lournal of
|assical
nalysis

Volume 26, Number 1 (2025), 1-19 doi:10.7153/jca-2025-26-01

BOUNDEDNESS OF HIGHER ORDER COMMUTATORS
OF FRACTIONAL VARIABLE ROUGH HARDY
OPERATORS ON GRAND VARIABLE HERZ SPACES

BABAR SULTAN AND MEHVISH SULTAN *

Abstract. In this paper, we obtain the boundedness of higher order commutators of fractional

variable rough Hardy operators on grand variable Herz spaces K:;;()) -6

1. Introduction

In the last two decades it was evident that classical function spaces are no longer
appropriate for studying a number of modern problems arising in many mathematical
models of applied sciences. It thus became necessary to introduce and study new func-
tion spaces. Such spaces are: variable exponent Lebesgue and Sobolev spaces, grand
function spaces, Morrey-type spaces, amalgam spaces, Herz spaces, their hybrid vari-
ants, etc (see e.g., the monographs [3], [5], [15], [16] and references therein dedicated
to new function spaces). Morrey spaces describe local regularity more precisely than
Lebesgue spaces. As a result, one can use Morrey spaces widely not only in Harmonic
Analysis but also in the theory of PDEs. We refer to the recent monographs [28] for
Morrey-type spaces and applications.

The classical Hardy operator

Hew) =+ [ (0,

and its dual
< g(t
H"g(x) ::/ gdr, x>0,

play an important role in the study of number of problems of harmonic analysis and
differential equations (see, e.g., [19]).

First generalizations of Herz spaces with variable exponent were given in [11]
(see also [1]), where the authors studied the boundedness of sublinear operators in
these spaces. The variable exponent Herz-Morrey (VEHM briefly) space is the gen-
eralization of the Herz spaces with variable exponent. The VEHM space was initially
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defined by the author in [12]. The boundednes for fractional Hardy operator on Herz-
Morrey spaces with variable exponent was proved in [41]. It should be emphasized that
continual Herz spaces with variable exponents were defined in [27], where the authors
explored the mapping properties of sublinear operators in these spaces.

Grand Morrey spaces introduced in [22] and took considerable amount of attention
of researchers, author proved the boundedness of class of integral operators in newly
defined grand Morrey spaces (see also [25] for further generalizations). Grand variable
exponent Lebesgue spaces were spaces were introduced in [14]. Recently, the same au-
thors studied the boundedness of integral operators in grand variable exponent Morrey
spaces (see [13]).

Grand variable exponent Herz-Morrey (GVEHM briefly) spaces were introduced
in [30], where the boundedness of Riesz potential operator in these spaces were also
proved. Then boundedness of Marcinkiewicz integral operator of variable order in
GVEHM spaces was studied in [36] (see also [20], [40], [34], [39], [32] for other
boundedness results in these spaces). These spaces were introduced in the spirit of [23]
and [24], where mapping properties of sublinear operators were studied as well (see
also [31], [35] for more results in these spaces). Grand weighted Herz spaces and
grand weighted Herz-Morrey spaces were introduced and studied in [29, 37] respec-
tively. Boundedness of other operators were then studied in subsequent works such
as [2,33,36]. Motivated by the above results, in this article we investigate the bound-
edness of higher order commutators of fractional variable Hardy operators (FVHOs

briefly) with rough kernels from GVEMS I'(Z((f))’”)’e(R”) to another one K;S)’")’e (R™)
with a certain weight function, where ¢g(-) is the Sobolev variable exponent of p(-).

2. Preliminaries

This section is dedicated to some necessary definitions and important lemmas to
prove our main results.

2.1. Function spaces with variable exponent

For this section we refer to [3-5,8,9, 18].

DEFINITION 1. Let H be a measurable subset of R" and let p: H — [1,) is a
measurable function. We suppose that

1< p-(H) <p(x) <pi(H) <o, (D)
where p_ :=essinf p(x), p; :=esssup p(x).
xeH xeH

(a) Lebesgue space with variable exponent LF(')(H ) is the class of functions of H
such that

p(y)
LPV(H) = {f 1/ (@) dy < =, where 7 is aconstant}.
H
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Norm in LP1)(H) is defined as follows

p()
fIILp<-><H)=inf{7>0:/H<@> dy<1}.

(b) The space Lf:)(c') (H) is the following class of functions:

Lﬁ)(c')(H) = {f . f € LPY)(K) for all compact subsets K C H} .
Let us recall the well-known log-Hdlder continuity condition (or Dini-Lipschitz
condition) for p : H +— (0,0): there is a positive constant C such that for all x,y € H
with [x —y| < 1
C

— < —. 2
p(x) =PI < — | 2)
Further, we say that p(-) satisfies the decay condition if there exists po. := p(e0) =
‘l‘im p(x), and there is a positive constant C.. > 0 such that
Co
h) = peo|] £ ———. 3
Pt =p=l < 2= 3)

We will need also the log Holder continuity condition at O for p(-): there are constants
Co > 0 such that for all |h] < 5,

Co
Ip(h) — p(0)] < Tnlh] “4)

The best possible constant C in 2 (resp. C. in 3) is called log-Hdolder continuity
or log-Dini-Lipschitz constant (resp. decay constant) for the exponent p(-).
The following definitions and notations will be used throughout the manuscript:

(i) Let f€L! (H) be alocally integrable function, then the Hardy-Littlewood max-

loc
imal operator M is defined as

()0) =sups™ [ 1)y, (v € H)
5> B(y7s)
where
B(y,s) :={x€H :|y—x| <s}.
(ii) The set P(H) is consists of all measurable functions p(-) satisfying p_ > 1 and
P+ <ee.
(iii) 9'°2 = 9B'°2(H) consists of all functions ¢(-) € P(H) satisfying (1) and (2).

(iv) P(H) (resp. Po.(H)) is the subset of P(H) consisting of functions which
satisfy condition (3) (resp. both conditions (3) and (4)).
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(v)
X = xr, Fi:=B/\B_1,
B :=B(0,2))={xecR":|x| <2'}, I€Z.

We denote by 1" (or 1)) the Riesz potential operator with variable parameter
Y(x) defined on R” and given by the formula:

1T<'>f(x)=/ Lds, 0<Y(-)<n. (5)

Rn ‘x — s|n—T(x)

Riesz potentials play important role if harmonic analysis and PDEs, in particular in
the theory of Sobolev embeddings (see, e.g., [21]). We assume that order of Riesz
potential operator Y'(x) is not continuous, but rather that it is a measurable function in
R" satisfying the following conditions:

(1) Yo :=-essinfyern Y(x) >0,
(2) esssup,cpn p(x)Y(x) <n,
(3) esssup,epn p(=o)Y(x) < n.

The following proposition is the one of the main requirement to prove our main re-
sults. The next proposition deals with weighted Sobolev inequality in variable Lebesgue
space proved in [17].

PROPOSITION 2.1. Suppose that p(-) € B(R") N BLE(R") N B..(R"), and as-
sume

1 < p(e) < px) < ps <o

Let Y(x) satisfies the above conditions (1), (2) and (3). Then we have following
weighted Sobolev-type estimate for the fractional operator I'®) |

||(1 + | . |)_M')IT(')(JC)HLq(-)(Rn) < CHf”LP(-)(Rn)»

where q(-) is the variable Sobolev exponent defined by

1 _ 110
() p() n’
and
A() = CY() (1 - %) < gcm, ©6)

Cw is being the decay constant for p(-) (see (3)).

The following remark follows from the Dini-Lipschitz condition for variable pa-
rameter Y(-):
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REMARK 2.2.

() If Y(x) is satisfying the condition (3): [Y(x) — Y| < m for x € R". Then
(1+-1)~*0) is equivalent to the weight (14| -|)~*=
(ii) One can replace the variable parameter Y'(x) of Riesz potential operator '@ by

Y(y) in the case of potentials over bounded domain, where y is the integration
variable, since the Dini-Lipschitz condition implies that

Crlx =y "0 =y < G fx -yt YY)

2.2. Variable exponent Herz spaces

Classical Herz spaces were introduced in [7]. Later these spaces attracted a con-
siderable interest of researcher from various viewpoint (see, e.g., [6]).

In this section we will recall definitions of the classical and variable exponent Herz
spaces.

DEFINITION 2. [7] Let u,v € [1,), a € R, the norms of classical versions of
homogeneous and non-homogeneous Herz spaces are given below,

==

lell kg, @n = lellewo.ny) + 2 2" /\g(y)\"dy ; @)
[en A
1
lelgg, =3 X2 | [ le)lay | ¢ ®)
leZ o L

respectively, where F, ; := B(0,27)\B(0,2").

Herz spaces with variable exponents have been recently introduced in [11] (see
also [1]).

DEFINITION 3. Let u € [1,00), v(:) € P(R") and a € R. The homogeneous ver-
sion of Herz space Kf(”) (R") can be defined as

ki) = € U@ 0)): el gan) < ©)
where

lellges ey = <2||2’“gxl||ba ) .

4
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DEFINITION 4. Let u € [1,), a € R and v(-) € PB(R"). The non-homogeneous
Herz space Kf(L; (R™) can be defined as

ki) = € LU 0)): lelgen) <} v
where

1
s lcet ey = N8l o) o)) (2 Zkanguv(-)> -

keZ

Now we define higher order commutators of rough variable Hardy operators.
Let S"~! is denoting the unit sphere in R” with the normalized Lebesgue measure.
® € L7 (S"!) is a function of degree zero which is a homogeneous such that

/ ®()dd() =0, (11)

where 7 = z/|z| and z is not zero.

Let f is a locally integrable function on R”, b € BMUO(R"), 0 < Y(z) < n and
m > 0. Now the higher order commutators of fractional variable Hardy operators with
rough kernels can be defined as

A = g [ @ b~ bW

e seym [ IR gy

Ix|>z] |1~ Y(2)

DEFINITION 5. Let o(-) € L*(R"), u € [1,00), g: R" — [1,0), 6 > 0. A grand

variable Herz (GVH briefly) space KZ(S)’“)’O is defined by

ki) = Lo € LEOR 01 el gty <.

where

1
u(l+¢)
. 1
I8l 10 = sup (e" 3 |2k >gxk||22(.>“’> :

£>0 keZ

The next proposition is the generalization of variable exponents Herz spaces in [1].
We omit the proof of the proposition since is essentially similar to the proof given
in [1] and with slight modification we can obtain following result in grand variable
Herz spaces.
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PROPOSITION 2.3. Let a,p,q are as defined in definition 2.7, then

1

u(l+€)

. u(l+e)

1A ey =sup | €2 312540 fre ]
Kq(-) (R") y>0 ke% L40)

—1 u(l+e)
u u(1+4
%su% (80 2 oket(0) (IH)Hka”LE,(.) 8))
y>

k=—oo

o u(l+e)
+ sup 89 2 Zkawu(lJre) ||ka||zg§;r8) )
y>0 k=0

DEFINITION 6. (BMO space) A BMO function is a locally integrable function u
whose mean oscillation given by @ Jolu(y) —ugldy is bounded, i.e.,

1
o = sup = [ luy) — ugldy < =
o 10| 5

2.3. Basic Lemmas

LEMMA 2.4. [27] Let D > 1 be a constant and let p(-) € By (R"). Then there
are positive constants c¢o and Ce

J R n_
" S lxpopsosllpe) 1057, for 0<s<1 (12)
and {
577 < XB0.09)\B05)lp() S €8P, for s 1, (13)

respectively, where the constants cy > 1 and c. > 1 depend on D but do not depend
on s.

Let ﬁ + p,l(') = 1. Then the Holder inequality in in the variable exponent case

has the form:
[ £ < kLAl sl

where K = I% + ﬁ
The next statement is the generalized Holder inequality for variable exponent

Lebesgue spaces (see [3], [15]):

LEMMA 2.5. Let H be a measurable subset of R" and let p(-) be an exponent
such that 1 < p_(H) < p4+(H) < oo. Then

”ngU(')(H) < ZI/L”fHLP(*)(H)HgHLq(*)(H)

) ) S S N
holds, where f € LP\)(H), g € L1 (H) and =0T
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LEMMA 2.6. ([10]) Let k be a positive integers. Then there is a positive constant
C such that for all b € BMO(R") and all m,n € Z for n > m,

1
l||b||BMo Rr) S sup H(b - bB)kXBHLq(J < CHbH]éMo(]Rn),
|8l a0
where the supremum is taken over all balls B,
H (b - me)kXBn ||L‘i() < C(n - m)k”b”]éMO(R”) | ‘xBn ‘ |L‘i(') N (14)

LEMMA 2.7. ([38]) Ifa>0, s€[l,o|, 0<d<sand —m+(m—1)ds <u< oo,
then
1/d

2 || @ (xy — x2)[ ey < et [“F/ Dy ey

2 |<alx|

3. Main results and their proofs

Now we formulate and prove the boundedness of the higher order commutators of
fractional variable Hardy operators with rough kernels on grand variable Herz spaces
under the log-Holder continuity condition (log-condition and decay condition at infin-
ity) on exponent of spaces. As it can bee seen that grand variable Herz spaces is the
generalization of Herz spaces with variable exponent, our main results hold for Herz
spaces for variable exponent. Our main results: can be stated as follows

THEOREM 3.1. Let 0<v< 1, 0(-),q(-) € Bow(R") with 1 <q~ < gt <o, 1<
u < oo and b € BMO(R"). Let ® be homogeneous of degree zero and ® € L*(S"1),
s>q'~. Let o be such that :

(i) —#(O)—v—%<a(0)<%—v—%
(ii) ———v——<0&x,<q——v——

loo

Then )
1 A n o) .u < n u
04 )80 gy < P o 18 g0 g

sou(-),u),0 o o
Proof. Let f € K" *(R"), and f(2) = $7 . f()1;(2) = 57 fi(2), by
using Holder’s inequality we have

A1)
1
< e Jy V@Rl — bl (o)

1
< ot (0o " [ 10Dl

|z

+ [ 19)lbt) b, LAl ) 12
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1 R
\W<Ib(1)—b3j > 1Fill par ) 19 = )2 (a0

|z jm—eo

+—§:H®z—- )b mnmm<mﬁlfmyl) 22

||,, (NS :Z 1£ill ) (1B(2) — b, " | @z = ) 25O 0
@ =) (b—b8)" 2 () 4y 21(2)
<Cl™ E 1£ill r (1B(2) — b, " | @z — )25

Jj=—o0

1@ — )b = b5)" 1 ()]0 121™) 242

10

It is known, see e.g. [41] that

1"O((b(z) = )" 1) (2) = 1" ((b(2) = b, 1) (2)- (8 ) (2)

|b(z) — b, |"

> Clb(z) —bg, " | x5, (2)
> Clb(z) = bg, " 21" 1u(2)-

As we know that s > ¢'~, we define g;(-) by the relation q,#() = qll( y +1
1 X X N

By Lemma 2.7 and generalized Holder’s inequality we find that

19~ )2 Ol ) <2 =250 ls@n 12Ol
L
l/s
gz—j"*‘z / |P(z—x)|*|x|*Vdx HXJ'”L‘H(')
2/~ 1< |x|<2)

2~k(
<D @ s grey 1 -

Similarly, by Lemma 2.6 we get

1(6—=b5,)" (@2 =) % ()00
<Pz — )2 sy 1B = b,)" % ()l pan 0
<ClbIgvomn 12l a0 [19(z = )2 ()] s (re)

m —jvAak(v+2
<Clblgmomn2 "2 N @] g 112l s
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Consequently, we have

(1 + 121) 8" ()]

k
<C 3 1 lner (10012 L™ b — b, )l 1902 = 25Ol

Jj=—00

19— )0 = b)) 15Ol (1 )41 ()l

k
<C Y Al a0

Jj=—c0

X (H(l +12) OO (b = b)) " 1) | a2~ 2K H‘DIIU s 12l g 0

+ 1151 Bpon 2" 2N @] s s oy 111+ 12 (')(xk)lle‘))

k
<C X 21 e (k= )" 1B hson 225 ol o 125 v

Jj=—00

+ Hler;lMO(R”)z_jvzk(v-i_E) HXJ'”qu(-)(Rn) ||Xk||Lq1(-))

k
<C Y J2 722K (k= )" 1B o 1l o o 126 o 12k s 0

Jj=—00

M5 a0
()

u(l+e)
' B (1
= sup (89 D 12540 (1 + [2]) @ ( f )HquJrS )

6>0 keZ,

1
< sup (89 Z oke(0)u(1+£) ( Z 2|72~ Jrok(v+5§ )(k_j)m

6>0 k= —o0 Jj=—co

(+e)N amre
X 161 Brro@m 1171l o 1261 par o 12k o ) )

oo k
+ sup (89 Z 2k0toou(1+£) ( Z |Z|—n2—jv2k(v+%)(k_j)m

6>0 k=0 j=—o

(+e)N amre
X161 B0 1131l a0 1261 par o 2k o ) )

= E+E>.

Now we will find estimate for E; by using the fact z € F;, and j < k.
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Applying above-derived results to E; to get

—1
El <Sup <£9 Z 2]{0{() (1+€) < Z 2—kn2 jV2k(V+ )(k_])m

6>0 k=—c0 Jj=—co

(1+e) u(l+¢)
X ”b”BMO R™) Hfj”Lfn )”XjHqu )”Xk”qu ) )
<Csup Z 2ka u(l+e)
6>0 k=—c0
k . n n u(1+£) u(ll+8)
(J*k)( 7 *V*E)
x (,z (k= )" bl 50,2 ||ijq1<-)> ) .
Jj=—oo

Let v; := m —o(0) —v— =% > 0. Applying Hélder’s inequality, Fubini’s theorem for

series and the fact that 2~“(14€) < 2-# we obtain

(1+€) (1+¢)
p<cap e 3 (2 2240 f||fjmm(k—j>m||b||;fMo<Rn>2”("”)

6>0 k=—o0

J=—00

—1 k
(1
gCHbHBMO(Rn)Su% [ge Z ( Z 205 u(l+e€) j”fJHquJrS 2v1u(1+£)(j k)/2>
>

k=—oo \ j=—oo

I+e)

% 2 (k j)mu(l+8 /22V1(M(1+5)) (j—k)/2

j—_°<’

< Clbllpmorn)

e 1 k 1 l+£) | 0 u(l+e)
2 90 (O)u(l+e) j||fJHLq1 oviu(1+€)(j—k)/

1

6 — (1+e) —1 u(l+¢)
u(1 €) (1
2 2a +e) JHf,”qu Ezvm +e)(
— k=

< Clbllpmorn)

1+) u(l+e)
€
= C||b|| pro(rn SUP eb 2a u(+e)) )"

L4106

b - u(l (1+€) m
< C|llsmown) 2 2%(0) ngJHf/HLC,l

je Z

< ClBlmotse |1 gt 1 gy
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Now for E, using Minkowski’s inequality we have

oo k (1+€)\ ull+e)
E» <sup 8"22’“"*““”)< Y U+ 12O ) )
6>0 k=0 j=—o
- 1 (1+¢) _u(ll+s_)
<sup 8922’“"‘”“““)< > U+ 12 DA ) )
6>0 k=0 j=—o
_1
u(l+e)

(1+€)
+sup 8922"“‘”“ (1+e) (Zxk 1+ 2])” Z)%’”(fj)lle-))

6>0 k=0 j=0

=A|+As.

The estimate for A, follows in a similar manner to E; with ¢}(0) replaced by
q}... and by using the fact that w, := q,L —@w—v—"75>0.For Ay, using Lemma 2.4
loo
we get

-1 (1*‘!’8) u(l+e)
A <Csup | & 221%“ (ive) (Z ||Xk(1+|Z|)_MZ)%m(fj)qu(-))

6>0 k=0

Jj=—o0

< ClIbl o sup | 0 3, 2ke=u1+)
6>0 k=0

—1 M(l+£) u(l+e)
m n v Vv
x<2<k jyma kT L)y f,nm) )

Jj=—00

o _k(detv+2——)u(l+e)
< bl gpomn Sup (36 2.2 e
6>0 k=0

o ) u(1+¢) ﬁ
“m fjer%
<Y (k=" a0 £l a0

Jj=—00

oo —1 (1+€)\ ull+e)
. +
<CHng’M0(Rn) zli% 86 ( Z (k_])mz ,V 0) ||fJHqu )
k=0

j=—

< ClblEpomn
1

u(l+e)\ u(l+e)
—2_y—a(0
X sup &b Z ( Z .j(0) (k—j) ’"2 (ql 2 _yv—of ))”fjml(')> )

6>0 k=0 \ j=—o0
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By applyig Holder’s inequality we have

Ay <Cblgyomwn

u(l4+¢€)\ u(ite)
(0
xsup | € Z ( Z 2o (0) (k—j) mzf(ql 2 —v—aof ))”fj”yn(-))

6>0 k=0

j=—c0

m u(l+e)
<CbBM0(Rn)SUP< 2 ( Y, 2/Odire) |fjHLq1 8)
6>0 k=0 \ j=—oo

u(l+s)/ 1
—1 N n (u(1+¢)) u(l+e)
y < Z Zj(m—s—v—a(o))(u(l-i-ﬁ))') )

Jj=—c0

1
u(l+e)
u(l+e)
<chHgMO(W)ng (e Z ( Y 2jeOulire) IfJHqu ))
k=0 \ j=—c

<Clbllsmo 1l g6 g
ql()

Combining these estimates we conclude that

(L [2]) @z (f )II 200 g <C||b||BM0R"Hf” 909 gy 0

THEOREM 3.2. Let 0 <v< 1, 0(),q(-) € Boo(R") with 1 <q~ < gt <o, 1<
u < oo and b € BUO(R"). Let ® be homogeneous of degree zero and ® € L*(S" 1),
s>q'~. Let o be such that :

(i) — gy —v =4 <@(0) < g —v—1

42(0) s
.. n
(it) —g=— __<a°°<112_w_v__
Then
10+ )05 ()l gt 10 ) < IO a8l 00 g0
()

Proof. This proof is similar to that of the previous result; therefore we only give

omit some det_ails. 0
Let feK“("))’“)’ (R"), and f(2) = X7 f(Q(2) = 57~ .. fi(2) , we have

|(1+|Z|) J“f'"*(f)( )2k (2)]
/ B |,, =y | @) f@)[b(2) — b)) dx. (1+[2]) ™+ (2)

Jj=k+1

( ~onlm 3 [ )0t Ol ol

Jj=k+1

+ Z /|z|Y "(1+]z) Ib(X)—bB,I'"ICD(Z—X)If(X)IdX> 2(2)

Jj=k+1
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< (Ib(Z)—ijl’" > il 2O (4 2) 0 =) (g

J=k+1

+ Z IO (1 J2) (—-)(b—ij)’”xj(-)lqu;<.>f,/IIquo)-xk(z)

Jj=k+1
Y 15l (166G = by IO (1 4+ [2)H (= )l

J=k+1

O (14 ) O — b (e = i 0 ) 26 (2):
‘We note that

1" ((b(2) = b)) 1) () 2 1" (b(2) = b)) () (2)- (28, (2)
|b(z) — ba,|"

=/, mdm.ﬁzk (z)

> C|b(z) — ij|m|z|Y(Z).ka(z)

> Clb(2) — ba, "ol 2).
Consequently, we find that
e+ 12) A () s

<C X Mfillgmo (Il(b—bB,)’”kamm|||Z|r(')_"(1+|Z|)_MZ) @= )2 Ol 00
j=k+1

+ 12O ) OB = by (2= ) () ||xk||m>

<C X LTl o (Ge= )" 11 gnsoem el a0 19 = )2 O
j=k+1

+ 161 Bro@n) 19 = )i (g0 | 2] 1an0)

<C X |7k = )" 1Bl Bvon 1l o 19 = )2 g el arco -
jaras)

. 1 o 1 1 .
By Lemma 2.7 we define ¢»(-) by the relation 40 = B0 + 5 then by using

generalized Holder’s inequality we have

19 (2 = )25 ) g0 <IDG = 25 Ol e 12 G s
1/s
< / @z —x) [ |xYdx | 112l
2/ 1< |x|<2]

<2720 gy 25 -
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Similarly, by Lemma 2.6 we have

1(6—=bg)"™ (D(z =) 2 ()l 0
<Nz = )2 s 10 = b8)" 2 ()l a0
<CIbl B0 121l o) 19 = )2 ()l s ey

<Clblgmomn2 "2 N @) egrn 112l orcr-

11+ J2) @z (f) )00 gny
a2 ()

_ L

u(l+e)
= sup <se 311250 (14 ()T () 1 )

6>0 kez,

—1
< sup [86 2 Zka 1+8< 2 |Z| nk ]

0>0 | (e j=k+1
1

(1+¢) T
(15l Byon 1 fill o ®(z—-)x.f(~)Lq'2<-)||kaqz<->> ]

+ sup
0>0

89 i 2k0(.>oll(1+€)< i |Z|7n(k_j)m

k=0 j=k+1

_1

(14¢) (E=3)
< N6l gpomn 1fill a0 ‘D(Z—')%j(')Lq’2<->||Xquz<-)> ]

= E|+E;.

Now we estimate of E,. Since k € Z and j > k+ 1 with z € Fy, we get

E, <sup l 6 sza u(l4¢) ( 2 |Z|7n(k_j)m

6>0 k=0 j=k+1

(1+8)7 wirrey
X ol g 1fill o 19=)2i Ol 40 %qu2<4>> ]

o 0 (1+e)\ u(i+e)
< ClI5 ]| o) ) sup 892< > 2“”’||fjLq1<-)(k—j)’"2d("")>

6>0 k=0 \ j=k+1

u(l+e)

15
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where d := qum +de+v+%>0. Applying Holder’s theorem for series and the obvi-

ous estimate 2 “(11€) < 2= we find that

SR (1+¢)
<C||5]| gyo)(rry Supl 0 Z ( Y, 2t 1“/HfjHqu &)du(1+e) (k= J)/2>
k=0 \ j=k+1

u(l4€)

y : RN A e
x| Y, (k= jyrre)Zpduite) k=2

j=k+1

S < Qoo (1+ u u(l+e
<C||5][Ey0 (@ {sez Yy 2 HS,Hf’”qu ) ydu(1+) (k- ,)/2]
k=0 j=k+1

<CIbyoren) s
Jj=0

oo (1+¢)
» (1+¢)
89 2 G u(l+€) ,”fj”qu €) 2 Zdu (I+e)( )

rat
je Z k=—o0

=C|1bllEmo(rn) SUP
>

-l (l+e)
<CHbHBMO R") sup (89 zamu (1+¢) j”fjH 1+£) z 2du(1+£)(k—j)/2>

1
po(u(l+e)] u(l+€) He
ey I
JEZ

<ClO oz 11t g

For E, by using Minkowski’s inequality we get

—1
Elésuplee 2 Zka 1+8< 2 |Z| nk ]

050 |  j—e j=k+1

(1+¢)
X \[bl g 1ill jan o 19=)2i Ol 40 Xk”m(-)) ]

+ sup g?
6>0

—1 o
sza l+8<zz|nk ]

e oo
(+€)7 arre
X ol g 1ill jn o 19 =)2i Ol 0 %k||Lq2<4>> ]
=E +Ep.

We can easily find the estimate for E| by similar way to E,. We simply replace
g2 by ¢2(0) and use the facet that 20 +a(0)+v+%5 > 0. For Ej, we obtain

n v + +4 (o + +3 )
g—iny—jvok(v+4 ||%k||L‘12 ||7C/||L‘12 () S <C2 Mgt 5k 5 (15)
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k—=—oco

= u(l+e)\ @i
m it v+l
x (2("_]) 1fill iy 2~ TS0 (Ge )>

=0

Erz < Clblgp0) (rr) SuP( Z 2t Ol e)

+ +5)u(1+e€)
<C||b||BM0 (R") sup( Z 2 '
k=—oo

- u(l+e)\ e
“m — (vt k
x <z<k—1> 1l 22 )>

=0

1 - u(l4¢€)\ u(l+e)
< ClblBuoyen sop | € 3 <Z(k Dl 2 >> :
>

k=—c0 \j=0

Let us denote 0; := ﬁ%—v-ﬁ-%— .., then

—1 oo (1+€)\ u(i+e)
E12<CHngM0)(R")Zu% e > (22”aw(k—j)mfj||m(-)2"el>
> k=—oo \ j=0

) - (11e) (o o\ H(15£)/2
< ClIB W0y ) SUP (8 Z Y piceulire)| gy He) (2 ’6')
>

k=—o0 j=0
u(l+e¢)

1
> N (1)) /2| @+e)” \ u(l+e)
x (2 ((k—jyma-ior) ) )
J=0

1

(1 o u(lre)/2\ 1O
CHbHBMO (R sup( Z sz u(l+e) ||fJHLq1+£ (2 jel)

k=—o0 j=0

< U0l a1

Combining the estimates for E; and E; we conclude that

—A mx
L+ )t gy < B oy 1 gt 100

which ends the proof. [l
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