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# ~CONVERGENCE OF PARTIAL MAPS

PRASANTA MALIK* AND ARGHA GHOSH

Abstract. By a partial function or a partial map from a metric space (X,d) to a metric space
(Y,u), we mean a pair (A,u), where A is a non-empty closed subset of X and u:A —Y isa
function. In this paper, using the notion of an ideal .# on a directed set, we generalize the notion
of bornological convergence of nets to the notion of bornological .# -convergence of nets and the
notion of convergence of nets of partial maps to the notion of .# -convergence of nets of partial
maps. Some basic properties of this notions are investigated including their interrelationship.
We also introduce the notion of bornological .#* -convergence of nets as well as the notion
of .#*-convergence of nets of partial maps and study their relationship with bornological .# -
convergence of nets and .# -convergence of nets of partial maps respectively.

1. Introduction

Partial maps play a central role in mathematical economics. A partial map or a
partial function from a metric space (X,d) to a metric space (Y,u), is a pair (F,7y),
where F is a closed non-empty subset of X and 7 is a function from F to Y. The space
of all partial maps from X to Y is denoted by Z?[X,Y]. Tastes of agents on a space
X are usually represented by a preference relation on X, i.e., a subset A of X x X,
where (x,y) € A means that the agent prefers alternative x to y. In this scenario, utility
functions are considered as more appropriate mathematical tools to represent agents’
preferences and partial maps are considered as utility functions for agents. One may
use the notion of convergence or topology on partial maps to describe similarities of
agents (for more details see Debreu [4]).

In [1], Beer et al. introduced a new notion of convergence, namely Z(%)-
convergence of nets of partial maps, in the metric setting, via the notion of bornology.
They showed that their notion of convergence of nets of partial maps is bornological
convergence of the associated nets of graphs. Here we extend this notion of & (%)-
convergence of nets of partial maps via the notion of ideals.

Using the concept of natural density, the usual notion of convergence of real se-
quences was first generalized to the notion of statistical convergence independently by
Fast [5] and Schoenberg [12]. For more works in this line one can see ([2, 6, 11] etc.).
Then using the notion of an ideal .# of subsets of N, the notion of statistical conver-
gence of sequences was generalized to .# -convergence in a metric space by Kostyrko
et al. [7]. The notion of .# - convergence of sequences has further been extended from
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a metric space to a topological space [8]. Recently in [9], Lahiri et al. have introduced
the notion of .# -convergence for nets in a topological space by using the concept of an
ideal .# of a directed set.

To broaden the ideas of bornological convergence [10] and convergence of partial
maps [, 3], in section 3 of this paper using the notion of an ideal .# on a directed
set, we first, generalize the notion of bornological convergence of nets to bornological
# -convergence of nets and then we generalize the concept of convergence of nets of
partial maps to the notion of .# -convergence of nets of partial maps. We examine some
basic properties of the notion of .# -convergence of nets of partial maps and examine its
relationship with bornological .# -convergence. Further, in section 4 of this paper, we
introduce the concept of bornological .#* -convergence of nets as well as the concept of
#* -convergence of nets of partial maps and study their relationship with bornological
# -convergence of nets and .# -convergence of nets of partial maps respectively.

2. Basic definitions and notation

In this section, we discuss some basic definitions and ideas, which will be needed
in the successive sections.

DEFINITION 1. [7] If X is a non-empty set, then a family .# C 2% is called an
ideal of X, if

i) ve.”,

(i) A,B € .# implies AUB € .#, and

(ili) A € .4 ; BC A implies B¢ ./ .

The ideal .7 is called non-trivial, if .# # {0} and X ¢ .7 .

DEFINITION 2. [7] A non empty family .% of subsets of a non-empty set X is
called a filter of X, if

DHo¢.7,

(i) A,B € ¥ implies ANB € .% and

(ili) A € F ; AC B implies B € % .

Clearly, if % C 2% is a non-trivial ideal of X, then

F(I)={ACX : X\Ae J}
is a filter on X, called the filter associated with .# .

A non-trivial ideal .# of X (+ 0) is called admissible, if {y} € .# foreach y € X.
We now recall the definitions of directed sets and nets.

DEFINITION 3. Let ¢ be a non-empty set and > be a binary relation on ¢ such
that > is reflexive, transitive and for any two elements «a,f € ¢, there is an element
Y€ % suchthat y > o and y > . Then the pair (¢,>) is called a directed set.

DEFINITION 4. Let (¢,>) be a directed set and let X be a non-void set. A
mapping f:% — X is called a netin X and is denoted by {f;: Y€ ¥4} or {fy}yey.
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Throughout the paper, X = (X,d), Y = (Y, i) will denote metric spaces, Z[X,Y]
will denote the space of all partial maps from the metric space X to the metric space Y,
¢ will denote a directed set (¢,>) and .# will denote a non-trivial ideal of ¢, unless
otherwise mentioned.

Anideal .# of ¢4 will be written sometimes as % to indicate the directed set ¢
of which .7 is an ideal.

Let #y,={a €Y :0>7v}, ye¥. Then the collection

Fo={ACY :AD #yforsomeyc ¥}

forms afilterin ¢. Let ) ={A C ¥ : 9\ A € Fy}. Then .9 is a non-trivial ideal in
9.

DEFINITION 5. [9] A non-trivial ideal .# of ¥ is called ¥ -admissible, if .#,, €
F(F) foralned.

DEFINITION 6. [9] A net {xy},cw in a metric space (X,d) is said to be .7 -
convergentto x € X, if forevery € >0, {y€ ¥ :d(xy,x) > €} € . In this case, we
write . —lim x, = x.

The above definition of .# -convergence can be written as follows: a net {xy} ey
in a metric space (X,d) is said to be .# -convergent to x € X, if for every € > 0,

{re¥:d(x,x)<e} e 7(5).

We now discuss the concept of bornology and the notion of bornological conver-
gence on a metric space (for more details see [1, 10]).

If a € X and € > 0, then B(a,€) denotes the open €-ball with center at a and
radius €. If G is a nonempty subset of X, we write d(a,G) to denote the distance
from a to G and G¥ to denote the €-enlargement of the set G, i.e.,

G* ={x:d(x,G) <€} = U B(x,¢€).

xeG

DEFINITION 7. If X is a non-empty set, then a family % of non-empty subsets
of X is called a bornology on X, if the following conditions are satisfied:

(i) &% covers X,

(i) A,B € # implies AUB € # and

(iii)) A € # ; BC A implies B € A.

The family % of all non-empty finite subsets of X is the smallest bornology
on X and the family &7 (X) of all non-empty subsets of X is the largest bornology
on X. Other important bornologies are: the family %, of the nonempty d-bounded
subsets, the family Z,;, of the nonempty d -totally bounded subsets and the family .2
of nonempty subsets of X whose closures are compact.



164 P. MALIK AND A. GHOSH

DEFINITION 8. [10] Let £ be a bornology on a metric space (X,d). A subfam-
ily &' of %, which is cofinal in % with respect to inclusion, is called a base for the
bornology % . A bornology is called local, if it contains a small ball around each point
of X. Also, a bornology is said to be stable under small enlargements, if for every
B € & there is € > 0 such that B € A.

DEFINITION 9. [1] Let (X,d) be a metric space and 2 be a bornology on (X,d).
Anet {Dy},ey in P(X) is called A~ -convergent (lower bornological convergent) to
D e Zy(X) if forevery B € & and € > 0, the following condition occurs eventually:

DOBCD)E,.

In this case, we write D € %~ —lim D,.
Similarly the net is called %™ -convergent (upper bornological convergent) to D €
P (x) if forevery B € & and € > 0, the following condition occurs eventually:

DyNB C D*.
In this case, we write D € " —lim D, .

When both the upper and lower bornological convergences occur, we say two-
sided bornological convergence occurs and we write D € % —lim D,.

DEFINITION 10. [1] Let (X,d), (¥,u1) be metric spaces, Z be a bornology on
X. Anet {(Dy,uy)}yey in P[X,Y] is said to be &~ (Z)-convergent to (D,u) €
P[X,Y], if for every B € Z and € > 0, the following inclusion holds eventually:

u(DNBy) C [uy(DyNBY)J%, forall By C B.

In this case, we write (D,u) € &2~ (%) — lim(Dy,uy).

Similarly, the net {(Dy,uy)},ey in Z2[X,Y] is said to be P (%)-convergent
o (D,u) € Z|X,Y], if for every B € & and € > 0, the following inclusion holds
eventually:

uy(DyNBy) C u(DNBY)J?, forall By C B.
In this case, we write (D,u) € 2 (#) —lim(Dy,uy).

If the net {(Dy,uy)}yew is both &2~ (%)-convergent and &7 (%)-convergent to
(D,u), then we say that {(Dy,uy)}yeq is &?(2%)-convergent to (D,u) and in this case,
we write (D,u) € (%) —lim(Dy,uy).

REMARK 1. The graphical representation of the above (%) -convergence is the
following: A net {(Dy,uy)}yey in P[X,Y]is P (HA)-convergentto (D,u) € Z[X,Y],
if for each B € % and € > 0, both the inclusions Gr(uy) N (B xY) C Gr(u)® and
Gr(u)N (B xY) C Gr(uy)® hold eventually, where Gr(uy) and Gr(u) are the graphs
of u, and u respectively. Here the enlargement is taken with respect to any metric
compatible with the product uniformity. For definiteness we choose the box metric

given by (d > p)((x1,y1), (x2,y2)) = max{d(x1,x2), ft(y1,y2)}-
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DEFINITION 11. [1] Let % be a bornology on (X,d) and (E,v) € £[X,Y]. We
say that (E,v) is uniformly continuous relative to the bornology 4, if for every B € %
with ENB # ¢, the map

vi:ENB—Y

is uniformly continuous.

We say that (E,v) is strongly uniformly continuous relative to the bornology %,
if for every B € # and for every € > 0, there is 11 > 0 such that p(v(x),v(w)) < €,
whenever d(x,w) <1 and x,w € ENB".

3. Bornological .# convergence and .# -convergence of partial maps

In this section, we generalize the notion of bornological convergence and the no-
tion of convergence of partial maps via ideals of directed sets and investigate their basic
properties.

DEFINITION 12. Let % be a bornology on X. A net {Dy}y,cy in Py(X) is
called %, -convergent (lower bornological .# -convergent) to D € Zy(X), if for every
Be % and € >0,

{re¥: DNBCDj} e F ().

In this case, we write D € %, —lim D,.
Similarly, the net {Dy}yecy in P(X) is called %} -convergent (upper bornolog-
ical .# -convergent) to D € Zy(X), if forevery B € % and € > 0,

{ye¥: D,NBCD*} € F(J5).
In this case, we write D € %’} —lim Dy.

If De %, —1lim Dy as well as D € %’} —lim D,, then we say that the net
{Dy}yew is bornological .# -convergent to D and in this case, we write D € %, —
lim D,.

Y

DEFINITION 13. Let % be a bornology on X. A net {(Dy,uy)}yey in Z[X,Y]
is said to be &2 5~ (A)-convergentto (D,u) € Z[X,Y], if forevery B € % and € > 0,
{ye ¥ :VB(CB), u(DNB;) C [uy(DyNBY)|*} € F(7).

In this case, we write (D,u) € & (#) —lim(Dy,uy).
Similarly, the net {(Dy,uy)},ey in P[X,Y] is said to be &, (2)-convergent
to (D,u) € Z[X,Y], if forevery B€ % and € > 0,

{re 9 :VB\(CB), uy(DyNBy) C u(DNBY)f} € F(F).

In this case, we write (D,u) € 2., (%) —1lim(Dy,uy).
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If (D,u) € Z, (B)—1lim(Dy,uy) as well as (D,u) € P ;" (2B) —1lim(Dy,uy),
then we say that the net {(Dy,uy) }yew is & (%) -convergentto (D,u) and we denote
itby (D,u) € & 4(%) —lim(Dy,uy).

REMARK 2. Note thatif .# is a & -admissible ideal, then &~ (%)-convergence,
PT(PB)-convergence and P (P)-convergence imply P, (%A)-convergence,
P 4T (%4)-convergence and & 4 (%) -convergence respectively. On the other hand if
S = S, then P, (%B)-convergence, & ;" (A)-convergence and &, (A)-conver-
gence coincide with &7~ (%) -convergence, P (%)-convergence and ¥ (A)-con-
vergence respectively as introduced by Beer et al. in [1].

We now cite an example of a net of partial maps which is & , (%) -convergent
but not 21 (%)-convergent.

EXAMPLE 1. Let X =[—1,0] and ¥ =R be two metric spaces with usual metric.
Let .%; = {A € N:d(A) =0}, where d(A) is the asymptotic density of the set A,
defined by d(A) = }}iirgomgq—"”, where A(n) ={j € A:j<n} and |A(n)| represents the
number of elements in A(n). Then .#; is a non-trivial ideal in N. Let A = {k* : k € N}.
Then A is an infinite subset of N and A € .#;. Let us consider the function u: X — 7Y,
defined by u(x) =0, Vx € X. Now forevery n € A, let us define u, : X — Y by

tn () = —nx—1, if —% §x
u(x), otherwise,

and for every n ¢ A, we define, u, : X — Y by u,(x) = u(x), Vx € X. Then with
respect to the bornology % = Z(X), the sequence of partial maps {(X,uy) }nen is not
P+ (B)-convergent to (X,u). To show this, we choose B=[—2,0] € % and € =
Then for By = [—£,0], BNX =[—2,0], u(BSNX) ={0} and [u(B{NX)J =(—1,}
Now for n>1 and n € A, u,(BiNX)=[—1,0] and so u,(B1NX) ¢ [u(BfNX)]*.
This shows that, with respect to the bornology % = Py(X), the sequence of partial
maps {(X,u,) }nen is not P T (%B)-convergent to (X,u). Moreover, the sequence is
not &1 (9%)-convergent to any partial map.

Now, let B€ # = 2y(X) and € > 0 be given. Then for all By C B and n¢ A,
uy(BiNX)=1{0} and u(B{NX)={0} and so [u(B{NX)|® = (—¢,¢€). Thus u,(B;N
X) C [u(BfNX)]¢. Therefore,

(N\A) C {n e N:VB{(C B),uy(BiNX) C [u(B;NX)]*}.
Since (N\A) € .7 (.#;), it follows that
{neN:VB|(CB),u,(BiNX) C [u(BiNX)|¢} € F(SH).

Thus, with respect to the bornology % = Z)(X), the sequence of partial maps
{(X,un) }nen is P47 (PB)-convergent to (X,u).

M~ W=

From the above example, it is clear that &7 (%) -convergence is a generalization
of & (A)-convergence.

Now we characterize the notions of &2, (%)-convergence and & ;" (28)-con-
vergence.
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THEOREM 1. Let {(Dy,uy)}yeq be anetin P[X,Y| and A be a bornology on
(a) If (D,u) € &, (#)—lim (Dy,uy), then VB € % and Ve >0,
{re9: DNBC Dy} € Z(5).
(b) If (D,u) € P57 (B) —lim (Dy,uy), then VB € & and

Ve>0, {ye¥: D,NBCD*} € F(JF).

Proof. (a) Let B € £ and € > 0 be given. By assumption, we have
A={ye 9 : VB(CB),u(DNBy) C [uy(DyNBY)|*} € F ().

Since .# is non-trivial, A # 0. Choose 7, € A. Let x € DN B. Then considering
B = {x}, we have

u(x) € [uy (Dy N{x}O)I°.

Then, for some v € Dy, N By(x,€), we have u(u(x),uy (v)) < €. In particular, x €
B,(v,e) C DY, Since x € DNB is arbitrary, DNB C DY, . Therefore AC {y€ ¥ :
DNB C Dj}. Since A€ F(J), we have {y€ ¥ :DNBC Dy} € F(F). This
completes the proof.

(b) The proof is similar to that of (@), so it is omitted. [

THEOREM 2. Let {(Dy,uy)}yew be anetin P[X,Y| and A be a bornology on
X. Then
(a) (D,u) € P4 (#B)—1im (Dy,uy) if and only if for every B € % and € > 0,

{ye9: sup inf  u(u(x),u,(z)) <e} e F(5).
z€DyNB XEDNB;(z,€)

(b) (D,u) € P4 (%) —lim (Dy,uy) if and only if for every B € % and € >0,

{ye9: sup inf  p(u(z),uy(x)) <e} e F(I).
z€DNB XE€DyNB,(z,€)

Proof. (a) Let (D,u) € 24" (%)—1lim (Dy,uy). Let B€ % and € > 0 be given.
Then we have,

A={ye% VB\(C B), u,(D,NBy) C [u(DNB)|5} € Z(.9).

—om

Let y€ A and z € DyNB. We choose By = {z}. Then uy(z) € [u(DNB})|2. This
means that, for some x € DN By(z,5), we have u(uy(z),u(x)) < 5. Therefore,

inf  p(uy(z),u(x)) < §. Since z € DyN B is arbitrary, we have
xeDNBy(z,%)

sup inf  p(uy(z),ulx) <§<e.
z€DyNB xEDNBy(z,5)
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Then clearly,

sup inf  p(uy(z),u(x)) < sup inf  p(uy(z),u(x)) <e.
2€DyNB XEDNBy(2,€) 2€DyNB X€DNBy(2,5)

Thus AC {ye¥: sup inf  u(uy(z),u(x)) <e}. Since A € .7 (.7), we have
2€DyNB XEDNBy(z.€)

{ye9: sup inf  p(uy(z),u(x)) < e} € F(F). Therefore, the condition is
z€DyNB XEDNB,(2,€)
necessary.

Conversely, assume that the given condition holds. Let B € % and € > 0. Then

A={ye9: sup inf  p(uy(z),ux)) <e}eF(s).
zeDyNB XeDNB;(z.€)

Let ye A. If By C B, then

sup inf  u(uy(z),u(x)) <e.
zeDyNB; YE€DNBy(z, €) (1y(2), ()

Therefore, for all z € Dy N By, there exists x € DN {z}* C DN B such that
M (uy(z),u(x)) < €. Thus

AC{ye¥:VBi(CB), uy(DyNBy) C [u(DNB)|}.
Since A € #(.¥), we have
{ye ¥ :VBi\(CB), uy(DyNBy) C [u(DNB)¢} € F(F).
This gives, (D,u) € Z ;% (%) —lim (Dy,uy).
(b) The proof is similar to that of (), so it is omitted. [

Now if # is a bornology on X, then {BxY : B € %} forms a base for some
bornology %* (say) on X x Y. Using this bornology %* on X x Y, we now show that
the Z, (%) and &, (%) convergencesin Z[X,Y] are actually the lower and the
upper bornological .# -convergences of graphs respectively in X x Y, which extend the
results of [10] as well as of [1].

THEOREM 3. Let {(Dy,uy)}yew be anetin P[X,Y| and A be a bornology on
X. Then, for (D,u) € Z[X,Y], the following equivalences hold:

(a) Gr(u) € (#',)” —lim Gr(uy) if and only if (D,u) € &y~ (#) —1lim(Dy,uy)

(b) Gr(u) € (#°,)" —lim Gr(uy) ifand only if (D,u) € 2 5+ (B) —lim(Dy,uy).

Proof. (a) Let (D,u) € &4 (%) —lim(Dy,uy). To verify bornological conver-
gence of graphs, it is suffices to work with the basic sets in %*. Let Bx Y € #*, where
B e %. Let € >0 be given. Then by Theorem 1 and Theorem 2, we have

A={ye¥:DNBCDj}e F(Y)
and

C={ye¥9: sup inf  p(u(z),uy(x)) <e}e F(5).
26€DNB X€DyNBy(z.€)
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Now A, Ce #(S)=ANCe F(F). Let yec ANC. Then both
DNBC D, ey

and
su inf u(z),uy(x)) < & 2)
sup, xeDyﬂBd(z,e)u( (2),uy(x))
hold. Now fix (z,u(z)) € (BxY)NGr(u) sothat z€ D. Thenby (1), By(z,€)NDy # ¢
and by (2), there exists some x € By(z,€) N Dy, so that u(uy(x),u(z)) < €. So we have,
(x,uy(x)) € Gr(uy) and (d x u)((z,u(z)), (x,uy(x))) < e. This gives, Gr(u) N (B x
Y) C Gr(uy)®. Therefore,

ANCC{ye 9 : Gr(u)N(BxY) C Gr(uy)®}.

Since ANC e .Z(F),wehave {yc ¥ : Gr(u)N(BxY)C Gr(uy)®} € #(.7). Hence
Gr(u) € (#',)” —lim Gr(uy).

Conversely, let Gr(u) € (%%,)” —lim Gr(uy). Let B€ % and £ > 0 be given.
Choosing 0 < 1 < €, we have

Ar={ye9: Gr(u)N(BxY) CGr(uy)"} € Z(I).
Let y € A; and z € DN B be arbitrary. Then (z,u(z)) € (BxY)NGr(u). So, there
exists (yo,uy(y0)) € Gr(uy) such that
(d > u)((z,u(2)), (vo,uy(y0))) < 1.
Thus we get, yo € D, such that d(z,yo) <n < € as well as u(u(z),uy(y0)) <n. There-

fore

inf  pu(u(z),uy(x)) <m.

xEBy(z,€)NDy
Since z € DN B is arbitrary, we have

> int u(z),uy(x)) < m <e.
zeDRB XGBd(z,e)mDyu( () Y( )) n

Thus,

AiC{ye9: su inf u(2),uy(x)) < €).
1CAyed: sup - dnf p puEhu) <é}

Since A| € #(.¥), we have {y€ ¥ : sup inf  u(u(z),uy(x)) <e} e F(5).
z€DNB XEB;(z,€)NDy
Then, by Theorem 2 (b), we have (D,u) € & (#) —lim(Dy,uy). This completes
the proof.
(b) The proof of (b) is similar to that of (a), so it is omitted. [

COROLLARY 1. Let {(Dy,uy)}yey be anetin Z[X,Y] and & be a bornology
on X. Then P y;(%)-convergence on P[X,Y] coincide with %", -convergence of
graphs of partial mapsin X x Y.
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THEOREM 4. Let {(Dy,uy)}yeq be anetin Z[X Y] and B be alocal bornology
on X. If the net {(Dy,uy)}yeqy is & 4 (B)-convergent to both the partial maps (S,u)
and (T,v), then S=T.

Proof. Letthe net {(Dy,uy)}yey be & s (%)-convergent to both the partial maps
(S,u) and (T,v). If possible, let S # T. Then, without any loss of generality, we
assume x € S\ T'. Since T is a closed subset of X, we have {x}*NT =0, for some € >
0. Choose 0 < § < £, so that {x}° € #. Let B={x}°. Since the netis 2, (%)-
convergent to (S,u), we have

{y€ 9 :YB\(CB),u(SNB) C [uy(DyNBY)|®} € Z (7).
Let us take By = {x}. Then we have
P={ye % :u(Sn{x}) C [uy(D,N{x}%)]%} € #(¥).
Since u(SN{x}) # 0, we have uy(DyN {x}?) #0, forall y € P. Now
v(TNB%) C w(T N{x}e) = 0.
Thus for all y € P, we have
uy(Dy1B) ¢ (T BE)]S.
Hence
Pc{ye¥% :u/ (D,NB) ¢ [v(TNB%)|5}.

Since P € .#(.¥), we have

{ye% :u(DyNB) ¢ W(TNB%)|3} € Z(7).
Thus

{y€ @ :u)(DyNB) C W(T B} ¢ 7(5).

which is a contradiction, since {(Dy,uy)}yey is & s (%)-convergentto (T,v). There-
fore S=7. U

THEOREM 5. Let % be a bornology on X. Then & z,(%) limits of each net in

CX,Y] are unique if and only if B is local, where Iy is any 4 -admissible ideal on
9.

Proof. Let % be a local bornology on X. Let (S,v) and (7,u) be two partial
maps in ¢[X,Y] to which a net {(Dy,uy)}yes € €[X,Y] be & 4, (%)-convergent.
Since £ is local, then, by Theorem 4, S = T'. Now suppose that there exists x € S so
that u(x) # v(x). By continuity of u, there exists €' > 0 so small, that

(u(T NBy(x,26M)))E NBL(v(x),e") =0, 3)

and By(x,e') € #. Since the netis &, (%) -convergentto (T,u), thenetis 2z, " (A)-
convergent to (T,u). Thus we have,
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P={ye% :uy(DyNBy(x,e")) C [u(T N (By(x,e")e)]E'} € F(Iy).

Again, since the netis & 4, (#)-convergentto (S,v), thenetis & 4, (%)-convergent
to (S,v). Thus we have,

O0={ye¥: sup inf — p(v(y),uy(z)) <e'} € F(Hy).
yESNBy(x,e1) 2€B,4(y,€1)NDy

Since P,Q € ¥ (Fy), we have PNQ € F#(Iy) andso PNQO #0. Let ®w € PNQ.
Then there exists zo € By(x,€') N Dy, such that ue(ze) € Bu(v(x),€') and

Uo(Z0) € to(Do NBa(x,')) C [u(T N (Ba(x,e'))E)]E" C (T NBy(x,2¢)))E" .

which contradicts (3). Hence &, (%) limits of each net in €’[X,Y] are unique.

Conversely, let the bornology % be not local. We show that there exists a net of
continuous partial maps which has different &, (%) limits. Since % is not local,
there exists o € X, such that for each n € N and B € %, we can choose o(n,B) €
B(0, %) \ B. Let us choose 8 # o in X and { € Y. We consider the directed set
¢ = N x % with the product direction, where N is directed in the usual way and %
is directed by subset inclusion. We consider D, gy = {c(n,B),3} and the continuous
mapping u, ) that maps both (n,B) and 8 to ¢, forevery n € N and B € #. Then
the net of continuous partial maps {(D(, ), U(n,B)) } (n,)cNx 2 is & (%) -convergent to
the continuous partial maps (S,u) and (T,v), where S = {a,B}, T = {B}, u(S) =
{€} and v(T) = {{}. So for any ¥ -admissible ideal .y of 4 = N x A, the net
{(Dn.B)s U(n,B)) } (n.B)en =2 Of continuous partial maps is & s, (%)-convergent to both
(S,u) and (T,v). This completes the proof. [

THEOREM 6. Let B be a bornology on X and (D,u) € Z[X,Y| be strongly uni-
formly continuous relative to 9. Then a net {(Dy,uy)}yeq in PX,Y] is P 5" (B)-
convergent to (D,u) if and only if VB € & and € > 0, there exists { > 0 such that

{ye¥: sup sup  p(u(x),uy(z)) < e} e F(I).
2€DyNB  xeBy(2,)ND

Proof. Sufficient part of the statement follows from Theorem 2. We only show
that the condition is necessary.

Let a net {(Dy,uy) }yew € P[X,Y] be P, (A)-convergent to (D,u). Let B €
% and € > 0 be given. Let also 17 > 0 be such that 21 < €. By strong uniform conti-
nuity of (D,u) relative to £, there exists 8, 0 < & < 21, such that x,y € DNBY and
d(x,y) < & implies u(u(x),u(y)) <n. Now since (D,u) € 2 ;" (%) —lim(Dy,uy),
by Theorem 1| and Theorem 2, we have

A={ye¥: D,NBCD%}c.F(¥)
and

C={ye¥9: sup inf ,u(u(x),uy(z))<g}6ﬁ(f).
z€DyNB xeBd(z,g)ﬂD
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Thus ANC € .#(.#). Choose y € ANC. Then for every z € BN D,, there exists
x; € Bd(z,g) N D such that p(u(x;),uy(z)) < g < n. Since Bd(z,g) C B%, we have
By(z,8)ND C B ND. Let x € By(z,$)ND C B®ND. Then d(x,x;) < §. Then
by strong uniform continuity of (D,u), we have p(u(x),u(x;)) < n. Thus for every
X € By(z, %) ND, we have

1 (u(x),uy(2)) < plux),ul)) + pulx), uy(z)) <m+n=2n.

Hence

sup sup p(u(n),uy(2) <21 <e.
2€DYNB xeBy(2,8)ND

Choose § = g Then we have,

ANCcC{ye¥: sup sup  p(u(x),uy(z)) < €}.
z2€DyNB xeBy(z,4)ND

Since ANC € .Z(.¥), we have {y € ¥ : sup sup  u(u(x),uy(z)) < €} €
z€DyNB  x€B,(z,6)ND
Z (Z). This completes the proof. [

THEOREM 7. Let % be a bornology on X that is stable under small enlargements
and (D,u) € Z[X,Y] be uniformly continuous relative to . Then anet {(Dy,uy)}yew
in PX,Y|is P 4(B)-convergent to (D,u) if and only if both

(a) for every B € % and € > 0, there exists § > 0 such that

{ye¥9: sup sup  p(u(x),uy(z)) <epe F(F);
2€DyNB xeBy(2,)ND

and

(b) for every B€ # and € >0, {y€ ¥ :DNBC D} € F(J) hold.

Proof. Since (D,u) is uniformly continuous relative to % and 2 is stable under
small enlargements, it follows that (D,u) is strongly uniformly continuous relative to
A. Then, by Theorem 1 and Theorem 6, we see that the conditions are necessary.

Conversely, let the conditions hold. Let B € # and € > 0 be given. It is sufficient
to show that

{ye¥9: sup inf  u(u(z),uy(x)) <e} € F(I).
2€DNB XEBy(z,€)NDy

Choose { < € so small that BS € #,

C={ye¥9: sup sup  p(u(x),uy(z)) < 5} € Z(F)
2€DyNBS xEB4(2,6)ND

and

E={ye¥:DNBCD}c .7 (7).
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Choose y€ CNE. Let z€ DNB. Then there exists x(z,7) € DyNB* with d(z,x(z,7)) <
¢. Since Y€ C, x(z,y) € DyNB® and z € By(x(z,7),§)ND, we have u(u(z), uy(x(z,7)))

< 5. Thus XEBd(in}%f)mDy u(u(z),uy(x)) < 5. Hence

su inf u(z),uy(x)) < su inf u(z),uy(x)) <i<e.
st () < s i () () < §
Therefore, CNE C {y€ ¥ : sup inf  u(u(z),uy(x)) < €}. Since CNE €

2€DNB  X€Bg(z,€)NDy
F(F),wehave {ye¥: sup inf  p(u(z),uy(x)) < e} € Z(F). This com-
2€DNB X€B4(z.£)NDy
pletes the proof. [

4. 7" -convergence of partial maps

In this section, we introduce the notions of bornological .#*-convergence and
#* -convergence of nets of partial maps and study their relationship with bornological
# -convergence and % -convergence of nets of partial maps.

DEFINITION 14. Let (X,d) be a metric space and . be a bornology on X. A
net {Dy}yey € Po(X) is said to be % ;- -convergent (bornological .#* convergent)
to D € Py(X), if there exists a set ¢’ € % (.#) such that ¢’ itself is a directed set
with respect to the binary relation induced from (¢,>) and the net {Dy},cq is %-
convergentto D.

In this case, we write D € % s+ —limD,.

THEOREM 8. Let .9 be a & -admissible ideal of a directed set (4 ,>), {Dy}yew
be a net in Py(X) and D € Py(X). Then D € B4« —limDy implies D € B.; —
limDy.

Proof. Let D € % 4+ —limDy,. Then there exists ¢’ € .7 (.#) such that ¢’ itself
is a directed set with respect to the binary relation induced from (¢,>) and {Dy},cy/
is A-convergentto D.

Let B € % and € > 0 be given. Then there exists ¥ € ¢’, such that for all y € ¢’
with ¥ > %, we have

DNBC DY and DyNDC DF.
Since .# is ¢ -admissible, .#y, € F(.#). Then M"Y € F (7). Now
MyNY' C{ye¥:DNBCD}N{ye¥:DyNBC D}.

So{ye¥:DNBCDj} € F(J)aswellas {ye¥ :Dy,NBC D} € #(¥). Hence
De#,—limD,. O

DEFINITION 15. [9] Let . be a ¢ -admissible ideal of a directed set ¢ . Then
4 is said to satisfy the condition (DP), if for every countable family of mutually disjoint
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sets {Py,Py,...} in ., there exists a countable family of sets {Q},0,,...} in ¢ such
that for each i € N, BAQ; C 4\ .#,, forsome ¥, € 4 and Q= | Q; € ., where A
i=1

stands for the symmetric difference between two sets.

LEMMA 1. Let % be an ideal of a directed set (¢4,>) satisfying the condition
(DP). Then for any countable family of sets {E|,Ea,...} in F (%) there exists a E €
F(F) such that E itself is a directed set with respect to the binary relation induced
Sfrom (4,>) and for each i € N, E\ E; C %\///y(i) for some Y1) € 9.

Proof. Let {E|,E»,...} beacountable family of setsin .% (.#). Then {F},F,...}
is a countable family of sets in .#, where F; =% \ E;,Vi € N. Now we construct a se-
quence of sets {P,};cn as follows:

P, :Fl,P2:F2\F1,...,H:E\(FlLJFzU...UFi,])P...

Clearly, P; € .# ,forall i ¢ N and P,NP; =0 for i # j. Since .# satisfies the condition
(DP), there exists a countable family of sets {Q1,Q»,...} in ¢ such that foreach i € N,

PAQ; C 9\ My, forsome ¥, € ¥ and Q= |J Q; € .. Now, fix i € N. Then
i—1

1

F\ec(UR\e=(Urhe=Ur\oc Ur\e)c Urae)
j= j= j= j= j=

-~

C U (@\Ay).

J=1

Now, for 71,7, ..., % there exists ) € ¢, such that ¥ > y;, Vj = 1,2,...,i. Then
F\OocC .UI(%\///yj) CY\ My -
=

Let E=%\Q.Then E € #(J) and E\E; =F\QC G\ A .

We now show that E itself is a directed set with respect to the binary relation
induced from (%,>). It is clear that > is reflexive and transitive on E. Now, let
e1,er € E. Since ey, e, are two elements of &, there exists e € 4 such that e > e; and
e>e. Now EN M, € F(F). Let ¢ € EN.M,. Then ¢ > e and so ¢ > e; and
¢’ > ey. Therefore, E is a directed set with respect to the binary relation induced from
(“,>). O

THEOREM 9. Let .& be an ideal on a directed set (¢ ,>) satisfying the condition
(DP), (X,d) be ametric space and & be a bornology on X . Then for any net {Dy} ey
in Z0(X) and D € Zy(X), D € B4 —1limD,, implies D € Bz~ —limDy.

Proof. Let D€ % 4 —limDy. Let B € % and € > 0 be given. Since D € % s —
limDy, for each j €N,
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1

Aj={ye9:DNBCDy}c F(¥)
and
B;={ye9:D,NBCDi}e F(5).

Let E; =A;NBj,j€N. Then E; € .Z(#),Vj € N. Since .# satisfies the condition
(DP), by Lemma 1, there exists E € % (%) such that E itself is a directed set with
respect to the binary relation induced from (¥¢,>) and for each je N, E\E; C ¥\
t///y(_,-) for some Y/) € . Now for the above £ > 0, there exists j € N such that % <E.
Then for that j, E\E; C 9\ .4y forsome y) €. Then forall y€ E and y > /)
we have y€ E; =A;NB; and so

1
DNBC Dy CD‘;
and
1
DyNBC D/ CD*.

Therefore, D € # 4+ —limDy. [
We now introduce the notion of .#*-convergence of nets of partial maps.

DEFINITION 16. Let (X,d),(Y, 1) be two metric spaces, 4 be a bornology on
X. Anet {(Dy,uy)}yey € Z[X,Y] is said to be & ;«(%)-convergent to (D,u) €
P[X,Y], if there exists a set ¥ € .Z(.¥) such that ¢’ itself is a directed set with re-
spect to the binary relation induced from (¢, >) and the net {(Dy,uy)},cqr is P (%)-
convergentto (D, u).

In this case, we write (D,u) € & y+(%) —lim(Dy,uy).

THEOREM 10. Let .¥ be a % -admissible ideal of a directed set (¥,>),
{(Dy,uy)}yey be anetin P[X,Y| and (D,u) € P[X,Y|. Then (D,u) € P y+(#) —
lim(Dy, uy) implies (D,u) € & 7(%) —lim(Dy,uy).

Proof. Let (D,u) € & y+(%) —lim(Dy,uy). Then there exists ¢’ € .Z () such
that ¢’ itself is a directed set with respect to the binary relation induced from (¥4, >)
and {(Dy,uy)}yeq is Z?(%)-convergentto (D,u).

Let B € % and € > 0 be given. Then there exists ¥ € ¢, such that for all By C B
and for all y € ¢’ with y> ¥, we have

u(DNBy) C [uy(DyNBY)]® and uy(DyNBy) C u(DNBY)E.
Since .# is ¢ -admissible, .#y, € .F(.#) and so My NY' € F (7). Then

MyNG' C {y € VB (C B),u(DNBy) C [uy(D,NBE)JE}
N{y €9 : VB, (C B),uy(DyNBy) C [u(DNBE)E}.

So {ye¥ :VBi(CB),u(DNBy) C [uy(DyNBY)|¢} € F(F) aswellas {ye ¥ :VB;(C
B),uy(DyNB;) C [u(DNBY)|¢} € # (7). Hence, (D,u) € 2 5 (#)—1lim(Dy,uy). O
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THEOREM 11. Let . be an ideal on a directed set (¢,>) satisfying the condi-
tion (DP), (X,d),(Y,) be metric spaces and B be a bornology on X . Then for any
net {(Dy,uy)}yey in Z[X,Y] and (D,u) € Z[X,Y|, (D,u) € P (%) —1lim(Dy,uy)
implies (D,u) € & g+(#) —lim(Dy,uy).

Proof. Let (D,u) € & 4(%)—lim(Dy,uy). Let B € % and € > 0 be given. Since
(D,u) € P 5(#)—1lim(Dy,uy), foreach j €N,

Aj={ye9:VB(CB),u(DNB;) C [uy(DyﬂB{l)]%} e F(I)

and

Ci={y€9 :VB(CB),uy(DyNB;) C [u(Dmel')ﬁ} e F(S).

Let E;=A;NCj,j € N. Then E; € 7 (#),Vj € N. Since .# satisfies the condition
(DP), by Lemma 1, there exists E € % (.¥) such that E itself is a directed set with
respect to the binary relation induced from (¢,>) and foreach j € N, E\E; C 9\
///V( ;) for some y1) € 4 . Now for the above & > 0, there exists j € N such that % <E.

Then for that j, E\E; C g\///y(j) , forsome y/) € 4. Thenforall ye E and y > ),
we have y€ E; =A;NC; and so

VBL(C B).u(DO1BY) € luy(Dy B I € [y Dy B

and

Lot

VB1(C B),uy(DyNBy) C [u(DNB])]7 C [u(DNBS)E.
Therefore, (D,u) € & y+(%) —lim(Dy,uy). 0O

REMARK 3. Itis not clear, whether the (DP)-condition is necessary for Theorem
9 and Theorem 11, so examination of necessity of (DP)-condition for that two theorems
remains open.
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