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DUALITY AND STABILITY OF OPERATOR VALUED
FRAMES FOR QUATERNIONIC HILBERT SPACES

RUCHI BHARDWAJ AND S. K. SHARMA *

Abstract. This paper aims to prove some significant properties and relations between operator
valued frames (OV-frames) in quaternionic Hilbert spaces. Various properties concerning the
dual of an OV-frame are proved and the precise form of the family of duals of an OV-frame is
given. Moreover, we try to construct OV-frames with the help of some partial isometries and
finally, the stability of OV-frames under some perturbation conditions is established in quater-
nionic Hilbert spaces.

1. Introduction and preliminaries

The notion of frames and their generalizations like fusion frames, g-frames etc.
have been studied and developed rapidly in the past decade mainly due to its significant
applications in signal processing and coding theory [1, 4, 5, 13, 14, 15]. Further, a
generalization of the concept of vector-valued frame, that enables us to deal with the
operators in a Hilbert space instead of its elements, was introduced by L. Gavruta [6].
The notion of OV-frames, provides a more general way of series expansion of elements
that is very similar to frame decomposition and have immense applications in quantum
computing, packets encoding and many more. For more details on OV-frames, readers
can refer [7, 9, 10, 11].

OV-frames in quaternionic Hilbert spaces are defined in [2]. This paper aims to
provide a few more results on OV-frames in a right-quaternionic Hilbert space and is
structured as follows: With the aim of making this paper self-contained, we recall some
basic definitions and results concerning OV-frames and quaternions in the remaining
part of this section. In Section 2, we prove some properties and relations between OV-
frames. Section 3 concerns mainly about the properties of the duals of an OV-frame.
In Section 4, construction of some OV-frames with the help of some partial isometries
is given and finally, the stability of OV-frames under some perturbation conditions is
established in Section 5.

All through the paper, H denotes a right quaternionic Hilbert space and K a two
sided quaternionic Hilbert space, H the set of all real quaternions, N the set of all
natural numbers and .# an index set. The set of all the bounded operators from H
to K is denoted by #(H,K) and the identity operator on H is denoted by Iy. The
set of all the quaternionic valued square summable sequences is given by the set (2, =
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{{qn}neN CH: ¥ |qu* < oo}. Moreover, the term “operator valued frames (OV-
neN

frames)” refers to quaternionic operator valued frames (quaternionic OV-frames).

Quaternions are a non-commutative extension of the complex numbers to four
dimensions, defined over the real numbers R. The quaternionic algebra H is given by
the set

H:={q=qo-+iq1+jo2+kq3: 90,91,02,93 €R and i* = j* =k* = ijk = —1}.

For any q = qo +iq1 + jqo + kq3 € H, qo is called the scalar or real part and iq; +
Jq2 + kq3 is called the imaginary or vector part of q. Moreover, it can be expressed as
q = s+ v, where s is the scalar part and v is the imaginary part of q and its conjugate
q is given by

q = dqo—iq1 — jq2 — kq3.

This leads to a norm of q € H defined as

la =Vaq=1/a3+a7+q3+a3

For basic definitions and information about quaternionic Hilbert spaces and two-sided
quaternionic Hilbert spaces and related terms, one may refer [8, 12] and references
therein. We recall the definition of a quaternionic OV-frame as follows:

DEFINITION 1. A sequence {.%, }nen € Z(H,K) is termed as a quaternionic op-
erator valued frame (or OV-frame) of H having range contained in K if there exist two
real constants A, B > 0 such that

Aly <Y, Fy Ty < By,
neN

or equivalently

AR < X 1701 < BJh|?, heH. (D

neN

The real constants A and B are known as lower and upper frame bounds of {.%,},en
respectively and inequality (1) is known as the quaternionic OV-frame inequality. The
sequence {.%, }nen is called as quaternionic Bessel OV-sequence of H having range
contained in K if the right hand side of the OV-frame inequality holds. Also, {.%,},en

is said to be a quaternionic Parseval OV-frame it A=B=1or Y Z) %, =1Iy.
neN

Let {e¢, }nen denotes the standard orthonormal basis of E]%H. For each n € N, define
the partial isometry |e;;) X K — ¢4 @K such that

len) gz, (k) = en @k, k€K,
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and its adjoint [e,)), := [Hzﬂ(en\ : 03, ® K — K is given by
2 ,

2 (el (@®K) =k, k€K, q={an}ner € Gy

Moreover, the analysis operator of a quaternionic OV-frame {.%,},cn of H having
range contained in K is givenby Jz : H — 6%1 ® K such that

Tr() =Y e,@Fu(h), heH,
neN

and its adjoint .7, the synthesis operator is given by .7 : Eﬂzﬂ ® K — K such that

Tr@k) =Y, Zy(k), keK, q={an}nen € Gy
neN

Consequently, the frame operator of {%,},en is given by 2 : H — H such that
Sy =95T7= 3 F,F,. Frame operator of a quaternionic OV-frame is a bounded
N

ne
right-linear, self-adjoint, positive invertible operator. For more details, one may refer

[2].

Quaternionic OV-frames are further classified as follows:

DEFINITION 2. A quaternionic OV-frame {.%, },cn of H having range contained
in K is known as

(i) a quaternionic Riesz OV-frame if the analysis operator 5 is surjective, i.e.,
Tz (H) = Eﬂzﬂ @ K.

(ii) a quaternionic orthonormal OV-frame if it is both Parseval and Riesz OV-frame.

REMARK 1. A more general characterization of Riesz and orthonormal OV-frames
is given in [2] in the form of a theorem which states that an OV-frame {.%, },cry forms
a Riesz OV-frame if and only if .%,,.7 Jilf,j; = O nlk, where .z is the frame operator
of {ﬁ n}nEN .

2. Properties of quaternionic operator valued frames

In the following result, it is shown that a quaternionic orthonormal OV-frame com-
posed with a bounded invertible operator turns out to be a Riesz OV-frame.

THEOREM 1. For a given orthonormal OV-frame {%,}en of H having range
contained in K and a bounded invertible operator % on H, the system { %, }nen
forms a Riesz OV-frame of H having range contained in K.

Proof. Since 7 1is given to be a bounded and invertible operator, there exist two
real constants Cy, C, > 0 such that

Ci|h|> < [|% (h)|* <G |lh|% heH. )
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For n € N, let ¢, := .%,,% . Then, we have
S GG =Y U T T = %( 3 ﬁ;%)% —wU. 3)
neN neN neN

From (2) and (3), we get
Cilw < Y, 9,9, = U U < Coly.

neN

Let .Yy :=%*% . Thenfor n, meN,
%fgglg,;:ﬁn%%’l(%) Yoy Fo = FnF = Onnlk,

which implies that {¥, },en forms a Riesz OV-frame of H having range contained in
K with frame operator .%%. [J

The following result illustrates that the converse of the above theorem also holds
good.

THEOREM 2. For a given Riesz OV-frame {94, },en of H having range contained
in K, there always exists a bounded invertible operator % on H and an orthonormal
OV-frame {F }nen such that for each n € N, 4, = 7, % .

Proof. Let .4 be the frame operator of {%,},cn and take .%, := ¥,.7,, '/ ‘ne
N. We have

S FaFn= 2y (X 49) 7, =5, 7.7, = Iy

neN neN

Also, since {9, },cn forms a Riesz OV-frame, therefore, for m, n € N, we have
1 “1/2 4
é/n 9256?/257 /%? %?56g1g§1—*5mn K-

Thus {%,},en forms an orthonormal OV-frame of H having range contained in K
such that ¥, = .%,% , where % = 5’%1/2. O

REMARK 2. One may observe that, Theorem 1 and 2 together give the precise
form of the Riesz OV-frames of H having range contained in K in terms of orthonormal
OV-frames.

EXAMPLE 1. Let H := é]%ﬁ, K:=H and {e,}nen be the standard orthonormal
basis for 2. For each n € N, define .%, : £2, — H such that

Fn(q) = (eald), 9={du}nen € g]%]-

It is easy to verify that

Y AZ @I = lal?, 9= {an}nen € Gy
neN
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Thus {.%, },en forms a Parseval OV-frame for E%[ with range in H. This gives that the
synthesis operator Jz of {7, },cn is a surjective bounded operator on EIQH[ ®H (by [2]
Theorem 3.4).

Also, let 73(q®@k) =0 for some q®@k € (2 @ H. This gives that gk = 0 and
therefore q @k = 0. Thus, .7, 7 is injective and by ([2] Observation I), {%, }nen forms
an orthonormal OV-frame. Now, let A # 0 be a given real number and % : (3 — (%,
be defined as

U(q)=2d, q="{dn}nen € (f.

Clearly, 7%/ is a bounded invertible operator on Kﬂzﬂ. Therefore, by Theorem 1,
{Z }yen forms a Riesz OV-frame for (% having range contained in H. Note that
T (4) = A{eala) = Aq,, where q = {dn bnen € 0.

We now give a relation between two Riesz OV-frames.

COROLLARY 1. For two given Riesz OV-frames {F}pen and {9y }uen of H
having range contained in K, there always exists a bounded invertible operator T on
H such that %, = %,T or %, = .%,T.

Proof. From Theorem 1 and 2, there exist two bounded invertible operators %
and % on H and an orthonormal OV-frame {4, },cn of H having range contained in
K such that foreach n € N, .%, = &,% and ¥, = &,%, . Then we have

Fn = gn%%’l%l =%T, neN
where T := %2_1%1 . 0O
Following that, the next result demonstrates that a Riesz OV-frame composed with

a bounded invertible operator again turns out to be a Riesz OV-frame.

THEOREM 3. Fora given Riesz OV-frame {9, }nen of H having range contained
in K and a bounded invertible operator % on H, the system {F,% }nen also forms
a Riesz OV-frame of H having range contained in K.

Proof. Let % be the frame operator of {.%,},cn. For n € N, let &, := %, % .
Then

S GG =Y U T I =U S 5U.
neN neN

Therefore, {%,}neny forms an OV-frame of H having range contained in K, since
w* S 7% is a bounded invertible operator with frame operator .Y = % *.S7U .
Then, for n, m € N, consider

G G = P U S U T,
=Zy WU SN U T,
= TS T,
= Spunlk.
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Thus {9, },en forms a Riesz OV-frame of H having range contained in K. O

REMARK 3. Theorem 3 and Corollary 1 implies that given a Riesz OV-frame, one
can obtain the whole class of Riesz OV-frames using bounded invertible operators.

In the forthcoming result, it is shown that an orthonormal OV-frame composed
with a unitary operator again turns out to be an orthonormal OV-frame.

THEOREM 4. For a given orthonormal OV-frame {%,}en of H having range
contained in K and a unitary operator % on H, the system {9, % }nen also forms an
orthonormal OV-frame of H having range contained in K.

Proof. For n € N, let %, := .%#,% . Then, we have

Y 4, = %*(2 ST U = UU = I,

neN neN
Also for m, n € N,
GGy = FnU U Ty =TTy = Omnln.

Thus, {¢, }nen forms an orthonormal OV-frame of H having range contained in K. O

EXAMPLE 2. Let {%,},en be as defined in Example 1 and % : £3; — 3 be such
that

%(@)=4q, q9={dn}nen € E]I%I

where, q = {qn}» € N. It is easy to verify that % is a unitary operator on éﬁ. Note
that

Fn () = (ea] Q) = dn-

Thus by Theorem 4, {.%,% },en forms an orthonormal OV-frame for EIQH[ having range
contained in H.

We now give a relation between two orthonormal OV-frames.

THEOREM 5. For two given orthonormal OV-frames {%, }nen and {9, }nen of
H having range contained in K, there always exists a unitary operator 7% on H such
that %, = 9,% and Tg = Ty where Tg and Ty are analysis operators of
{Fntnen and {9, },en respectively.

Proof. Since {%, }nen and {9, }hen are orthonormal OV-frames, we have

T3 Tz =M, T5T5=Ipex
T3 Tg =M, TgTq =lpx
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Also for n € N,
Ty = g%ﬂ(en‘j? = [%ﬂ@n‘yﬁf‘q‘;y&\ = %ﬂé‘ﬂg

This implies that .%, = %, % , where % := J,;.7# is a unitary operator. Moreover,
T5 = T3 T3 T5 = Ty . O

REMARK 4. Note that Theorem 4 and 5 together gives the precise form of the
orthonormal OV-frames of H having range contained in K.

In the next result, it is proved that an OV-frame composed with a bounded invert-
ible operator again turns out to be an OV-frame.

THEOREM 6. For a given OV-frame {F,}nen of H having range contained in
K and a bounded invertible operator % on H, the system {7, % }nen also forms an
OV-frame of H having range contained in K.

Proof. Let .z be the frame operator of {.%,},cn. For n € N, let ¢, .= .%,% .
Then, we have

S U= X U T FA = U (T T T U = U S5 U
neN neN neN

Since % *. 7% 1is a bounded invertible operator, thus {¥, },cn forms an OV-frame of
H having range contained in K with frame operator .4 := %*Sz% . O

EXAMPLE 3. Let H=K = éﬁ. For each n € N, define .%,, : é%m — é%m as

Za@ =2, a={au}uer €

One can easily verify that

PN EACIEESWIE i
neN neNieN
neN ieN
_ ”_ 2
= llall”.

Therefore, {.%,}nen forms an OV-frame for Kﬂzﬂ having range contained in Kﬂzﬂ. Now
for any bounded invertible operator % on £2;, the sequence {.%,% }nen also forms an
OV-frame.
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REMARK 5. Note that, if instead of OV-frames, we consider {.%, },cn as a Par-
seval OV-frame in Theorem 6, then also the sequence {.%,% },cn forms an OV-frame.
Indeed, the frame operator .’z of a Parseval OV-frame is an identity operator and

as above we get that Y, ¥°%, = %/ *7 is a bounded invertible operator which further
neN
gives that {7, % },en forms an OV-frame for H with range in K with frame operator

UU .

REMARK 6. In Theorem 6, let A and B be the lower and upper frame bounds for
{Zu}nen respectively. In particular for % = .7;", {9, }nen 1= {Fu 7' tnen forms
an OV-frame of H having range contained in K with lower and upper frame bounds B~!
and A1 respectively and frame operator . := y ;1 . Indeed since Aly < .%# < Bly,
we have

BN < (75 (h)lh) <A~'[h|%, heH.
Also

(75 ) = (X Ggm)|n) = T %07 heH.

neN neN

Thus

B 'h|P< X %> <A7Yh]?, heH.

neN

3. Dual operator valued frames

In this section, we will explore the duals of a quaternionic OV-frame and examine
their various properties. The definition of the dual of an quaternionic OV-frame is stated
as follows:

DEFINITION 3. Let {.%,},en be a quaternionic OV-frame of H having range
contained in K with the frame operator .’z . Then,

(i) the sequence {.7%,.7 ;1 }hen is known as the canonical dual OV-frame of {7, } e .

(ii) asequence {9, },en € A(H,K) is known as an alternate of the OV-frame {.%, } ,en
if ¥ %9, =1Iy.
neN
The dual of an OV-frame {.%, },cn that forms an OV-frame in itself is known as a dual
OV-frame of {.%, },en.

REMARK 7. Note that, the canonical dual of the OV-frame {.%,},cn is also an
alternate dual OV-frame of {%,},en and it is already shown in Remark 6 that
{ﬁnfy;l tnen forms an OV-frame of H having range contained in K.
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EXAMPLE 4. The following examples give the existence of the alternate duals of
some OV-frame as follows:

(i) Let {ey}nen be the orthonormal basis for H := (2, and K := H. For n € N,
define .%, : (3, — H such that .7,(q) = (ea|q). This gives .%; (p) = exp, p € H.

Note that Y, Z#; %, = I/«'[zm . Thus {.%, },en forms an alternate dual of itself.
neN

(ii) Define .%, :éﬁﬂ — 51%1 as F(q) = % Let ¥, : 6125[ — 6125[ be defined as ¥,(q) =

%‘;, q€(}. Then ¥ Fi%,(q)= X @ =(. Thus {¥,},en forms an alter-
neN neN
nate dual of {%, },en.

LEMMA 1. Let {¥4,},en be a dual OV-frame of the OV-frame { F, }nen and Tz,
Ty be the analysis operators of {.F, tnen and {9y }nen respectively. Then,
(i) Ty Tz =1Inifandonlyif T3 Ty =Iy.

(i) Y 9:Fy=1y ifandonlyif Y F; 9, =Iy.
neN neN

Proof. (i) Tz = Iy ifandonlyif (I} T7)" = T4 Fy = In. (ii) Follows on
the same lines. [

Now, we give a relation between the analysis operators of an OV-frame and its
dual.

LEMMA 2. Let {94,},en be a dual OV-frame of the OV-frame { %, }pen and Tz,
Ty be the analysis operators of { Fy}nen and {4} en respectively. Then, T; Tz =
Iy.

Proof. Since Y, 9%, = Iy, we have
neN

T} Tz (h) = @( 3 en®ﬁn(h)> =Y @' Z,(h)=h, heH.
neN neN

Thus y(;fg =Ily. O
The following result gives the precise form of the family of duals of an OV-frame.
LEMMA 3. Let {Z},en be an OV-frame of H having range contained in K with

analysis operator Tz . Then, the dual OV-frames of {-F}nen are precisely of the form
{eﬂz_]1 (en|? }nen, where ¥ 1 H — Eﬁzﬂ ® K is a bounded operator with ¥V* Tz = I.

Proof. Let ¥ : H— (%4 ® K be a given bounded operator such that ¥* Tz = I.
Forne N, let 4, := 5}}2{(2,,\7/. Now for h € H, we have

S G Fuh) = YV en) o Ful(h) = 7/*( Y en®§n(h)) —¥* Tz (h) =h.
neN neN E neN
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Thus, { 2 (en|” }nen forms a dual OV-frame of {.%, },cn for any bounded operator ¥ .

Conversely, let {9, },en be a dual OV-frame of {.%, },cn and J be its analysis
operator. Then ¥, = 2, (en| Z and Lemma 2 gives that .77 77 =Iy. [

Now, we give the precise form of the left-inverses of the analysis operator of an

OV-frame, which will be used in the next result.

LEMMA 4. Let {F,}uen be an OV-frame of H having range contained in K with
analysis and frame operators Tz and /g respectively. Then, every left-inverse of
L. -1 —1 .

Tz is given to be of the form /5" T ; + ”//(I%@K ~T5S 5 T5), where V' : E%HI@)
K — H is a bounded operator.

Proof. For a given bounded operator 7 : E%I ® K — H consider

(75 T3+ VU ok — 7575 75)) 7
= S Tp TN TV T3 S5 T3
= Iy.
Conversely, let % be a left-inverse of T i.e., Z 94 = Iy. Then,

U =S5 Tp+ Uigo~ T2 75 T5)

and we get the desired result. [J

Next we give another form of the duals of an OV-frame in terms of a family of
Bessel OV-sequences in the following result.

THEOREM 7. Let { %, }pen be an OV-frame of H having range contained in K
with analysis and frame operators Tg and Sz respectively. Then, the dual OV-
Sframes of {F, }nen are precisely of the form {fny; +&— Y ﬁnf;%*é’i}nel\;

ieN

where {&,}nen is a Bessel OV-sequence of H having range contained in K.

Proof. Let {&,}qen be a Bessel OV-sequence of H having range contained in K.
Forne N, let 4, := ﬁnf; + & — Yien ﬁnffilfi*é?. Now consider

S Fita= 3 (T Fu 5 + Fils= X T TS 3 T ) = I,
neN neN ieN

Conversely, let {¢,},en be a dual OV-frame of {.%,},en. Then Lemma 3 implies
that, there exists some bounded operator ¥ : H — E%I ® K such that for each n € N,
@G, = 2, (e4|? and ¥*J5 = Iy. This implies that #* is a left-inverse of J% and

hence by Lemma 4, there exists some bounded operator # : E%I ® K — H such that

V= SF T W W TS5 T
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Foreach n € N, let &, = 5}}2{(@,\7/*. Then
neN ! <n€N T )

Thus, {&),}nen forms a Bessel OV-sequence of H having range contained in K. Now
for n € N, consider

gn = fﬂzﬂ@n‘"f/
= o al(TzIZ + W~ TS T W)
=TS+ E— TS T TEW 4)

Also

TEW*(h) = 97( Y e ®5n(h)> =Y Z:&,(h), heH.

Thus, from (4), we get

Gy=FnSF +E-Y TS FE, neN. O
ieN

‘We now prove that for every Riesz OV-frame, there exists a unique Riesz OV-frame
as its alternate dual.

THEOREM 8. Given a Riesz OV-frame {.%, }nen of H having range contained in

K, there exists a unique Riesz OV-frame {9, },en such that 'Y, 9%, = In.
neN

Proof. Since {.Z,}nen is a Riesz OV-frame, there exists a bounded invertible op-
erator %7 on H and an orthonormal OV-frame {&),},cn such that for each n € N,
F, = &,% . Now consider,

W=2"\U =u" ( 3 55’)% =S u T = S (E U ) T
neN neN neN

For each n € N, let ¢, := &,(% ~')* and consider

SUg=w (X E&) @y =@y
neN neN
Then % := % ~'(% ~')* is a bounded invertible operator and for m, n € N, we have
%5@;1%,; =&(U Y WU E = 8,8 = Omnlk.
Hence {%,},en forms a Riesz OV-frame of H having range contained in K such that

S G F—1Iy. O
neN
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4. Construction of operator valued frames

This section deals with the construction of OV-frames with the help of the partial
isometries {|e,) 2, }nen and some given operators.

THEOREM 9. Let % : H — Eﬂzﬂ ® K be a given operator. Then, the system
{éﬁ<e"|%}n€N Sforms

(i) an OV-Bessel sequence of H having range contained in K, if % is a bounded
operator.

(ii) an OV-frame of H having range contained in K, if 7 is a bounded injective
operator with closed range.

(iii) a Riesz OV-frame of H having range containedin K, if % is a bounded invertible
operator.

(iv) an orthonormal OV-frame of H having range contained in K, if % is a unitary
operator.

Proof. For n € N, let %, := €ﬁ<en|%. Then,

Zﬁ;y‘n:%*(g |en>%eﬂz_ﬂ<en\>%:%*%. 5)

neN neN
(i) Let % be a bounded operator with bound C (say). Using (5), we have
)P =2 (0> <ClIh|]?, heH.
neN

Thus, {-%,},en forms an OV-Bessel sequence of H having range contained in K.
(i) Since 7 is given to be a bounded injective operator with closed range, there-
fore there exists two positive constants C; and C; satisfying,

GihlP < Y [0 = |2 (0)]* < CafIh]%, heH.
neN

Thus, {.%,}nen forms an OV-frame of H having range contained in K.
(iii) From (ii), {%,}nen forms an OV-frames for H having range contained in
K. Moreover for n, m € N,

TInU U F,, = £ﬁ<3n|%%71(%*)71%*|3m>eﬁ = /Jﬁ@nHemﬂjﬁ = Snnlk.
Thus, {ﬁn}neN forms a Riesz OV-frame of H having range contained in K.
(iv) Since, % is unitary, *% = Iy. For, m, n € N, we have

2 ﬁ;ﬁn = IH and ﬁng\; = KJ%—JI <en|@/@/*|€m>e]12_]1 = (Sm,nIK~
neN

Thus, {fn}neN forms an orthonormal OV-frame for H having range contained in
K. 0O
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EXAMPLE 5. Let H=K:= (% and % : (2, — (% ® (3 be such that

%(q)=q4®4d, q={qu}nen € F.

Then % is a bounded injective operator with closed range. Also, for each n € N

(6l ) (@) = 2 el a2 @)
= (enlq)q
=quq, q= {qn}nGN S e%]l

Therefore by Theorem 9, { 2, (en|% }nen forms an OV-frame for (% with range in £2;.

5. Perturbation of operator valued frames

In this section, the stability of OV-frames under some perturbation conditions is
established. First of all, we prove a result on perturbation of OV-frames, inspired by
the most fundamental form of the Paley-Wiener perturbation theorem given by Casazza
and Christensen [3], as follows:

THEOREM 10. Let {-%,}pen be an OV-frame of H having range contained in K
with lower and upper frame bounds A and B respectively. Let {4,},en C AB(H,K) be
given and there exist o, 3, and y > 0 such that for all finite subset .% C N and for
each k e K

Y (F (e -9 (k)| <o T @n)|+B| T % en)
S ey o ic.s ©)
PRI Je)”
i€y

where, ¢ = {cy}nen € £ and 0 < max{a +yvVBA~!,B} < 1. Then, {%,}nen also
Jorms an OV-frame of H having range contained in K with lower and upper frame

_ 1) 2,2 2
bounds (1 ("‘mﬁﬂlg )) 4 and ((141?):;1?: y) respectively.

Proof. Let Jgand .7 be the analysis and frame operators of {.%,},cn respec-
tively. Then, from the given condition (6), for k € K and ¢ = {¢, }en € Eﬂzﬂ , we have

5 o] <] 5 (7o) |+ 5 7o)
ics ics ics

< (1+a)H%<@,.*(c,-k>H+ﬁ

3 % k)| + 7K el
ics
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which implies that

Z%*(czk)H < (1+a)}|2ie/?‘i(gik)l|+7kCII
i€y
(1+a)||Z5(c@k)||+7llc @K
1-p
T
< (LT o
< (L) o,

Now define %g:ﬂz QK —H as
Ug(c@k) =Y, Gi(cuk), ke K, c={ca} € t}.

neN

Itis easy to verify that % is a well-defined bounded operator with || % || <
Then, Jy =%y :H — €2 ® K is defined as

Tg(h) =Y ea®@%u(h), heH.
neN

Also for h € H,
2
S Igm = 17 m)2 < ((LFOVEETY e
neN 7 l_ﬁ
Let W := 7 9%5”;1 Then, we have

lh=# (h)l| = |75 T (h) = T3 Tz 5 (W)
< allh]+Bl# ()] + 77777 (h)]
< allb]l+Bl# ()] + 71 Z=I1177 bl
< (o+yVBA YW+ Bl ()|
< |Iblf+ 7 ()l heh.

This further gives that % is an invertible operator. Moreover,
17 (0]l = [[h=(h=#(h))]|
Z [[h][ = [h=#(h)]
> ||h]| = (ec+yvBA ) ]| = BII# ().

1—(a+yvBA™Y
1+

1+ B
—(a+yVBA~Y)

— i ) <1rml.

= 77!l <

1+0¢)\/_+7

)
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Also for h € H, we have

B2 = 107) = ()2
<N WP2F T Ty ()P
<N PN 12172121 Z (h) 12

(o )) Y (%),

1—(o+yvBA™!

neN
Thus
(1_(O‘+7\/§A71>)2 2 o 2
[h[I=< D, (M5, heH. (8)
(1+B)?B }E&

Thus from (7) and (8), we conclude that {¥,},cn forms an OV-frame of H having

(1—(a+y\/§A’1))2A2

(1758 and

range contained in K with lower and upper frame bounds

((1+a)\/§+y)2
(1-B)?

respectively. [

THEOREM 11. Let {%,}pen be an OV-frame of H having range contained in K
with lower and upper frame bounds A and B respectively. Let {4,},en C B(H,K) be
given and there exist o, 3, and y > 0 such that for all finite subset .% C N and for
each he H

Y e (F0 -4m)| <o T aozm)|+8]| T aosm)|+vin ©
ics ics ics

where, B # 1. Then, {%,}nen also forms an OV-frame of H having range contained in

((1-0)A(VB)~'— )2 ((1+oc)\/1§+y)2
e and ~—m gy

K with lower and upper frame bounds respec-

tively.

Proof. Let Tz and . be the analysis and frame operators of {.%, },cn respec-
tively. From the given condition (9), for h € H,

5 o] < | 5 oo (0-a)| | 5 o )

i€y

(@) 3 e 5] + 8] 3 e[+ 7inl,

which implies that

Y ¢ o%(h H\ 1+a=?~_(ﬁ)ll+7||h
i€y
< (L.
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Now, define Z : H — (3, ® K as

Ty(h) =Y ea®@%,(h), heH.

neN

Clearly, % is a well-defined bounded operator with || Z || < Ha)‘/_” . Also,

2
S iR = 17w < [ EOYEET) e hen o
neN l_ﬁ
Moreover, by the given condition,

| Z7(h) = T (h)|| < al| Tz (h) || + Bl T (h) || + I[h]],

which gives that

(1= )| Tz (h)[| - vihl

Ty (h)|| > , heH. 11
EA010 B an
Also for h € H,
]| = |.77" L= (h)]|
<|1<Z NZ# 1177 h)|l
<AT'VB| Tz (). (12)

From (11) and (12), we get

_ -1\ ?
S Ia0IF =1 7th >2><“ 2alvD Y) W, heH. a3

Thus, from (10) and (13), we conclude that {¥,},cn forms an OV-frame of H hav-

(1B =)’

(77 and

ing range contained in K with lower and upper frame bounds

((1+a)\/§+7)2

)7 respectively. [

THEOREM 12. Let { %, }pen be an OV-frame of H having range contained in K
with lower and upper frame bounds A and B respectively. Let {4, },en € B(H,K) be
given and there exist o, 3, and y > 0 such that for all finite subset % C N and for
each h e H

)|

Y (# 70 -G gm)|| <

i€y

P

i€y

OO

i€y

(14)
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where, 0 < max{a +yvVBA~'B} < 1. Then, {%,},cn also forms an OV-frame of
(1-(atyvBAa™))A

H having range contained in K with lower and upper frame bounds 7B

and W respectively.

Proof. Let .z be the frame operator of {.%,},cn. From the given condition
(14), for h € H, we have

Zﬁ*%’(h)H < H Y (%*%(h) ~gra) |+ T 7 wm)

y H*‘ﬁ lgﬂ%% H+y<l§}H )/2’
that gives
(e $ 7 7m)|+( 2 H%(h)\\z)w
5 ] « BT 1)
i€y

Also, we have

|3, 700 = s |( 3, 2770
. u 2
<(ZI )" sup (Z17001)

<VE( X 17mP)"

ics

This further gives

2%%@“ < (W) ( Kz )

ics ics
(1+a)VB+y
< (Lot )ﬁhn
(1+a)B+yVB
< (LB .

Now, define .%% : H — H as

= 9:%(h), heH.
neN

One may easily observe that % is a well-defined bounded operator with ||.%%| <
%ﬁ . Moreover, for h € H
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2 (0> = (L (h)[h)

neN
S EAE
1+a)B+yvVB
< (%)hllz- (15)

Also by (14), for h € H, we have

1750 - Zy W] < @l Z5 W) + Bl W]+ 7 X 170

neN

which further gives

Ih— 73 W) < alil + B1757 5 W)+ 7 3 17,75 w))

neN

< ol + 8170577 )]+ 7(B17F 7))
< all + Bl 7 )]+ v(B17 )

< ol + 11775 ()] +7(BA~ )
< (a+yVBATY|Ih| + B2 5 ()]
< [[hll+ 175" ()]
Thus, 5@5”;1 is invertible and hence .¥% is invertible. Moreover,
|15 ()] = [h—(h— .5 ()]
> || = lh =75 (0]
> ||h]| = (ec+yvBAT ) h]| = Bl 5" ()]

_ —1
— 1707 0 > (* (ot yvBA ) .

1+ B
1+
1—(a+7yVBA~Y)

= | Z#7,"| <

Thus
1+B
A(l—(a+7yVBAY))

—1 —1 —1
1S | =77 LSy || <

1 1+
s ((1—<a+WEA—1>>A>I“'

(1—(oc+yvBA™))A
= < B >1H<<5@-
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Therefore

(1—(a+yvBA™Y))A
(2R < S 1l hen (16

Thus, from (15) and (16), we get that {¥,},cn forms an OV-frame of H having range

_ —1
(1 (a+17+\/§A DA g (1ta)Bi VB

contained in K with lower and upper frame bounds
respectively. [
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