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DOUBLE SHEHU TRANSFORM FOR
TIME SCALES WITH APPLICATIONS

TUKARAM G. THANGE AND SNEHA M. CHHATRABAND *

Abstract. The classical Shehu transform is an the important integral transform used for solving
differential and integral equations. The transform has already been extended for time scales. In
this paper, we studied the double Shehu transform for time scales and solve partial and integro
dynamic equations without converting them into an ordinary dynamic equation. The existence
condition for the double Shehu transform is given. Further, some elementary properties, and the
convolution theorem are discussed. Finally, applications are given for solving partial dynamic
and integro-dynamic equations through examples.

1. Introduction

In real applications, we perpetually deal with various problems having both con-
tinuous and discrete aspects. To unify these cases S. Hilger initiated the concept of
time scales [17], which is any closed subset of real numbers. Integral transforms
have their own importance in various fields of science. Application of appropriate
integral transform convert differential and integral equations to simple algebraic ex-
pressions that can be solved easily. Integral transforms on time scales have the same
influence for solving various ordinary, partial-dynamic and integro-dynamic equations
with given initial conditions. Motivating from this theory integral transforms such as
Laplace, Fourier, Sumudu, and Shehu transforms have been generalized on time scales
[2,4,5,7,8,9, 10, 11, 13, 14, 16, 18, 19, 20, 21, 22, 23, 24, 25, 28, 29].

Hassen Eltayeb, Adem Kilicman, and Brian Fisher [12] introduced the double
Laplace transform and concept of multiple convolution on time scales. The Shehu
transform, which is a generalization of the Sumudu and Laplace transforms was intro-
duced by Shehu Maitma and Weidong Zhao in [15]. In [25] we generalized the Shehu
transform along with its fundamental properties on time scales and used this to solve
dynamic equations. The double Shehu transform of a function g(x,7) defined on a
suitable domain was introduced by Suliman Alfageih and Emine Misirli in [3] and is
defined as

Hfr(g(x,f))Z/Om/owef(%%)g(x,t) dx dt. (1)

In this paper, we have generalized the double Shehu transform on time scales
and applied it to solve partial and integro-dynamic equations. Using this technique a
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partial dynamic equation can be solved without converting it into an ordinary dynamic
equation, which reduces our calculations and is the main advantage of this technique.
Thus the use of the double Shehu transform is very convenient.

2. Preliminaries

In this section, we recall some basic terminologies and results from [1, 4, 5, 6, 8,
12,25, 26] which are as follows.

DEFINITION 1. A function g : T — R is called rd-continuous if it is continuous
at right-dense points in T and its left sided limit exists at left-dense points in T

DEFINITION 2. A function g: T — R is called regressive provided
1+pu(t)f(r) #0 forall teT.
We denote set of all regressive functions by Z.

Further, for & > 0, the set of Hilger complex numbers is, C;, :={z€ C:z# _Tl}

And for z € C the Hilger real part of z is Rey(z) := %

DEFINITION 3. Let g : T — C is an rd-continuous function, then the generalized
Shehu transform of g(r) is defined as

Glu,v) = Sh{g(t)}(u,v) = /tmeg%(t,to)g(t) A @)

forall ¥ € Z{g} where Z{g} consists of all ¥ € # for which the improper integral
exists.

DEFINITION 4. The function g: T — C is said to be of exponential type I, if there
exists constants .# ,c¢ > 0 such that |g(¢)| < .# ¢ . The function g: T — C is said to be
of exponential type I1, if there exists constants .# ,¢ > 0 such that |g(¢)| < A e.(t,19).

Following concepts are important regarding convergence of the Shehu transform.

2.1. Domain of the Shehu transform

We will assume that T is a time scale with bounded graininess, that is, 0 < Ui, <
W(t) < Umax < oo forall 1 € T. We set Upin = W and Umax = u*. Let H denotes the
Hilger circle given by,

H:H,:{ZE(C:O<‘1+$|<$}

Hmin:{ze@:0<‘z+u%@‘<u%@}

Hinax :{ZG(C:O< )Z—'—‘u%(t)‘ < u%(t)}
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Clearly Hyin € Hy € Hypax In order to give a suitable domain for the transform, which
is associated to the region of convergence of integral 2 for any ¢ > 0, we define the set

9 = { eC: Re#( >>Reﬂ()weﬂl‘}
{ eC: —eHmax and Reu< >>Reu()weﬁl‘}

{ eC: @ cH andReM< >>Re“()weT},

where E;ax denotes the complement of closure of largest Hilger circle corresponding
to 1. When u, = 0 this set is a right half plane.

LEMMA 1. If 6% € H, and Rey (*) > Rey(c) forall t € T then (6% &) € H.

Proof. Since Rey (%) > Rey(c) implies ‘1+%u(t)‘ > )1+cu(t)‘.

TN B s u 1| | __en)+1 1
NOW@v@C—’5+u<t> and ‘@v@”w) = | w)aw | < 50
Thus ©f@©ceH. O
LEMMA 2. If 6% € H, then |1+ u(t)%| > 1.
u u 1 1 fe sl : —1 1 1
Proof. As @; € H then )@ v + W < W this 1mphes 5+/—‘-(l) + m < #—t)

.. . 1
this implies ‘( < qy - Thus T+u@)4>1. O

1
LHu ()4 ) uo)

THEOREM 1. (Absolute convergence of the Shehu transform) If g: T — C isan
rd-continuous function of exponential type 11 with the exponential constant c, then the
integral [~ e? Qu (t,20)g(t,t0)At converges absolutely for all 5 € 9.

Proof. For & € 9, © 7 € H, then from Lemma 2, we have |1—|—,u ’ > 1.

/[:eg%(t,to)f(t) AQ) g////; eclt,10)e2. (110)| A

/4

ec(t7t0)) At

<¢//// e@%@c(mo)’ At
fo

o log|1 u
< exp (/’ Og| + u(7) (@VEBC)’ A(T)) At
0 1
1+u(t)c

0 u(7)
o ,flog’“r I
<¢//// ex /7H
) P ) u(7)

AT | At
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<M | e %dr

M
o
I+usc
log -
where o = % O

Following same estimates from above theorem we can show that if g(z) is of
exponential type II with constant ¢ and Re, (%) > Rey(c), then lim ecu (1,10)8(¢) = 0.

THEOREM 2. (Shehu transform of derivative) If g:T — C is rd-continuous func-
tion such that g : T — C is rd-continuous and tlim ecu(t,to)g(t) =0, then

Sh{g O} (wv) = .S h{g(0)}(u,v) - 5(10).
Proof. Applying Definition 3

SH{gN0) ) = / e ,0>gA<t> A

v

= ;fh{g(z)}(w) ~glip). O

More generally, if gA'H : T — C is an rd-continuous function such that g2"(z) :
T — C is also rd-continuous then,
n u" n_l u nf(k+1)
Sh{ ()} ) = TS h{g0) )~ 3 (%)

Ak
S (
k=0

g ()

THEOREM 3. Assume that h: T — C is rd-continuous function.
IfH(t) = ftg h(t)At forall t € T, then Zh{H(t)}(u,v) = L h{h(t)}(u,v).

Proof. We have HA(t) = h(t) and H(ty) = 0 then applying Theorem 2, we get
SHHN0)}(u,v) = =S h{H(O}1v) ~ H(10)

Sh{H ()} (u,v) = th{h(t)}(u,v). 0
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THEOREM 4. (1) .Zh{l} = X provided tlim ecu (o) =0.

(2) If a € Z is a complex number then

v

S h{eq(t,to)}(u,v) =

u— oy

with o # % and for }L@oeaeg (t,00) =0.

(3) If o € Z is a complex number such that woi> € %, then

_ av?

S hising(t,10)}(u,v) = —3==75
and u

S h{eosa(t o) (u:v) = s

(4) If a € Z is a complex number such that —pu o € Z then

Zh{sinh ¢ (¢t = aizv
o\l 0)}(14,\1) T2 o2
and uw

S h{cosh o (t,10) } (u,v) = g

(5) For a generalized polynomial defined in [4, 5] as
ho (t,s) =1

1
me(ts) = [ u(r9)ae,  keNU{0}

then S h{I(t1,10)}(u,v) = —L for SEZX, uF0,v#0 with

(4)

Ilim hk(t,to)eeg (t,t0) = 0.

Proof.

(1) Applying Definition 3

Yh{l}(u,v):/tweg_,(t,to) At

v

— /w (,u(t)eé% +e@%(t,to)> At

79
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-V [ u

= — O—e~u(t,ty) At
u iy v 63(70)

_ V[T

=), eeg(z‘,to) At

v

~

(2) Applying Definition 3
Fh{eq(t,10)}H(u,v) = /

]

oo

e u(t,10)eq(t,10) At
u

> eaoull,l
:/ ast(1,10) o
10 1+.u(t)%

v o u
= a@—)e u(t,ty) At
av_u/m( “ eqes(t0)

_v 00

A
= A u(tt) At
u—av/to O‘ev(’ )
o

u—ow

(3) We have the following relations,

eia(t,10) —e—ia(t,10) eia(t,10) +e_ia(t,t0)

sin g (¢,19) = % and cosy(t,1y) = 2
Applying Definition 3, and using linearity of Shehu transform, we get

. av? uy
yh{sma(t,to)}(u,v) = m and yh{cosa(t,to)}(u,v) = m

(4) We have following relations,

ealt,to) —e—q(t,to) ealt,to) +e—qlt,to)

sinh o (7,1) = and cosh 4(1,10) =

2 2
Applying Definition 3, and using linearity of Shehu transform, we get
) B a?y B uy
Yh{smha(t,to)}(u,v)—m y and yh{COSha(l‘,lo)}(u,V)—m.

(5) From (1) the result holds for k = 0. Now assuming that above formula holds for
k=peNy. Sowehave Zh{h,(t,10)}(u,v) = W

Now, by Theorem 3
%
S hihpi1(t,00)}u,v) = =S hihy(1,10)} (u,v)

v 1
_;(z)l’“
1

==
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It is important to note following properties of regressive and exponential functions
givenin [1, 5]. For py,p, € #Z, we have
(1) p1®p2=p1+p2+upip2,

— — P1=p2
2) prep=p1®(Sp2) = {5

(3) opi =75,
4) ep,(0(t),t0) = ep, (t,10)(1+ u(t)p1(t)),

(5) ecp (1,10) = iy

(6) ep,(t,10)-€p, (t,20) = €pjap, (t,10),

ep, (1,10)
D) G = emera(t:0)

o _ eop,(tio)
(8) €2, (t,10) = TR

In this paper we adopt the following notations

eawn(t1,12,10,10) = ea(t1,10)ep(12,1)) and  ecaop(ti,i2,00,10) = ecalti,to)ecp(t2,1)).

3. Double Shehu transform on time scales

THEOREM 5. For given time scales T| and T, the generalized Shehu transform
of rd-continuous function g : Ty x T, — C with respect to variables t| and t; is given
by

S hy, [g(t1,12)](ur,v1310) =/ egg (t1,20)g(t1,12) A1ty

To V1
and .
Fhlglr2)) e vait§) = [P (2,16)g(01,12) Bt
tO vy
respectively.

Now we will extend classical double Shehu transform given by Equation 1 in time
scale as.

DEFINITION 5. If T} and T, are time scales such that sup{T;,To} = and
ty € ’]I‘l,t(’) € T, are fixed. Let g: T x T, — C is rd-continuous function then the
generalized double Shehu transform of g(¢1,72) is

Gl(u1,u2),(v1,v2)] = S hyy S hyy [g(11,12)]

O
= / / e ‘uf ) (11,12,10,20) 8 (t1,12) Art1 Aot 3)
i) )

provided the integral exists with 14 3t ;é 0 and 1+ w32 ;é 0 forall (71,5,) € T} X
Ts.
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Analogous to [12, Lemma 7] we have,

LEMMA 3. If L 2 € C are regressive, then

Vi ’v
(ll,lo) 2 (t2,1)

egliféﬂz(lj;tzﬂ‘()?té) = u u ’
“wow {lﬂu(ri)} {lﬂtz(ﬁ)}

Proof.

010y

eg_]_e_z(tlyt27t07t0)

= eel% (t1,10) '6623—; (t2,1))

=[1+m(e ”I)]e ul(tmo)[l+uz(@z—j)]e@u_(tz,té)

V2
_ (5) (32)
= l—Hlill e u (t1,t0) 1—H272] e (12,1))
I 1+H1<M—1> " 1+H2(C—2> 2

Cot (t1,00)e uz(tz,to)
p— — . D

()] [ m(2)]

THEOREM 6. (Existence Condition) Let g(t1,t2) be rd-continuous function on
Ty N [to, ki) x Ta N1y, k2] and |g(t1,02)| < M ecye, (th,12,10,1)) then the double Shehu
transform of g(t1,t2) exists for all positively regressive @% and @';—; provided,
lime ol (t1,10) — 0 and llm e. zv%(tg,t(’)) —0.

t]—o0

Proof.
| b g(01,12)])
- ‘/ / eelﬂzguz (t1,12,10,10)8 (11, 12) A111A2t2|
0 t
/ / 9”12@“2 t17t27t0at(/))’g(tlat2)‘ At Aoty
i) t()

.//// / 2 ll,tz,to,to) ecl@cz(tl,tz,to,to) A1l1A2l2
i) IO

g w (11,12,10,1))
:%/ / 2 ecl@cz(tlat%toat(l)) ANTAVAYIS)
w0 I, 1—|—y V_1>H1+“2<u_z>}

w € 0m (1o w €02 (2,15)
:t//// Aoty | Aty
1 [l—i-u ’(/) 1+u2 MZ)]
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1 o2 up
:%7/ (Cl S ;)6616%(&,1‘0)

- 0
X 7M/, <C2@—>66262(12716) Moty | Aity
(Q—é) o V2 2

M Al o Al ,
= /ecle”_l(tl’to) / eczeu_z(tz,to)Aztz Ay
Vi Vo
M
uj upy
(#-a)(8-<)
MV

(ur —cvi)(uz —cava)”

3.1. Double Shehu transform of some elementary functions

In this subsection using Definition 5 we find transform of some elementary func-
tions.

(1) Shy S hy,y[1] = 22 provided hm e (f1,00) — 0 and lim e (t2,15) — 0.

uyuy ’ th—
Proof.
yhllyhlz[ }

—/ / e u12 tl,tz,to,to) Ayty Aoty
fo IO

71 (1171‘0)@@372 (t27t(/))

R oy ey R

e (12,19) Az’z] Aty
b [1em(z)]

- _(@>
x [/; $e@“_2(t27t(/))A2t2‘| Altl
f |:1+‘Ll.2<3—§>1| v2
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@—e “ (t1,00) A1ty @—e ) (12,10) Aot

geet o

1 1

Al <A /
= e 11,t0) At e 2, (1)) Aot
(ﬂ)(u_z /to 65_11(1,0) 11/t/ 6%(270) 2t

V1 V2 0

_vm
ujuy’

(2) S hy L by leqep(tit2,10,10)] = 7(1“_%‘;1)82_& 7» provided l11_1}1306 aotl (t1,t0) —
0 and t}ig}oeﬁec%(tz,t{)) —0.
Proof.
S hyy S iy [eqap (11, 12,10, 10)]
:/to /t e ‘u‘? i (t1,12,10,1) €qep(t1,12,10,10) Aity Aoty

u (11712710716)

_/ / - eqap(ti,12,10,10) Aty Aoty
10 Ji < H1+H2(“2>] e
(t1,t0)

okl I1,%0 €poi2 (t2,15)
=/ / Aty Aoty
i) [0

()] [ren(z)]

e 9%1(’1,10) Aty

en w (t2,1)) Aot
)} po2 (12:70) Atz

1 1 “ u
- /(a@—1> e (12,10) Aty
(a=tt) (B-g) 2o 2
- 0
X/ (B@ )eﬁe@ (t27t0) Aoty
’0

= - Al (tl,to Aty uz fz,fo) Aoty
ok o b
“EE)

ViV2

 (wr—av)(up—Pva)’

Similarly we can prove the following result,
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(3) yhtlyhtz[ oc@ﬁ)(tlat%thto)] m
4) Lhy S hyyle_ianp)(t1,12,10,1))] = m

Using (2),(3) and (4) we get,

(5) S Iy [sin o (11.12.10,15)] = PR2G2 A

(6) Shuy I fe0s qop (11,12, 10,1)] = Lot

) iy s [sinh aop (t1,12,00,19)] = 5 [<u1av?>?izﬁvz> - <u1+avT5?iz+ﬁvz>]~

8) <jﬂhll‘jﬂhlz [COSh asp (t17t27t07t(/))} = % l(ul—angEiz—ﬁvz) + (u1+06v1:1)1(};2+ﬁv2)‘| ’

(9) The generalized polynomial is defined in [4, 5] as
ho (l ,S) =1

1
hk+1(t,s):/ h(t,5)AT, ke NU{0}.

Then for h,(t1,%) ~hm(l‘2,t6) Ty xT, - C

1 1

yhnyhm [hn(tlaIO) .hm(IZat(l)):I = WW
Vi vy

Proof. We have % h; [h(1,10)] = — L, then

(%)
YhtIYhtz[ (tlatO) 'hm(t27t(/))]

O /
—/ / e ‘uj 2 (t1,12,10,10) hn(t1,10) - hm(t2,10) Aity Mota
o t() v

¢oto 2(t1,t2,to,to) .
:/to/t (V—1> [1+u< )} hu(t1,t0) - (22, 10) Aity Motn

e

6%(l17t0) “2 (12,1) ,
ha(t1,10) - hin(t2,19) Aity Aoto
To [0 l ]

ﬁ‘“f Ee)
0]

S UGN /
n(t1,10) Am/ —2——— hy(t2,1)) Motr
I

" b (®)

To l+“
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= / eo-l”_l (t17t0) hn(tlato) Altl / 60-2’4_2 (t27t(l)) hm(t27t(/)) A2t2
n 9 r9

Iy )

4. Some results

THEOREM 7. (Linearity Property) If gi(t1,t2) and gx(t1,t2) are functions with
double Shehu transforms &/ hy, % hy, [g 1(1 ,tz)] and Sy Sy, [g2 (1 ,tz)] respectively.
Then

Ly S hy [ar81(11,12) + azga (11,12)]
= alyhtlyhzz [gl(l‘l,tz)] —|—a2<5”h,15”h,2 [gz(tz,l‘z)] .
Proof. Follows from Definition 5. [

THEOREM 8. (Shifting Theorem) For A; € Ty and A, € Ty with A, A, >0, we
have
0 HeT,neT), & H<AL,h<A

Hy, 3 (t1,0) =
Ahh(l 2) {1 HeT,heT, & t1 = A, h > A,

then
Sy, Sy, [H,m (t1,12) g(thtg)] =eomon (. hauto.t§) Sy o [g(01.12)].
Proof. Applying Definition 5
cyh[l <Sﬂhlz [Hll A,z (tl 7t2)g(t1 7t2):|

O
—/ / e'uj lhtzJoJo)H)Mz(ll,tz)g(tl,tz)A1t1 Aoty
i) IO

1 (tlat2at0at())
:// H;, 5, (t1,2)g(t1,12) Aty Aoty
e Trom ()

e, "o /11712,t0,t0)e “o (t17;2711712)
/Al /)Lz 1+‘u1 (u1>] [ “2<_>] g(t1,1) A1ty Moty

e u tl,lz,/lh/lz)

Oy ©
=e “162 A’la/lLthtO/ / 1 g(11712)A111A212
AETe)| e

—Conon ll,lz,to,to/ / e’ 2 (t1,02,A1,A2)8(t1,12) Arty Aotr

,00
i{_l
=eolo (Al,lz,fo,fo)yhnfhrz[ (fl,tz)]- u
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THEOREM 9. (Transform of partial derivatives) Let g(t1,6;): Ty x Ty — C isan
rd-continuous function such that

Al ~ dg(t1,n) 9%g(11,12) da(t,)
t,h)=——7—, n,h) = ———-—, f.1) = 28I02)
g1 (11,1) A g¥(1,1) = AT g (n,) = e

2 92
8 (t1,17) = 9%8(t,12)  Ala) ) = 9°g(t1,12)
8 ( 1, 2) A2l22 , &8 ( 1, 2) AllAl2

are also rd-continuous, then

(l) LSﬂhl‘zﬁsﬂhtl l:gAi (t17t2):| = % yhtlyhtz l:g(tlat2):| _yhtz I:g(t07t2):|7
(ii) S hy, S Iy, [gAi (t1,12)] = ”v’—i S S hy, [g(11,12)] — ey [8(11,10)],

(l”) yhtzyhtl l:gA%(tl7t2):| = (‘If_:)zyhtlyhtz [8(11752)] - (C_:)yhtz [g(t07t2):|
_yhtz [gAi (t()at2)]7

(iv) Fhy Sy [8%(11,1)] = (;’—;)zyh,lyh,z [g(t,0)] = (33) Sy, [8(11,15)]
— S hyy [8%2(11,10)]

() Sy [N 0 0)] = (3442) S 7 gl 0)] = (4) 7 [s00,10)
nls] o

provided tlh_lgoee?; (11,t0) — 0 and til—l}}oe@?; (t2,1,) — 0.

Proof.

(i) For g* (tl,tg) taking single Shehu transform with respect to #; and using the
product rule, we have

=

1 1
S [ 0)] = [ e (0.0 8 01.) Aur
0 V1

o 1

Al A
- [( ca(t0)gn.)) "~ glnm)elly (n.m0)] A

0] vl
g(to,12) / @—e u (t1,10) g(t1,12) Aty
V1
—g(t0,12) + eelu_1 (t1,10) g1, 12) Auty

V1 to Vi

u
—g(t0,12) + v—i Shy, [g(t1,12)]
u
= V—I Sy, [g(t1,12)] — g(to,12)

u
Lhy, [¢M(11,12)] = V—I Lhy, [g(t1,12)] — gt0,12)-
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Now taking Shehu transform with respect to #, we get

1 .
Fhy Sy, [ (11,1)] = / %, (zz,z()) jﬂh,l[ (t1,12)] Mot
1

0 v2

—/ eezuz (t27t0) g(t()vtz) A2t2
/ / 2 11712710710) g(t,12) Aty Moty

—/, 6922 (t2,10) g(t0,12) Aoty
1y

v2

<Sﬂhtzcyhtl I:gA% (t17t2):| = ‘I,j_i yhtzyhll I:g(t17t2):| _yhlz [g(t();tz):l'

(ii), (iii), (iv) and (v) can be proved similarly. [J

Above theorem can be generalized as follows, let g(t1,1) : Ty x Ty — C is rd-
continuous function such that gAll and gAﬁ are also rd-continuous for i = 1,2,...,n
and j=1,2,...,m respectively. Then,

() f0rg (ll,lz) %

n n ui\n—1
Sy S8 (0.0)] = () S S [a(0)] = ()" g [ela0.m)]
n=l . \n—l-i ;
S () Sl
(i) for g2 (1,) = J gginm
m—1
Sy S8 (0.0 = (52)" S S [s.0)] = (2)" [0

-5 ()" o)

The proof follows from induction.

THEOREM 10. (Transform of integrals) If g(t1,12) : Ty x Ty — C is regulated
then

o ViV2
Sy Sy, [/t /t, g(v,12) Ain Az)’z} =i S hag(t,1)].
0 iy

Proof. Let
G(t1,12) / . gy, 2) Ayt Aoy
fo



DST FOR TIME SCALES 89

Hence we have, G21%2(11,1,) = g(f1,1) with G(1,1y) = G(t1,1)) = G(to,12) = 0.
Applying double Shehu transform and using (v) from Theorem 9, we get

Sl S hy [GMS(11,11)] = (Z—Ii—j)fh,lfh,z[ (tl,tz)} - (%)yh,l [G(n,t{))}

_ <E>yh,2 {G(to,tz)} —Glto.19)-
Thus,

o V
yhtlyhtz |:/t ,/[’ g(’}/17’y2) Al')/l A2Y2] = ul—z <yhtl'vyhl‘zli (tlatl)]~ D
0 0

5. Convolution property

In this section we will prove the convolution theorem for double Shehu transform.
Using [8, Definition 2.1] of delay of a function x: T — R by o(7) € T, denoted by
x(t,0(7)) the double convolution is defined in [12] as follows.

DEFINITION 6. Let g: T; x T, — C is rd-continuous and 4 : T x T, — C is
piecewise rd-continuous function of exponential type II, then the double convolution of
g and & denoted by g *xh is given by,

(g**h)(t1,12) / g (s1,52)h(t1,12,01(51),02(52))A151A282,
fo

where h(ll,tz,O'l(Sl),C)'z(SQ)) is delay of h(tl,tz) by O] (Sl) € T; and 0'2(52) e T,.

THEOREM 1 1. (Convolution theorem for double Shehu transform) Ler g;(#,1) :
Ty x Ty — C and g>(t1,12) : Ty x Ty — C are rd-continuous functions of exponential

type I having double Shehu transforms . hy, by, [1(t1,12)| and Sy Sy, [g2(11,12)]
respectively, then

<yhtpyhtz [(gl * *g2) (t17t2):| = <yhtpyhtz [gl (t17t2):| 'yhtlyhtz [82(11712)] .
Proof. Applying Definition 5 to convolution of g; and g;, we get
yh[l yhlz [(gl * *82) (tlat2)]

=/ ) eeff 2 (t1,12,10,10) [ (g1 % %82) (11,12)] Aty Aoty
0 1

—//elgz (t1,12.10,15) / 10,0100 02(62)
fo [0 To

X 82(S1,S2) Arsy Azsz] Aty Aoty

— [ [ e[ [ s
10 Ji o1(s1) 7 02(52)

010 /
X eglﬂzeﬂ(t17t27t07t0) Ay Aztz} Arsy Agsy
v v
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= ) 82 51,52) / A g1(t1,12,01(s51),02(52)) Ho,(s,),00(s») (11:12)
0 Iy 0

X eglucz9 (t1,12,10, 1) A1ty Azlz} Arsy Azsy
]l ]'2
= . &2(s1,82) Lhy S hy, [Hgl(sl),gz(sz)(ll,tz) g1(t1,12,01 (Sl),0'2(S2))] Arsy Aoy
t() [0
= - 82(s1,:2) e o (01(s1), 02(52) 10, 10) bty Ly [81(11,12)] Arsy Aosy
o Iy

01,0,
_yhtlyhtz t17t2 / / e lu12 Mz S17S27t()7to) 82(51,52) Alsl A2S2
1o t

\

=S hy, S, [g1(t1,12)] Sy Sy, [gg(tl,tz)]. O

6. Applications

Now we are ready to give applications of double Shehu transform for solving
some integro and partial dynamic equations through following examples. Here we have
used the result, for f: Ty x Ty — C, Shy L hy, [f(t1,12)] = L e, S Iy, [f(11,12)] which
follows from Definition 5 and proof of Lemma 3.

EXAMPLE 1. Solve the following integro-dynamic equation for T x T» such that
0€T; and 0 € T,.

Jh(t1,t) n Jh(ty,12)
Aty Aot

1 %)
=/0 A h(s1,52) Aisi Axsa,

+ 1 _el(tlao) —61(1270) —61@1(117127070)
4)

with initial conditions &(71,0) = e1(11,0), h(0,1,) = e1(22,0) .

SoL. In order to solve above integro-dynamic equation we need to find A(t;,%,).
Taking double Shehu transform on both sides of given equation.

(42) 5 b [h0.1)] = e [1012)] + (2) 7 i o1

— Sy, [h(11,0)] + <ﬂ> (ﬂ) - viva  viva Viva

vi/ \vp ur—viuz  (wa—vo)ur  (uy —vi)(up —v2)
:yhnyhtz [(h**l)(lth)]

Taking single Shehu transform of the initial conditions

Vi V2

<Sﬂhll [h(tho)] = ’ yhfz [h(07t2)] =

up—vi uy—vy



DST FOR TIME SCALES 91

Substituting this into above equation we get

uj V2 uz
<E> Sh Sy [h(n,0)] = st (E> iy L iy [h(t1,1)]
Vi ViVv2
B (ug —v1) - <u1u2>
150%) 150%) viv2

C(w—v)ua (wa—vo)uy  (ua—va)(ug —vy)

= (m> Sy, S hy, [h(tl’tz)]'

uiuyp
On simplifying we get
ViVa

Sy S iy [y, 12)] = (ur —=vi)(u2 —v2)’

Taking inverse Shehu transform we get

h(t1,12) = e1g1(11,12,0,0) 5)
=e] (1‘170)61@2,0)
is requied solution.
REMARK. When T x T, =R x R then Equation 4 becomes
a a ! 5 11+t g %2

—h(l‘l,tz) + —h(tl,tz) +1—el—e?2—¢1"2 = / / h(51,52)d51d52

on on 0 Jo
with initial conditions k(71,0) = €1, h(t;,0) = ¢2. And then from Equation 5 its solu-
tion is h(ty,5) = 1772,

EXAMPLE 2. Consider the following partial dynamic equation for T x T, such
that 0 € Ty, 0 € T, with forall #; € Ty, u(fy) # L.

PAAGHD) 3f(f1,12)+9f(11712)
A1t13 Ay Mot

=0, (6)

with initial and boundary conditions
[(11,0) = e1(11,0), f(0,12) = e2(12,0),

2
WO 0, L)
14

= e5(12,0).
A e2(12,0)

In order to solve above partial dynamic equation we need to find f(71,7,). Apply-
ing double Shehu transform to given equation.

(,:_Dwﬂhzthn [£1,0)] - (%>2yh,2 [£0.1)] - (%)yh,z [%}
- Shy, [82%(:;2)} + (%)yhtzyhtl [f(tl,tz)] —Shy, {f(07;2)]

+ <I:—j>5ﬂht1yht2 [f(IIJZ)} _yhll [f(tl,())] =0.
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Taking single Shehu transform of the initial and boundary conditions.

%1 V2
Sy [f(11,0)] = PR Fhiy [f(0,12)] = T
df(0,0)1  —wm 2f(0,n)1  wm
yhtz[ A1t1 ] - u2—2v2’ yhtz[ Altlz ] B MQ—ZVQ.

Substituting into above equation

l<%>3+ (”V‘_I) + (”v‘—j)]yhtlyhtz [f(tm)]
- (%)2 <u2 z22\12> - <l\/j—;> <u2 z22\12>

1% 1%) Vi
+omm) =) )
uy —2v uy —2v up+vp

Simplifying we get
] = () ()

up+vi/ \up —2v

Taking inverse Shehu transform we get

f(tlat2) = 671620171‘27070)

7
:e_l(tl,o)@(hao) "

is required solution.
REMARK. When T| x T, = R x R then Equation 6 becomes

93f(11,12)+9f(11,f2)+af(11,tz)

th on o =0

with initial and boundary conditions

af(ovtz) —62[2 a2f(07t2) 62[2.

— —1 — 2[2
f(t1,0)=e"",  f(0,12) =e™?, “an ; Fre

And then from Equation 7 its solution is f(t1,t,) = e 1422,

7. Conclusion

We generalized the double Shehu transform on time scales. Existence conditions
are given coupled with remarkable properties such as shifting theorem, transform of in-
tegral, and transform of partial derivatives. The convolution theorem is proved. Even-
tually an integro-dynamic and a partial dynamic equations are solved to exhibit the
significance of the proposed double transform.
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Researchers can develop novel and enhanced methods to solve systems of partial

dynamic equations with given initial conditions for the existence of solutions for partial
dynamic equations involving both delta and nabla derivatives.
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