
Journal of
Classical

Analysis

Volume 25, Number 1 (2025), 75–94 doi:10.7153/jca-2025-25-05

DOUBLE SHEHU TRANSFORM FOR

TIME SCALES WITH APPLICATIONS

TUKARAM G. THANGE AND SNEHA M. CHHATRABAND ∗

Abstract. The classical Shehu transform is an the important integral transform used for solving
differential and integral equations. The transform has already been extended for time scales. In
this paper, we studied the double Shehu transform for time scales and solve partial and integro
dynamic equations without converting them into an ordinary dynamic equation. The existence
condition for the double Shehu transform is given. Further, some elementary properties, and the
convolution theorem are discussed. Finally, applications are given for solving partial dynamic
and integro-dynamic equations through examples.

1. Introduction

In real applications, we perpetually deal with various problems having both con-
tinuous and discrete aspects. To unify these cases S. Hilger initiated the concept of
time scales [17], which is any closed subset of real numbers. Integral transforms
have their own importance in various fields of science. Application of appropriate
integral transform convert differential and integral equations to simple algebraic ex-
pressions that can be solved easily. Integral transforms on time scales have the same
influence for solving various ordinary, partial-dynamic and integro-dynamic equations
with given initial conditions. Motivating from this theory integral transforms such as
Laplace, Fourier, Sumudu, and Shehu transforms have been generalized on time scales
[2, 4, 5, 7, 8, 9, 10, 11, 13, 14, 16, 18, 19, 20, 21, 22, 23, 24, 25, 28, 29].

Hassen Eltayeb, Adem Kilicman, and Brian Fisher [12] introduced the double
Laplace transform and concept of multiple convolution on time scales. The Shehu
transform, which is a generalization of the Sumudu and Laplace transforms was intro-
duced by Shehu Maitma and Weidong Zhao in [15]. In [25] we generalized the Shehu
transform along with its fundamental properties on time scales and used this to solve
dynamic equations. The double Shehu transform of a function g(x, t) defined on a
suitable domain was introduced by Suliman Alfaqeih and Emine Misirli in [3] and is
defined as

H2
xt(g(x,t)) =

∫ 

0

∫ 

0
e−
(

px
u + qt

v

)
g(x,t) dx dt. (1)

In this paper, we have generalized the double Shehu transform on time scales
and applied it to solve partial and integro-dynamic equations. Using this technique a
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partial dynamic equation can be solved without converting it into an ordinary dynamic
equation, which reduces our calculations and is the main advantage of this technique.
Thus the use of the double Shehu transform is very convenient.

2. Preliminaries

In this section, we recall some basic terminologies and results from [1, 4, 5, 6, 8,
12, 25, 26] which are as follows.

DEFINITION 1. A function g : T → R is called rd-continuous if it is continuous
at right-dense points in T and its left sided limit exists at left-dense points in T .

DEFINITION 2. A function g : T → R is called regressive provided

1+ (t) f (t) �= 0 for all t ∈ T.

We denote set of all regressive functions by R.

Further, for h > 0, the set of Hilger complex numbers is, Ch := {z ∈ C : z �= −1
h } .

And for z ∈ C the Hilger real part of z is Reh(z) := |zh+1|−1
h .

DEFINITION 3. Let g : T → C is an rd-continuous function, then the generalized
Shehu transform of g(t) is defined as

G(u,v) = S h{g(t)}(u,v) =
∫ 

t0
e� u

v
(t,t0)g(t) t (2)

for all u
v ∈ D{g} where D{g} consists of all u

v ∈ R for which the improper integral
exists.

DEFINITION 4. The function g : T→C is said to be of exponential type I , if there
exists constants M ,c > 0 such that |g(t)|� M ect . The function g : T→C is said to be
of exponential type II , if there exists constants M ,c > 0 such that |g(t)|� M ec(t, t0) .

Following concepts are important regarding convergence of the Shehu transform.

2.1. Domain of the Shehu transform

We will assume that T is a time scale with bounded graininess, that is, 0 < min �
(t) � max <  for all t ∈ T . We set min = ∗ and max = ∗ . Let H denotes the
Hilger circle given by,

H = Ht =
{

z ∈ C : 0 <
∣∣∣z+

1
(t)

∣∣∣< 1
(t)

}

Hmin =
{

z ∈ C : 0 <
∣∣∣z+

1
∗(t)

∣∣∣< 1
∗(t)

}

Hmax =
{

z ∈ C :0 <
∣∣∣z+

1
∗(t)

∣∣∣< 1
∗(t)

}
.
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Clearly Hmin ⊆ Ht ⊆ Hmax In order to give a suitable domain for the transform, which
is associated to the region of convergence of integral 2 for any c > 0, we define the set

D =
{u

v
∈ C : Re

(u
v

)
> Re(c) ∀t ∈ T

}
=
{u

v
∈ C :

u
v
∈ H

c
max and Re∗

(u
v

)
> Re∗(c) ∀t ∈ T

}
=
{u

v
∈ C : �u

v
∈ H and Re

(u
v

)
> Re(c) ∀t ∈ T

}
,

where H
c
max denotes the complement of closure of largest Hilger circle corresponding

to  . When ∗ = 0 this set is a right half plane.

LEMMA 1. If � u
v ∈ H , and Re

(
u
v

)
> Re(c) for all t ∈ T then

(� u
v ⊕ c

) ∈ H.

Proof. Since Re
(

u
v

)
> Re(c) implies

∣∣∣1+ u
v(t)

∣∣∣> ∣∣∣1+ c(t)
∣∣∣.

Now � u
v ⊕ c =

∣∣∣−1+c v
u

v
u +(t)

∣∣∣ and
∣∣∣� u

v ⊕ c+ 1
(t)

∣∣∣=
∣∣∣∣∣ c(t)+1

(1+ u
v (t))(t)

∣∣∣∣∣< 1
(t) .

Thus � u
v ⊕ c ∈ H . �

LEMMA 2. If � u
v ∈ H , then

∣∣1+ (t) u
v

∣∣> 1.

Proof. As � u
v ∈ H then

∣∣∣� u
v + 1

(t)

∣∣∣ < 1
(t) this implies

∣∣∣ −1
v
u +(t) + 1

(t)

∣∣∣ < 1
(t)

this implies
∣∣∣ 1
(1+(t) u

v )(t)

∣∣∣< 1
(t) . Thus

∣∣1+ (t) u
v

∣∣> 1. �

THEOREM 1. (Absolute convergence of the Shehu transform) If g : T → C is an
rd-continuous function of exponential type II with the exponential constant c, then the
integral

∫ 
t0

e� u
v
(t, t0)g(t,t0)t converges absolutely for all u

v ∈ D .

Proof. For u
v ∈ D , � u

v ∈ H, then from Lemma 2, we have
∣∣1+ (t) u

v

∣∣> 1.∣∣∣∫ 

t0
e� u

v
(t, t0) f (t) (t)

∣∣∣� M
∫ 

t0

∣∣∣ec(t,t0)e� u
v
(t,t0)

∣∣∣ t

� M
∫ 

t0

∣∣∣∣∣
e� u

v
(t,t0)

1+ (t) u
v

∣∣∣∣∣
∣∣∣ec(t,t0)

∣∣∣ t

� M
∫ 

t0

∣∣∣e� u
v⊕c(t,t0)

∣∣∣ t

� M
∫ 

t0
exp

(∫ t

t0

log
∣∣1+ ()

(� u
v ⊕ c

)∣∣
()

()

)
t

� M
∫ 

t0
exp

⎛
⎝∫ t

t0

log
∣∣∣ 1+()c
1+() u

v

∣∣∣
()



⎞
⎠t
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� M
∫ 

t0
e−t dt

=
M



where  =

∣∣∣∣∣ log
∣∣ 1+∗c

1+∗z

∣∣
∗

∣∣∣∣∣ . �

Following same estimates from above theorem we can show that if g(t) is of
exponential type II with constant c and Re

(
u
v

)
> Re(c) , then lim

t→
e� u

v
(t,t0)g(t) = 0.

THEOREM 2. (Shehu transform of derivative) If g : T→C is rd-continuous func-
tion such that g : T → C is rd-continuous and lim

t→
e� u

v
(t,t0)g(t) = 0, then

S h{g(t)}(u,v) =
u
v
S h{g(t)}(u,v)−g(t0).

Proof. Applying Definition 3

S h{g(t)}(u,v) =
∫ 

t0
e� u

v (t,t0)g
(t) t

=
∫ 

t0
{(e� u

v
(t,t0)g(t))−g(t)e� u

v
(t,t0)}t

= −g(t0)−
∫ 

t0
g(t)

(
�u

v

)
e� u

v
(t,t0) t

= −g(t0)+
u
v

∫ 

t0
g(t)

e� u
v
(t,t0)

1+ (t) u
v

t

= −g(t0)+
u
v

∫ 

t0
e� u

v
(t, t0)g(t) t

=
u
v
S h{g(t)}(u,v)−g(t0). �

More generally, if g
n−1

: T → C is an rd-continuous function such that g
n
(t) :

T → C is also rd-continuous then,

S h{gn
(t)}(u,v) =

un

vn S h{g(t)}(u,v)−
n−1


k=0

(u
v

)n−(k+1)
g

k
(t0).

THEOREM 3. Assume that h : T → C is rd-continuous function.
If H(t) =

∫ t
t0

h() for all t ∈ T , then S h{H(t)}(u,v) = v
uS h{h(t)}(u,v) .

Proof. We have H(t) = h(t) and H(t0) = 0 then applying Theorem 2, we get

S h{H(t)}(u,v) =
u
v
S h{H(t)}(u,v)−H(t0)

S h{H(t)}(u,v) =
v
u
S h{h(t)}(u,v). �
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THEOREM 4. (1) S h{1} = v
u provided lim

t→
e� u

v
(t1,t0) = 0.

(2) If  ∈ R is a complex number then

S h{e(t,t0)}(u,v) =
v

u−v

with  �= u
v and for lim

t→
e� u

v
(t,t0) = 0.

(3) If  ∈ R is a complex number such that 2 ∈ R , then

S h{sin(t,t0)}(u,v) =
v2

u2 +2v2 ,

and
S h{cos(t,t0)}(u,v) =

uv
u2 +2v2 .

(4) If  ∈ R is a complex number such that −2 ∈ R then

S h{sinh (t,t0)}(u,v) =
2v

u2−2v2 ,

and
S h{cosh (t,t0)}(u,v) =

uv
u2−2v2 .

(5) For a generalized polynomial defined in [4, 5] as

h0(t,s) = 1

hk+1(t,s) =
∫ t

s
hk(,s), k ∈ N∪{0}

then S h{hk(t1,t0)}(u,v) = 1(
u
v

)k+1 for u
v ∈ R , u �= 0 , v �= 0 with

lim
t→

hk(t,t0)e� u
v
(t,t0) = 0.

Proof.

(1) Applying Definition 3

S h{1}(u,v) =
∫ 

t0
e� u

v
(t,t0) t

=
∫ 

t0

(
(t)e� u

v
+ e� u

v
(t,t0)

)
t

=
∫ 

t0

(
1+ (t)

(
� u

v

))
e� u

v
(t,t0) t

=
−u
v

∫ 

t0

− u
v

1+ (t) u
v

e� u
v
(t,t0) t
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=
−v
u

∫ 

t0
�u

v
e� u

v
(t,t0) t

=
−v
u

∫ 

t0
e� u

v
(t,t0) t

=
v
u
.

(2) Applying Definition 3

S h{e(t,t0)}(u,v) =
∫ 

t0
e� u

v
(t,t0)e(t, t0) t

=
∫ 

t0

e� u
v
(t,t0)

1+ (t) u
v

t

=
v

v−u

∫ 

t0

(
� u

v

)
e� u

v
(t,t0) t

=
−v

u−v

∫ 

t0
e� u

v
(t,t0) t

=
v

u−v
.

(3) We have the following relations,

sin(t, t0) =
ei(t,t0)− e−i(t,t0)

2i
and cos(t, t0) =

ei(t,t0)+ e−i(t,t0)
2

.

Applying Definition 3, and using linearity of Shehu transform, we get

S h{sin(t, t0)}(u,v) =
v2

u2 +2v2 and S h{cos(t,t0)}(u,v) =
uv

u2 +2v2 .

(4) We have following relations,

sinh (t, t0) =
e(t,t0)− e−(t,t0)

2
and cosh (t, t0) =

e(t,t0)+ e−(t,t0)
2

.

Applying Definition 3, and using linearity of Shehu transform, we get

S h{sinh (t, t0)}(u,v)=
2v

u2−2v2 , and S h{cosh (t,t0)}(u,v)=
uv

u2−2v2 .

(5) From (1) the result holds for k = 0. Now assuming that above formula holds for
k = p ∈ N0 . So we have S h{hp(t,t0)}(u,v) = 1

( u
v )

p+1 .

Now, by Theorem 3

S h{hp+1(t,t0)}(u,v) =
v
u
S h{hp(t, t0)}(u,v)

=
v
u

1(
u
v

)p+1

=
1(

u
v

)(p+1)+1
. �
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It is important to note following properties of regressive and exponential functions
given in [1, 5]. For p1, p2 ∈ R, we have

(1) p1⊕ p2 = p1 + p2 +  p1p2,

(2) p1� p2 = p1⊕ (�p2) = p1−p2
1+ p2

,

(3) �p1 = −p
1+ p ,

(4) ep1((t), t0) = ep1(t,t0)(1+ (t)p1(t)),

(5) e�p1(t, t0) = 1
ep(t,t0) ,

(6) ep1(t, t0).ep2(t,t0) = ep1⊕p2(t,t0),

(7)
ep1 (t,t0)
ep2 (t,t0) = ep1⊕p2(t,t0),

(8) e�p1
(t, t0) =

e�p1 (t,t0)
1+ p1

.

In this paper we adopt the following notations

ea⊕b(t1, t2, t0, t ′0) = ea(t1,t0)eb(t2,t ′0) and e�a�b(t1, t2,t0,t ′0) = e�a(t1, t0)e�b(t2,t ′0).

3. Double Shehu transform on time scales

THEOREM 5. For given time scales T1 and T2 the generalized Shehu transform
of rd-continuous function g : T1 ×T2 → C with respect to variables t1 and t2 is given
by

S ht1 [g(t1,t2)](u1,v1;t0) =
∫ 

t0
e1

� u1
v1

(t1,t0)g(t1,t2) 1t1

and

S ht2 [g(t1,t2)](u2,v2;t
′
0) =

∫ 

t′0
e2

� u2
v2

(t2,t ′0)g(t1,t2) 2t2

respectively.

Now we will extend classical double Shehu transform given by Equation 1 in time
scale as.

DEFINITION 5. If T1 and T2 are time scales such that sup{T1,T2} =  and
t0 ∈ T1, t ′0 ∈ T2 are fixed. Let g : T1 ×T2 → C is rd-continuous function then the
generalized double Shehu transform of g(t1,t2) is

G[(u1,u2),(v1,v2)] = S ht1S ht2 [g(t1,t2)]

=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0, t ′0)g(t1,t2) 1t12t2 (3)

provided the integral exists with 1+ 1
u1
v1

�= 0 and 1+ 2
u2
v2

�= 0 for all (t1,t2) ∈ T1 ×
T2 .
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Analogous to [12, Lemma 7] we have,

LEMMA 3. If u1
v1

, u2
v2

∈ C are regressive, then

e1,2

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) =
e� u1

v1
(t1,t0)e� u2

v2
(t2,t ′0)[

1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] .

Proof.

e12

� u1
v1

� u2
v2

(t1, t2,t0,t ′0)

= e1

� u1
v1

(t1, t0) · e2

� u2
v2

(t2,t ′0)

=
[
1+ 1

(
� u1

v1

)]
e� u1

v1
(t1,t0)

[
1+ 2

(
� u2

v2

)]
e� u2

v2
(t2,t ′0)

=

[
1− 1

( u1
v1

)
1+ 1

(
u1
v1

)
]
e� u1

v1
(t1,t0)

[
1− 2

( u2
v2

)
1+ 2

(
u2
v2

)
]
e� u2

v2
(t2, t ′0)

=
e� u1

v1
(t1,t0)e� u2

v2
(t2,t ′0)[

1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] . �

THEOREM 6. (Existence Condition) Let g(t1,t2) be rd-continuous function on
T1 ∩ [t0,k1]×T2∩ [t ′0,k2] and |g(t1,t2)| � M ec1⊕c2(t1,t2,t0,t

′
0) then the double Shehu

transform of g(t1, t2) exists for all positively regressive � u1
v1

and � u2
v2

provided,
lim

t1→
ec1� u1

v1
(t1, t0) → 0 and lim

t2→
ec2� u2

v2
(t2,t ′0) → 0 .

Proof.∣∣∣S ht1S ht2 [g(t1,t2)]
∣∣∣

=
∣∣∣∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0)g(t1,t2) 1t12t2
∣∣∣

�
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0)
∣∣∣g(t1,t2)

∣∣∣ 1t12t2

� M
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) ec1⊕c2(t1,t2,t0,t
′
0) 1t12t2

= M
∫ 

t0

∫ 

t′0

e� u1
v1

� u2
v2

(t1,t2,t0,t ′0)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] ec1⊕c2(t1, t2,t0,t
′
0) 1t12t2

= M
∫ 

t0

ec1� u1
v1

(t1,t0)[
1+ 1

(
u1
v1

)]
[∫ 

t′0

ec2� u2
v2

(t2,t ′0)[
1+ 2

(
u2
v2

)] 2t2

]
1t1
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= M
1(

c1− u1
v1

) ∫ 

t0

(
c1� u1

v1

)
ec1� u1

v1
(t1,t0)

×
[

1(
c2− u2

v2

) ∫ 

t′0

(
c2� u2

v2

)
ec2� u2

v2
(t2,t ′0) 2t2

]
1t1

=
M(

c1− u1
v1

)(
c2− u2

v2

) ∫ 

t0
e
1

1

c1� u1
v1

(t1,t0)

[∫ 

t′0
e
1

2

c2� u2
v2

(t2,t ′0) 2t2

]
1t1

=
M(

u1
v1
− c1

)(
u2
v2
− c2

)
=

M v1v2

(u1 − c1v1)(u2− c2v2)
. �

3.1. Double Shehu transform of some elementary functions

In this subsection using Definition 5 we find transform of some elementary func-
tions.

(1) S ht1S ht2 [1] = v1v2
u1u2

, provided lim
t1→

e� u1
v1

(t1,t0) → 0 and lim
t2→

e� u2
v2

(t2,t ′0) → 0.

Proof.

S ht1S ht2 [1]

=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

(t1,t0)e� u2
v2

(t2,t ′0)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] 1t1 2t2

=
−1(
u1
v1

) ∫ 

t0

−
(

u1
v1

)
[
1+ 1

(
u1
v1

)]e� u1
v1

(t1,t0)

×
[

1

−
(

u2
v2

) ∫ 

t′0

−
(

u2
v2

)
[
1+ 2

(
u2
v2

)]e� u2
v2

(t2,t ′0) 2t2

]
1t1

=
1(

u1
v1

)(
u2
v2

) ∫ 

t0

−
(

u1
v1

)
[
1+ 1

(
u1
v1

)]e� u1
v1

(t1, t0)

×
[∫ 

t′0

−
(

u2
v2

)
[
1+ 2

(
u2
v2

)]e� u2
v2

(t2,t ′0)2t2

]
1t1
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=
1(

u1
v1

)(
u2
v2

) ∫ 

t0
�u1

v1
e� u1

v1
(t1,t0) 1t1

∫ 

t′0
�u2

v2
e� u2

v2
(t2,t ′0) 2t2

=
1(

u1
v1

)(
u2
v2

) ∫ 

t0
e
1

1

� u1
v1

(t1,t0) 1t1

∫ 

t′0
e
1

2

� u2
v2

(t2,t ′0) 2t2

=
v1v2

u1u2
. �

(2) S ht1S ht2 [e⊕ (t1,t2,t0,t ′0)] = v1v2
(u1−v1)(u2− v2)

, provided lim
t1→

e� u1
v1

(t1, t0) →
0 and lim

t1→
e� u2

v2
(t2,t ′0) → 0.

Proof.

S ht1S ht2 [e⊕ (t1,t2,t0,t ′0)]

=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) e⊕ (t1,t2,t0,t ′0) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

� u2
v2

(t1,t2,t0,t ′0)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] e⊕ (t1,t2,t0,t ′0) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

(t1,t0) e� u2
v2

(t2,t ′0)[
1+ 1

(
u1
v2

)][
1+ 2

(
u2
v2

)] 1t1 2t2

=
1(

− u1
v1

) ∫ 

t0

(
− u1

v1

)
[
1+ 1

(
u1
v1

)] e� u1
v1

(t1,t0) 1t1

× 1(
 − u2

v2

) ∫ 

t′0

(
 − u2

v2

)
[
1+ 1

(
u2
v2

)]e� u2
v2

(t2,t ′0) 2t2

=
1(

− u1
v1

) 1(
 − u2

v2

) ∫ 

t0

(
� u1

v1

)
e� u1

v1
(t2,t0) 1t1

×
∫ 

t′0

(
 � u2

v2

)
e� u2

v2
(t2,t ′0) 2t2

=
1(

− u1
v2

) 1(
 − u2

v2

) ∫ 

t0
e
1

1

� u1
v1

(t1,t0) 1t1

∫ 

t′0
e
1

2

� u2
v2

(t2, t ′0) 2t2

=
1(

u1
v1
−

)(
u2
v2
−

)
=

v1v2

(u1−v1)(u2 −v2)
. �

Similarly we can prove the following result,
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(3) S ht1S ht2 [ei(⊕ )(t1,t2,t0,t ′0)] = v1v2
(u1−iv1)(u2−iu2)

.

(4) S ht1S ht2 [e−i(⊕ )(t1,t2,t0,t ′0)] =
v1v2

(u1+iv1)(u2+iu2)
.

Using (2),(3) and (4) we get,

(5) S ht1S ht2 [sin⊕ (t1,t2,t0,t ′0)] =
v1v2(u1v2+u2v1)

(u2
1+2v2

1)(u2
2+ 2v2

2)
.

(6) S ht1S ht2 [cos⊕ (t1,t2,t0,t ′0)] = v1v2(u1u2− v1v2)
(u2

1+2v2
1)(v2

2+ 2v2
2)

.

(7) S ht1S ht2 [sinh ⊕ (t1,t2,t0,t ′0)] =
1
2

[
v1v2

(u1−v1)(u2− v2)
− v1v2

(u1+v1)(u2+ v2)

]
.

(8) S ht1S ht2 [cosh ⊕ (t1,t2,t0,t ′0)] =
1
2

[
v1v2

(u1−v1)(u2− v2)
+ v1v2

(u1+v1)(u2+ v2)

]
.

(9) The generalized polynomial is defined in [4, 5] as

h0(t,s) = 1

hk+1(t,s) =
∫ t

s
hk(,s), k ∈ N∪{0}.

Then for hn(t1,t0) ·hm(t2,t ′0) : T1 ×T2 → C

S ht1S ht2

[
hn(t1,t0) ·hm(t2,t ′0)

]
=

1( u1
v1

)n+1

1( u2
v2

)m+1 .

Proof. We have S ht
[
hk(t,t0)

]
= 1(

u1
v1

)k+1 , then

S ht1S ht2

[
hn(t1,t0) ·hm(t2,t ′0)

]
=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) hn(t1,t0) ·hm(t2,t ′0) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

� u2
v2

(t1,t2,t0,t ′0)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] hn(t1,t0) ·hm(t2,t ′0) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

(t1,t0) e� u2
v2

(t2,t ′0)[
1+ 1

(
u1
v2

)][
1+ 2

(
u2
v2

)] hn(t1,t0) ·hm(t2,t ′0) 1t1 2t2

=
∫ 

t0

e� u1
v1

(t1,t0)[
1+ 1

(
u1
v1

)] hn(t1,t0) 1t1

∫ 

t′0

e� u2
v2

(t1, t0)[
1+ 2

(
u2
v2

)] hn(t2, t ′0) 2t2
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=
∫ 

t0
e1

� u1
v1

(t1,t0) hn(t1,t0) 1t1

∫ 

t′0
e2

� u2
v2

(t2, t ′0) hm(t2,t ′0) 2t2

=
1( u1

v1

)n+1

1( u2
v2

)m+1 . �

4. Some results

THEOREM 7. (Linearity Property) If g1(t1,t2) and g2(t1,t2) are functions with
double Shehu transforms S ht1S ht2

[
g1(t1,t2)

]
and S ht1S ht2

[
g2(t1, t2)

]
respectively.

Then

S ht1S ht2

[
a1g1(t1,t2)+a2g2(t1,t2)

]
= a1S ht1S ht2

[
g1(t1,t2)

]
+a2S ht1S ht2

[
g2(t2,t2)

]
.

Proof. Follows from Definition 5. �

THEOREM 8. (Shifting Theorem) For 1 ∈ T1 and 2 ∈ T2 with 1,2 > 0, we
have

H1,2
(t1,t2) =

{
0 t1 ∈ T1, t2 ∈ T2 & t1 < 1, t2 < 2

1 t1 ∈ T1, t2 ∈ T2 & t1 � 1, t2 � 2,

then

S ht1S ht2

[
H1,2

(t1,t2) g(t1,t2)
]

= e� u1
v1

� u2
v2

(1,2,t0,t
′
0) S ht1S ht2

[
g(t1, t2)

]
.

Proof. Applying Definition 5

S ht1S ht2

[
H1,2

(t1,t2)g(t1,t2)
]

=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) H1,2
(t1,t2)g(t1,t2) 1t1 2t2

=
∫ 

t0

∫ 

t′0

e� u1
v1

� u2
v2

(t1,t2,t0,t ′0)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] H1,2
(t1,t2)g(t1, t2) 1t1 2t2

=
∫ 

1

∫ 

2

e� u1
v1

� u2
v2

(1,2,t0,t ′0)e� u1
v1

� u2
v2

(t1,t2,1,2)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)] g(t1,t2) 1t1 2t2

= e� u1
v1

� u2
v2

(1,2,t0,t
′
0)
∫ 

1

∫ 

2

e� u1
v1

� u2
v2

(t1,t2,1,2)[
1+ 1

(
u1
v1

)][
1+ 2

(
u2
v2

)]g(t1, t2)1t12t2

= e� u1
v1

� u2
v2

(1,2,t0,t
′
0)
∫ 

1

∫ 

2

e1,2

� u1
v1

� u2
v2

(t1,t2,1,2)g(t1,t2) 1t1 2t2

= e� u1
v1

� u2
v2

(1,2,t0,t
′
0)S ht1S ht2

[
g(t1,t2)

]
. �
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THEOREM 9. (Transform of partial derivatives) Let g(t1, t2) : T1×T2 → C is an
rd-continuous function such that

g
1
1(t1, t2) =

g(t1,t2)
1t1

, g
2
1(t1,t2) =

 2g(t1,t2)
1t21

, g
1
2(t1,t2) =

g(t1,t2)
2t2

g
2
2(t1, t2) =

 2g(t1,t2)
2t22

, g
1
1

1
2(t1,t2) =

 2g(t1,t2)
t1t2

are also rd-continuous, then

(i) S ht2S ht1

[
g

1
1(t1,t2)

]
= u1

v1
S ht1S ht2

[
g(t1,t2)

]−S ht2

[
g(t0, t2)

]
,

(ii) S ht1S ht2

[
g

1
2(t1,t2)

]
= u2

v2
S ht1S ht2

[
g(t1,t2)

]−S ht1

[
g(t1, t ′0)

]
,

(iii) S ht2S ht1

[
g

2
1(t1,t2)

]
=
( u1

v1

)2
S ht1S ht2

[
g(t1, t2)

]− (u1
v1

)
S ht2

[
g(t0,t2)

]
−S ht2

[
g

1
1(t0,t2)

]
,

(iv) S ht1S ht2

[
g

2
2(t1,t2)

]
=
( u2

v2

)2
S ht1S ht2

[
g(t1, t2)

]− (u2
v2

)
S ht1

[
g(t1,t ′0)

]
−S ht1

[
g

1
2(t1,t ′0)

]
,

(v) S ht2S ht1

[
g

1
1

1
2(t1,t2)

]
=
(

u1
v1

u2
v2

)
S ht1S ht2

[
g(t1,t2)

]
−
(

u1
v1

)
S ht1

[
g(t1,t ′0)

]
−
(

u2
v2

)
S ht2

[
g(t0, t2)

]
−g(t0,t ′0)

provided lim
t1→

e� u1
v1

(t1,t0) → 0 and lim
t2→

e� u2
v2

(t2,t ′0) → 0.

Proof.

(i) For g
1
1(t1, t2) taking single Shehu transform with respect to t1 and using the

product rule, we have

S ht1

[
g

1
1(t1,t2)

]
=
∫ 

t0
e1

� u1
v1

(t1,t0) g
1
1(t1,t2) 1t1

=
∫ 

t0

[(
e� u1

v1
(t1,t0)g(t1,t2)

)1
1 −g(t1,t2)e

1
1

� u1
v1

(t1, t0)
]
1t1

= −g(t0,t2)−
∫ 

t0
� u1

v1
e� u1

v1
(t1,t0) g(t1,t2) 1t1

= −g(t0,t2)+
u1

v1

∫ 

t0
e1

� u1
v1

(t1, t0) g(t1,t2) 1t1

= −g(t0,t2)+
u1

v1
S ht1

[
g(t1,t2)

]
=

u1

v1
S ht1

[
g(t1,t2)

]−g(t0,t2)

S ht1

[
g

1
1(t1,t2)

]
=

u1

v1
S ht1

[
g(t1,t2)

]−g(t0,t2).
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Now taking Shehu transform with respect to t2 we get

S ht2S ht1

[
g

1
1(t1,t2)

]
=
∫ 

t′0
e2

� u2
v2

(t2,t ′0)
u1

v1
S ht1

[
g(t1,t2)

]
2t2

−
∫ 

t′0
e2

� u2
v2

(t2,t ′0) g(t0,t2) 2t2

=
u1

v1

∫ 

t′0

∫ 

t0
e12

� u1
v1

� u2
v2

(t1,t2,t0, t ′0) g(t1, t2) 1t1 2t2

−
∫ 

t′0
e2

� u2
v2

(t2,t ′0) g(t0,t2) 2t2

S ht2S ht1

[
g

1
1(t1,t2)

]
=

u1

v1
S ht2S ht1

[
g(t1,t2)

]−S ht2

[
g(t0,t2)

]
.

(ii), (iii), (iv) and (v) can be proved similarly. �
Above theorem can be generalized as follows, let g(t1,t2) : T1 ×T2 → C is rd-

continuous function such that g
i
1 and g

j
2 are also rd-continuous for i = 1,2, . . . ,n

and j = 1,2, . . . ,m respectively. Then,

(i) for g
n
1(t1, t2) =  ng(t1,t2)

1t
n
1

S ht1S ht2

[
g

n
1(t1,t2)

]
=
(u1

v1

)n
S ht1S ht2

[
g(t1,t2)

]−(u1

v1

)n−1
S ht2

[
g(t0, t2)

]
−

n−1


i=1

(u1

v1

)n−1−i
S ht2

[
g

i
1(t0,t2)

]
,

(ii) for g
m
2 (t1, t2) = mg(t1,t2)

2t
m
2

S ht1S ht2

[
g

m
2 (t1,t2)

]
=
(u2

v2

)m
S ht1S ht2

[
g(t1,t2)

]−(u2

v2

)m−1
S ht1

[
g(t1,t ′0)

]
−

m−1


j=1

(u2

v2

)m−1− j
S ht1

[
g

j
2(t1,t ′0)

]
.

The proof follows from induction.

THEOREM 10. (Transform of integrals) If g(t1,t2) : T1 ×T2 → C is regulated
then

S ht1S ht2

[∫ t1

t0

∫ t2

t′0
g(1,2) 11 22

]
=

v1v2

u1u2
S h1S h2[g(t1, t2)].

Proof. Let

G(t1,t2) =
∫ t1

t0

∫ t2

t′0
g(1,2) 11 22.
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Hence we have, G1
1

1
2(t1,t2) = g(t1,t2) with G(t0,t ′0) = G(t1,t ′0) = G(t0,t2) = 0.

Applying double Shehu transform and using (v) from Theorem 9, we get

S ht1S ht1

[
G1

1
1
2(t1,t1)

]
=
(u1

v1

u2

v2

)
S ht1S ht2

[
G(t1,t2)

]
−
(u1

v1

)
S ht1

[
G(t1,t ′0)

]
−
(u2

v2

)
S ht2

[
G(t0,t2)

]
−G(t0,t ′0).

Thus,

S ht1S ht2

[∫ t1

t0

∫ t2

t′0
g(1,2) 11 22

]
=

v1v2

u1u2
S ht1S ht2

[
g(t1, t1)

]
. �

5. Convolution property

In this section we will prove the convolution theorem for double Shehu transform.
Using [8, Definition 2.1] of delay of a function x : T → R by () ∈ T, denoted by
x(t,()) the double convolution is defined in [12] as follows.

DEFINITION 6. Let g : T1 ×T2 → C is rd-continuous and h : T1 ×T2 → C is
piecewise rd-continuous function of exponential type II, then the double convolution of
g and h denoted by g ∗ ∗h is given by,

(g ∗ ∗h)(t1,t2) =
∫ t1

t0

∫ t2

t′0
g(s1,s2)h(t1,t2,1(s1),2(s2))1s12s2,

where h(t1, t2,1(s1),2(s2)) is delay of h(t1,t2) by 1(s1) ∈ T1 and 2(s2) ∈ T2.

THEOREM 11. (Convolution theorem for double Shehu transform) Let g1(t1,t2) :
T1 ×T2 → C and g2(t1,t2) : T1 ×T2 → C are rd-continuous functions of exponential
type II having double Shehu transforms S ht1S ht2

[
g1(t1,t2)

]
and S ht1S ht2

[
g2(t1,t2)

]
respectively, then

S ht1S ht2

[(
g1 ∗ ∗g2

)
(t1,t2)

]
= S ht1S ht2

[
g1(t1, t2)

] ·S ht1S ht2

[
g2(t1, t2)

]
.

Proof. Applying Definition 5 to convolution of g1 and g2 , we get

S ht1S ht2

[(
g1 ∗ ∗g2

)
(t1,t2)

]
=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0)
[
(g1 ∗ ∗g2

)
(t1,t2)

]
1t1 2t2

=
∫ 

t0

∫ 

t′0
e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0)
[∫ t1

t0

∫ t2

t′0
g1(t1,t2,1(s1),2(s2))

×g2(s1,s2) 1s1 2s2

]
1t1 2t2

=
∫ 

t0

∫ 

t′0
g2(s1,s2)

[∫ 

1(s1)

∫ 

2(s2)
g1(t1,t2,1(s1),2(s2))

× e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) 1t1 2t2
]
1s1 2s2
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=
∫ 

t0

∫ 

t′0
g2(s1,s2)

[∫ 

t0

∫ 

t′0
g1(t1,t2,1(s1),2(s2)) H1(s1),2(s2)(t1, t2)

× e12

� u1
v1

� u2
v2

(t1,t2,t0,t ′0) 1t1 2t2
]
1s1 2s2

=
∫ 

t0

∫ 

t′0
g2(s1,s2) S ht1S ht2

[
H1(s1),2(s2)(t1,t2) g1(t1, t2,1(s1),2(s2))

]
1s1 2s2

=
∫ 

t0

∫ 

t′0
g2(s1,s2) e� u1

v1
� u2

v2
(1(s1),2(s2),t0,t ′0) S ht1S ht2

[
g1(t1,t2)

]
1s1 2s2

= S ht1S ht2

[
g1(t1,t2)

] ∫ 

t0

∫ 

t′0
e1,2

� u1
v1

� u2
v2

(s1,s2,t0,t
′
0) g2(s1,s2) 1s1 2s2

= S ht1S ht2

[
g1(t1,t2)

]
S ht1S ht2

[
g2(t1,t2)

]
. �

6. Applications

Now we are ready to give applications of double Shehu transform for solving
some integro and partial dynamic equations through following examples. Here we have
used the result, for f : T1×T2 →C, S ht1S ht2 [ f (t1,t2)] = S ht2S ht1 [ f (t1,t2)] which
follows from Definition 5 and proof of Lemma 3.

EXAMPLE 1. Solve the following integro-dynamic equation for T1×T2 such that
0 ∈ T1 and 0 ∈ T2.

h(t1, t2)
1t1

+
h(t1,t2)
2t2

+1− e1(t1,0)− e1(t2,0)− e1⊕1(t1,t2,0,0)

=
∫ t1

0

∫ t2

0
h(s1,s2) 1s1 2s2,

(4)

with initial conditions h(t1,0) = e1(t1,0), h(0,t2) = e1(t2,0) .

SOL. In order to solve above integro-dynamic equation we need to find h(t1,t2).
Taking double Shehu transform on both sides of given equation.

(u1

v1

)
S ht2S ht1

[
h(t1,t2)

]−S ht2

[
h(0,t2)

]
+
(u2

v2

)
S ht1S ht2

[
h(t1,t2)

]
−S ht1

[
h(t1,0)

]
+
(u1

v1

)(u2

v2

)
− v1v2

(u1− v1)u2
− v1v2

(u2− v2)u1
− v1v2

(u1 − v1)(u2 − v2)
= S ht1S ht2

[
(h ∗ ∗1)(t1,t2)

]
.

Taking single Shehu transform of the initial conditions

S ht1

[
h(t1,0)

]
=

v1

u1− v1
, S ht2

[
h(0,t2)

]
=

v2

u2− v2
.



DST FOR TIME SCALES 91

Substituting this into above equation we get(u1

v1

)
S ht2S ht1

[
h(t1,t2)

] − v2

(u2− v2)
+
(u2

v2

)
S ht1S ht2

[
h(t1,t2)

]
− v1

(u1− v1)
−
( v1v2

u1u2

)
− v1v2

(u1− v1)u2
− v1v2

(u2− v2)u1
− v1v2

(u2− v2)(u1− v1)

=
( v1v2

u1u2

)
S ht1S ht2

[
h(t1,t2)

]
.

On simplifying we get

S ht1S ht2

[
h(t1,t2)

]
=

v1v2

(u1− v1)(u2− v2)
.

Taking inverse Shehu transform we get

h(t1,t2) = e1⊕1(t1,t2,0,0)
= e1(t1,0)e1(t2,0)

(5)

is requied solution.

REMARK. When T1 ×T2 = R×R then Equation 4 becomes


 t1

h(t1, t2)+

 t2

h(t1,t2)+1− et1 − et2 − et1+t2 =
∫ t1

0

∫ t2

0
h(s1,s2)ds1ds2

with initial conditions h(t1,0) = et1 , h(t2,0) = et2 . And then from Equation 5 its solu-
tion is h(t1, t2) = et1+t2 .

EXAMPLE 2. Consider the following partial dynamic equation for T1 ×T2 such
that 0 ∈ T1, 0 ∈ T2 with for all t1 ∈ T1, (t1) �= 1.

 3 f (t1,t2)
1t31

+
 f (t1,t2)
1t1

+
 f (t1,t2)
2t2

= 0, (6)

with initial and boundary conditions

f (t1,0) = e−1(t1,0), f (0,t2) = e2(t2,0),

 f (0,t2)
1t1

= −e2(t2,0),
 2 f (0,t2)
1t21

= e2(t2,0).

In order to solve above partial dynamic equation we need to find f (t1,t2) . Apply-
ing double Shehu transform to given equation.(u1

v1

)3
S ht2S ht1

[
f (t1,t2)

]
−
(u1

v1

)2
S ht2

[
f (0,t2)

]
−
(u1

v1

)
S ht2

[ f (0,t2)
1t1

]

−S ht2

[ 2 f (0, t2)
1t21

]
+
(u1

v1

)
S ht2S ht1

[
f (t1,t2)

]
−S ht2

[
f (0,t2)

]
+
(u2

v2

)
S ht1S ht2

[
f (t1,t2)

]
−S ht1

[
f (t1,0)

]
= 0.
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Taking single Shehu transform of the initial and boundary conditions.

S ht1

[
f (t1,0)

]
=

v1

u1 + v1
, S ht2

[
f (0,t2)

]
=

v2

u2−2v2
,

S ht2

[ f (0,t2)
1t1

]
=

−v2

u2−2v2
, S ht2

[ 2 f (0,t2)
1t21

]
=

v2

u2−2v2
.

Substituting into above equation[(u1

v1

)3
+
(u1

v1

)
+
(u2

v2

)]
S ht1S ht2

[
f (t1,t2)

]

=
(u1

v1

)2 ( v2

u2−2v2

)
−
(u1

v1

)( v2

u2−2v2

)
+
( v2

u2−2v2

)
+
( v2

u2−2v2

)
+
( v1

u1 + v1

)
.

Simplifying we get

S ht1S ht2

[
f (t1,t2)

]
=
[( v1

u1 + v1

)( v2

u2−2v2

)]
.

Taking inverse Shehu transform we get

f (t1,t2) = e−1⊕2(t1,t2,0,0)
= e−1(t1,0)e2(t2,0)

(7)

is required solution.

REMARK. When T1 ×T2 = R×R then Equation 6 becomes

 3 f (t1,t2)
 t31

+
 f (t1,t2)

 t1
+
 f (t1,t2)

 t2
= 0

with initial and boundary conditions

f (t1,0) = e−t1 , f (0,t2) = e2t2 ,
 f (0,t2)

 t1
= −e2t2 ,

 2 f (0,t2)
 t21

= e2t2 .

And then from Equation 7 its solution is f (t1,t2) = e−t1+2t2 .

7. Conclusion

We generalized the double Shehu transform on time scales. Existence conditions
are given coupled with remarkable properties such as shifting theorem, transform of in-
tegral, and transform of partial derivatives. The convolution theorem is proved. Even-
tually an integro-dynamic and a partial dynamic equations are solved to exhibit the
significance of the proposed double transform.
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Researchers can develop novel and enhanced methods to solve systems of partial
dynamic equations with given initial conditions for the existence of solutions for partial
dynamic equations involving both delta and nabla derivatives.
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