has highlighted the interconnections between this novel convergence concept and es-
tablished notions such as lacunary invariant summability, lacunary strongly s-invariant
summability, and lacunary o -statistical convergence. These relationships provide a
comprehensive understanding of convergence dynamics in the context of quaternion-
valued metrics.

Additionally, we have introduced the concepts of lacunary .#; -convergence, aim-
ing to enrich the theoretical framework of quaternion-valued generalized metric spaces.
By establishing the equivalence between lacunary .#;-convergence and lacunary .7 -
convergence through the definition of property (AP), we have unified these concepts
under a cohesive theoretical umbrella.

Moreover, our study has extended classical theorems to accommodate lacunary
Js-Cauchy and lacunary .#; -Cauchy sequences within quaternion-valued generalized
metric spaces. This adaptation underscores the versatility and applicability of our the-
oretical framework in addressing convergence properties and dynamics in quaternion-
valued settings.

In conclusion, this research underscores the importance of mathematical analysis
in advancing our understanding of complex mathematical structures and phenomena.
By exploring and formalizing new convergence concepts within quaternion-valued gen-
eralized metric spaces, we contribute to the broader mathematical discourse and pave
the way for future research and applications in this specialized field.

Acknowledgement. The authors thank to the referee for valuable comments and
fruitful suggestions which enhanced the readability of the paper.
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