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A NOTE ON A GENERALISATION OF A DEFINITE INTEGRAL
INVOLVING THE BESSEL FUNCTION OF THE FIRST KIND

SHOWKAT AHMAD DAR™, M. KAMARUJJAMA, R. B. PARIS AND M. A. KHANDAY

Abstract. We consider a generalisation of a definite integral involving the Bessel function of the
first kind. It is shown that this integral can be expressed in terms of the Fox-Wright function
p¥4(z) of one variable. Some consequences of this representation are explored by suitable
choice of parameters. Further, we compte the range of numerical approximation values of the
Ramanujan’s cosine integral ¢¢(m,n) and sine integral ¢s(m,n) for distinct values of m and n
by Wolfram Mathematica software. In addition, two closed-form evaluations of infinite series
of the Fox-Wright function are deduced and these sums have been verified numerically using
Mathematica.

1. Introduction and preliminaries

The theory of Bessel function is intimately connected with the theory of certain
types of differential equations. A detailed account of application of Bessel function is
represented in Watson [9]. The applications of Bessel function are found in the field of
applied sciences, engineering, biological, chemical and Physical sciences [9]. The Fox-
Wright function is a modified version of the generalized hypergeometric function de-
rived by putting arbitrary positive scaling factor into the parameters of the summand’s
gamma functions. Its significance arises mainly from its place in fractional calculus,
though other fascinating applications exist. The series describing the fox-Wright func-
tion has a finite non-zero region of convergence if the sums of the scaling factors in the
top and bottom parameters are equal. Braaksma demonstrated in 1964 that the Fox-
Wright function can be generalized to a holomorphic function in the complex plane by
cutting a ray from the positive point on the disk’s boundary to the point at infinity. The
Fox-Wright function ,'¥,(z) of one variable [2, 3] is given by
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where z € C, «aj, Bj € C and the coefficients A; > 0, B; > 0, it being supposed
throughout that the oj, B; and the A;, B; are such that the gamma functions are well
defined. With
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A=Y Bi-Y 4, §=]]4Y]]B], w Z Z 3(p—a),
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the series in (1.1) converges for |z| < o when A > —1, for |z] < § when A= —1 and

for |z| = & if, in addition, R(u*) > % . Particular cases of (1.1) that we shall employ
are the Wright function [3, p. 438(1.2)] is defined by
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where z, 8 € C and o > 0 and the Wright generalised-Bessel function [3, p. 438(1.3)]
defined by
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where z,v € C and u > 0. The Mittag-Leffler function [3, p. 450(6.1)] is given by

EOC7 (Z) - 1‘-[11 |:((1:(IX))

where z,8 € C and o > 0. The Bessel function of the first kind is defined by (see [5,
p-217])
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Of special interest in this paper are the elementary functions correspondingto v =+ 5,

namely
2 2
Ji2(2) =4/ e J_12(2) = 2 o8z (1.5)

The infinite Fourier sine and cosine transforms of g(x) over the interval [0,o0) are
defined by [1, 4]

sin
CcO

Fs.c(g(x);b) = /:gm (b)dx=Gsc(b)  (b>0). (1.6)

If R(u) >0 and R(b) > 0, then Mellin transforms of cos(bx)/(e™ — 1) and sin(bx)/
(e™ — 1) are given by [1, p. 15, 1.4(7)]

/Om Hcos(br) T {g(u, 1+ ibja)+ C(u,1— ib/a)}

e™—1 2akt
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and

/oo X~ sin(bx) dx — ir(u) {C(“al+ib/a)_ E(u,1 —ib/a)},
0

e —1 2ak

where {(a,z) = ) (k+2z)* is the Hurwitz zeta function. In the special case {1 =2

k=0
and a =2m, b = n, we have
> xcos(7mnx) 1 1
dx = 1.7
/0 w1 T 2 + 4(1 —coshzn) (1.7)
and [5, (5.15.1)]
* xsin(znx) i , 1. , 1.

where y(z) is the logarithmic derivative of T'(z) and the prime denotes differentiation.

A natural generalisation of the Gauss hypergeometric function ,F(z) is the gen-
eralised hypergeometric function ,F;(z), with p numerator parameters o, ..., 0, and
g denominator parameters f,...,f3,, defined by

(%i ,gs’z>_” <(([3,) Ly ):ii(ﬂ,));f; (1.9)

where a; € C (j=1,...,p)and B; € C\Z; (j=1,...,q), Z, ={0,—1,-2,...}

and (a)g =T(a+k)/I'(a) is the Pochhammer symbol. The series in (1.9) is convergent

for |z] < e if p < ¢ and for |z] < 1 if p =g+ 1. If we define the parametric excess
q p

by =Y B;— Y, a;, then it is known that the ,F,(z) series with p =g+ 1 is (i)
=1 =l

absolutely convergent for |z] = 1 if R(w) > 0, (ii) is conditionally converegnt for

|zl =1 if —1 < R(w) <0 and (iii) is divergent for |z| = 1 if R(w) < —1.

The central aim in this paper is to give a generalisation and find some conse-
quences of a definite integral involving the Bessel function of the first kind which we
express in terms of the Fox-Wright W function. The work is motivated by the papers
by one of the present authors in [6, 7, 8]. In order to generalise the definite integrals
introduced by Ramanujan ¢g c(m,n) defined by

X" sin

e2mx _ 1 cos

¢s.c(m,n) = /0oo (mnx)dx, (1.10)

we introduce the following integrals:

31(;,L7§7cz7v7y):/Omx“e*‘”‘ii\/)Tylv()cy)dx7 (1.11)
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and
_ - u —bx5 i (aj)l,r, —cx5>
Sa(w,&,b,c,v,y) /0 e rFs<(ﬁj)l7S,e Vv Jy (xy) dx. (1.14)

Here £ > 0 and {©(k)};", is a bounded sequence of real or complex quantities. We
show how the main general theorem given in Section 3 is applicable for obtaining new
and interesting results by suitable adjustment of the parameters and variables.

2. Evaluation of the definite integral §;(u,&,a,v,y)

In this section, we evaluate the integral in (1.11) involving the Bessel function
of the first kind in terms of the Fox-Wright function. We suppose throughout that the
parameter & > 0.

THEOREM 1. With 0 := 2u+2v+3)/(2E), we have

- v+1/2 ) 2
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2.1)

where a>0, y>0 and R(u+v) > —1%.

Proof. Expanding the Bessel function in its series form, followed by reversal of
the order of summation and integration, we find

VEL/2 @ (VK2 JANK e
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upon evaluation of the integral as a gamma function, where 0 = (2u+2v+3)/(2§).
If we now employ the definition of the Fox-Wright function in (1.1) in the above series,
we obtain the right-hand side of (2.1).

If weset £E=1 and v = i% in (2.1), we obtain the Fourier sine and cosine
transforms of x1~!¢~ in the form

wan—le—wcos(xy)dx: F(TI) i (n)Zk _y_)k
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and
ol —ar rm+1) & m+Du ()
11~ sin(xy) dx = 2 —
/0 (xy) an+1 kga (%)kk' 4a2
T+ g gl
- T a1 1 3 s "o |-
an+1 5 a2

Use of the standard evaluations of the hypergeometric function given in [5, (15.4.8),
(15.4.10)] then yields the results stated in [4]

/mxnilﬂxs:; (x)dx=T(n) (@ +y*) "2 (n arctan(y/a)),
0

where R(a) >0, y >0 and R(n) > —1 and R(n) > 0 for the sine and cosine integral,
respectively. [l

3. Evaluation of the definite integrals §;(u,&,a,v,y), j=2,3,4
Here we let 6 = (2u +2v+3)/(2&) throughout this section.

THEOREM 2. Let {O(k)}7_, be a bounded sequence of arbitrary real or complex
numbers. Then when & > 0 and R(b) > 0 we have
< O(k) [~ .
Ba(tEbev) = 3 G [Tt B s ) d
k=0 "
e 5 OW) (/e C g [02/8) ¥
208 =k \(T+b/e)y) L vHLD| T At ck)2E ]
(3.1)

Proof. The proof follows the same procedure as in Theorem 1 by expressing the
Bessel function in series form and integrating term by term. We find

WP ek 3 HG+%ﬁ)< —? )‘
S2(k:6,b,0v.3) = k=0k!(b+ck)"€§6€!1“(v+l+€) 4(b+ck)?E)

Employing the definition of the Fox-Wright function function in (1.1) then yields the
stated result in (3.1). [

COROLLARY 1. For £ >0, R(b) >0 and R(c) > 0, we have
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where the parameters Ozj,ﬁj €Cand Aj >0, B; > 0. This result follows immediately
from (3.1) by substituting

T(ay +kAy) ... T(oy +kAy)
[(BL +kB1)...T(Bs+ kBy)

k) = (k=0,1,2,...).

COROLLARY 2. For £ >0, R(b) >0 and R(c) > 0, we have

Bul.&obevy) = [ xhe ( ARE “5)ffv<xy>
W2 & Ty ()i (( (b/c)k )G

20°8 k=0 k!H.szl (Bj)k \(1+b/c)k
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XI\PI[(VH,I) _W]» (3.3)

where the parameters o; € C, Bj € C\Z and r < s+ 1. This result follows by setting
Ai=...=A,=1land Bi=...=By;=1in(3.2).

3.1. Special cases of the integral F5(u,&,b,c,v,y)

Special cases of the integral in (3.2) are given by the following. When r =0, s =1
in (3.2), we obtain

[ e @B e ) s
_yHES 1 b/ \° (0,2/€) y?
-t Sy asn) e aera] O

where 1 € C, By > 0 and ®(By, f1,z) is the Wright function defined in (1.2).

When r=0,s=1,B;=u, Bi=v+1 and e s replaced by e in (3.2),
we obtain

|t e ) ) d

:yv+l/2 [l 1 ( (b/C)k )0-1\P1|:(G72/€) ‘_ y2 :l
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(3.5)

where y € C, u >0 and J} (z) is the Wright generalised Bessel function defined in

(1.3).
When r=s5=1 and o =A; =1 in (3.2), we obtain

- —bxé —exé
|t B e A ()

e 1 ( (b/o)x )" ” [(072/5) Y
2598 A KB +kB) \ (1+b/c)c ) (v 11| 4(b+ck)2/E

where ; € C, B; >0 and Ep g (z) is the Mittag-Leffler function defined in (1.4).

2

} , (3.6)
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4. Expressions for Fourier cosine and sine transforms

The expressions for the Fourier cosine and sine transforms of x~ e~ (b+ck)x,
M Le™b* W (e=) and xT~ e~ F;(e~) in terms of infinite series of the Fox-Wright
function ;¥ (-) will hold true for y > 0, R(n) >0, R(b) > 0 and R(c) > 0. If we
letu=n—1, =1and v= i% in the main theorem in (3.1), we obtain after some
simplification the following expressions:

32(77 - 1»1»b707—%»y) = F(Cl)(n7b7cvy)
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—1,1,b,¢,4,0) =F (1,b,¢,)

\/7/ le b g |:((gj§1r —cx:| sin(xy) dx

oy & I T 1 W {(n 12)‘ y? }
T VR SR TR b+c) T () | 4b+ k)]

5. Closed-form infinite summation formulas

(4.6)

If we choose O(k) =k!, n=m+1, y=mn and b = c =27 in (4.1)-(4.0), we
find the following new expressions in the closed form-infinite sums of the Fox-Wright

Psi function:

ooxm ©o 00
¢c(m,n) :/ ww: 2/ X"e 2R cos (tnx) dix
0 e -1 k=0 0

) <2£+1§0<k+1>m+1 SN w6
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- a6 ] 6
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/ e {((ng; —2“] sin(znx) dx
- 4(;{?)2“ & H,= EZﬁIZQi (k+i)m+2 1 [(m(;?’)z)‘—#i@z], (5.4)
el = e
ovr Sy 1 (m+1,2) n?
= @ A T T8 (e 1T [y e 69
/ e _2”"F[ ﬁpg; ’ 2’“‘] sin(7nx) dx
L« S TR
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Finally, from (1.7), (1.8), (5.1) and (5.2), we calculate the non terminating sum-
mation formulas:

5w [0 ) -V (B ) 60

k=0

—~
— N

and
2

— (3,2) R I
%ml%han“mmkv} - \/ﬁn{"’(”%’”)—‘/’(l—%ln)}, (5.8)

where n is free to be chosen. These two sums have been verified numerically using
Mathematica.

Case study. In Table-1 we compute numerical approximation values of the Ramanu-
jan’s integrals (5.1) and (5.2) for different values of m and n.

Table 1: The numerical approximation table of cosine integral ¢c(m,n) and sine integral
Os(m,n) in (5.1) and (5.2) for distinct values of m and n are calculated by Wolfram Mathe-
matica software.

m n ¢c(mn)  gs(mn) | m n gc(mn)  ¢s(m,n)

1.00 1/2 0.0369893 0.0137208 | 1/7  1/8  0.0059067 0.0005401
172 1/3 0.0197389 0.0048411 | 1/8  1/9  0.0051767 0.0004206
173 1/4 0.0134708 0.0024705 | 1/9  1/10  0.0046068 0.0003368
/4 1/5 0.0102142 0.0014965 | 1/10 1/11 0.0041497  0.0002758
/5  1/6 0.0082203 0.0010029 | 1/11 1/12  0.0037749  0.0002299
1/6  1/7 0.0068750 0.0007186 | 1/12 1/13 0.0034621 0.0001947

6. Conclusion

In this note we have shown that a certain integral involving the Bessel function of
the first kind can be expressed in terms of the Fox-Wright hypergeometric function of
a single variable. Special cases of this integral lead to similar representations given in
(5.1) and (5.2) for an integral considered by Ramanujan. Two infinite sums involving
the Fox-Wright function are evaluated in closed form.
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