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ON LACUNARY STATISTICAL ¢-CONVERGENCE
OF ORDER o IN PARTIAL METRIC SPACES

NAVEEN SHARMA AND SANDEEP KUMAR*

Abstract. In the present paper, we introduce the notions of lacunary statistically ¢ -convergence
and lacunary strongly ¢ -Cesaro summable of order o in a partial metric space (X,¢) and es-
tablished the relation between them. Beside this, we get a characterization of lacunary statistical
¢ -convergence sequences of order ¢ in terms of o -lacunary statistical dense subsequence of it.

1. Introduction

In 1951, Fast [1 1] and Stienhaus [32] introduced the idea of statistical convergence
which is, in fact, a generalization of usual notion of convergence. Later on, Buck [7]
studied this concept as “convergence in density” in 1953. It is also a part of monograph
by Zygmund [35] and referred as almost convergence. Schoenberg [29] introduced
and studied this concept independently in connection with summability of sequences in
1959.

The notion of statistical convergence has its main pillar as natural density, which
is defined as

DEFINITION 1. [24] For K C N, the natural density is denoted by §(K) and
defined as

O(K) = lim lcard({m €K :m<n}),

n—eo 1

provided the limit exists. It is easily verified that 6(K) = 0, for finite subset K of N
and 6(K)+0(N—K) =1 forevery K CN.

Using the notion of natural density, statistical convergence is defined as

DEFINITION 2. A real valued sequence (z,,) is said to be statistically convergent
to ¢/ € R if foreach € >0,

S({meN: |gn—0] > €}) =0,

ie., lim lcard({m <nilgn—t>¢€})=0
n—oon
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and ¢ is referred as statistical limit of (z,,). We write z,, S, ¢ and by S(c) we denote
the set of all statistically convergent real sequences.

With the passage of time, various generalization of this notion, have been studied
by many more mathematicians. One may refer to [8, 9, 13, 15, 16, 19, 21, 22, 26, 27,
30, 31, 33].

Before proceeding for lacunary statistical convergence, we recall lacunary se-
quence and lacunary density.

Following Freedman et al. [12], a lacunary sequence 6 = (m,);_, is an increasing
sequence such that m, —m,_; — oo, where mg =0, m, > 0. Here we notate J, =

m
(mr—lymr} P lr =My —Mmp—1 and = Wil .

There is a strong relation between the space |op| of strongly Cesaro summable
sequences where

lo1| = { (zm) : lim — 2 lzm — L] = Oforsomeﬁ}

and the space Ny, where
o1
No =} (zm) : lim T Z |zm — €| = 0 for some £ 5.
e ' med,

Fridy and Orhan [14] in 1993 studied a new variant of statistical convergence,
called lacunary statistical convergence which is defined as

DEFINITION 3. A real valued sequence (z,,) is said to be lacunary statistical con-
vergent to ¢ € R or we can say z, — {(Sg) if for every € > 0,

r—o0

1
hml card{m € J, : |zm— L] > €}) =0.

We notate the class of all lacunary statistical convergent sequences of reals by Sg(c).

Aral and Sengiil [1], Aral et al. [2, 3], Bhardwaj et al. [6], Fridy and Orhan
[15], Li [19], Mohiuddine and Aiyub [22], Sengiil and Et [30], Tripathy et al. [34] and
some others have structured some significant sequence spaces with the use of lacunary
sequences and hence enriched the theory of lacunary statistical convergence.

In 1994 Matthews [20], introducing the idea of partial metric space which is de-
fined as

DEFINITION 4. Let X # 0. A function ¢ : X x X — R satisfying the following
(@1) 0< @(u,u) <o(u,v)
(@2) @(uu)=@(u,v) =@vv) == u=v
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((P3) (p(u7v) = QD(\@M)

(p1) @(u,v) < @o(u,w)+ @(w,v) — @(w,w) for all u,v,w € X, is said to be a partial
metric on X and (X, ) is called a partial metric space.

It can be observed in view of axiom (¢;) of partial metric space, |Q(u,u) —
o (u,u)| and @ (up,u) — @(u,u) are the same thing, for any sequence (u,,) in X and
ueX.

In comparison to a metric on X, we can say a partial metric ¢ is precisely a metric
¢ : X xX — R such that for all u € X, ¢(u,u) =0. That s, in the definition of partial
metric space, only one side axiom of metric is preserved, i.e., Vu,v € X, 0(u,v) =0 =
u = v and other half that is, u = v = @(u,v) = 0 need not hold good. For a detailed
description of partial metric space, one may refer [5, 23, 25, 28].

Nuray [25], Bayram et al. [5] and Kumar et al. [18] stepped into partial metric
space via statistical convergence and introduced notion of statistical convergence in
partial metric space. We call this notion as statistical ¢-convergence.

DEFINITION 5. A sequence (z,,) in a partial metric space (X, @) is said to be
statistically ¢ -convergent to some zo € X if for given € > 0,

0({m e N: @(zm,z0) = @(z0,20) +€}) =0

and we write it as 2, — z0(S). By S(c?), we notate the class of all statistically ¢@-
convergent sequence from (X, ).

DEFINITION 6. Let (z,,) be sequence in (X,¢) and zo € X. If for given € > 0,
there exists a positive integer my such that following holds

©(zm,20) < 0(z0,20) + € for all m > my

then we say (z,,) is @-convergent to zp. We write ¢? for the class of all ¢ -convergent
sequences.

DEFINITION 7. A sequence (z,,) in a partial metric space (X,¢) is said to be
@ -bounded if there exists some zo € X and M > 0 such that ¢ (z,,20) < ©(z0,20) +M
forall m > 1. We write b? as the class of all ¢@-bounded sequences.

DEFINITION 8. Let (X, @) be ap.m.s. and (z,,) be a sequence in X . We say (z,)
is statistically ¢-bounded if there exist some zgp € X and M > 0 such that

6({m e N:|p(zm 20) — ¢(20,20)| = M}) = 0.
We write S(b?) as the class of all statistically ¢ -bounded sequences.
We recall [4, 10, 17], a scalar sequence space E is

(i) Solid (normal) if (n,,) € E whenever |1n,,| < |&ul, m > 1, for (§,) €E.
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(ii) Symmetric if (n,,) € E implies (1,,) € E, where (0,,) is permutation on m.

Motivating from above definition, for an arbitrary sequence space E in p.m.s.
(X, ) we say E is solid (normal) if (1,,) € E whenever @(Nn,a) < @(Ep,a), m>1
for (§,) €E forallae X.

In this paper, we study the sequence space by using sequences from an arbitrary
non-empty set X, equipped with a partial metric. Throughout the paper, (X, @) will
denote the partial metric space abbreviated as p.m.s.

2. Lacunary statistical ¢ -convergence and lacunary statistical
¢ -boundedness of order ¢ in p.m.s.

In this section we study the lacunary statistical ¢ -convergence of order o for
sequences from an arbitrary partial metric space (X, @) and its relation with lacunary
strongly ¢-Cesaro summability of order o.

DEFINITION 9. A sequence (z,;) in p.m.s. (X,@) is said to be statistically ¢@-
convergent of order & (0 < @ < 1) to zo € X if for € >0,

o1
lim —card({m <n: @(zm,20) > ¢(20,20) +€}) =0

r—oo

and we write z,, 2, 20(S%). We shall denote the set of all statistically ¢ -convergent
sequences of order o by S%(c¢?).

For oo =1, we call a statistically ¢-convergent sequence of order ¢ simply as a
statistically ¢-convergent sequence and corresponding space is denoted by S(c?).

DEFINITION 10. Let 6 = (m,) be a lacunary sequence and 0 < o < 1. A se-
quence (z,;) in p.m.s. (X, @) is said to be lacunary statistically ¢-convergent of order
o to zg € X if for € >0,

1
lim l—acard({m €Jr: 0(zm,20) = ¢(20,20) +€}) =0

r—o0

and we write z,, — 20(Sg)- By Sg(c?) we shall denote the class of all lacunary statis-
tically ¢ -convergent sequences of order o.

DEFINITION 11. For a given lacunary sequence 6 = (m,), the o -lacunary den-
1
sity (or 6 -density) of K C N is defined as 6§ (K) = }Lrgoh—acard({m €J:meK}).

DEFINITION 12. For a given lacunary sequence 6 = (m,), if the set of indicies
m's for which (z,,) does not satisfy property P has zero o -lacunary density, then we
say (zn) satisfies P for “almost all m with respect to 6, abbreviated as “a.a. m w.r..
ea -’7
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Lacunary statistical ¢-convergence of order o in p.m.s. (X,¢), now may be
redefined as

DEFINITION 13. Let 6 = (m,) be a lacunary sequence and 0 < ot < 1. A se-
quence (z,;) in p.m.s. (X, @) is said to be lacunary statistically ¢-convergent of order
o to zo € X if for € >0,

6 ({m € Jr 2 |@(zm 20) — @(20,20) > €}) =0,
ie, |Q(zm:20) —@(z0,20)| <€ aa mwrt Oy.

THEOREM 1. Let o, € (0,1] such that oo < 3. Then S§(c?) C Sg(c‘f’), con-
verse may not be true in general.

Proof. For given € > 0, we have

1
0< l—pcafd({m €Jr 1 1@(zm,20) — ¢(20,20)| > €})

r

1
< l—acard({m €Jr:|@(zm,20) — 9(20.20)| = €}).

Taking limit » — oo, we get required result.

For reverse inclusion, consider the following example:

Let X = R with partial metric ¢ defined as ¢(&,n)=|E—7n]| ; &,n €R. Con-
struct a sequence (z,,) such that

{ [V1,] atthe first [/I,] integers on J,
Im =

forall r=1,2,3,... .
0 otherwise,

This implies, card ({m € J, : |@(zm,20) — ¢(20.20)| = €}) < [V/I;] . Thusif we consider
% < B <1, then we have

lim [\/l_] — 0.

r—oo lﬁ

h_,n}o lfcard({m € Jr:|o(zm,20) — @(20,20)| = €}) <

On the other hand for 0 < o < %, we have

1 Ir
lim l—card({m €Jr:|@(zm,0) — ¢(0,0)| > €}) < lim [\léj 0.

r—eo [ r—o0

Hence inclusion is strict for o < 8 with 0 < o0 < % and % <B<l. O

COROLLARY 1. Let 6 = (m,) be lacunary sequence and 0 < o < B < 1. Then
we have following

(i) S%(c?) =S (c?) iff = B.
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(ii) Sg‘(cq’) =So(c?) iff a=1.

DEFINITION 14. Let 6 = (m,) be a lacunary sequence and 0 < o < 1. A se-
quence (z,;) in p.m.s. (X, @) is said to be lacunary statistically ¢ -bounded of order o
if there exist some zg € X and M > 0 such that

1
lim —card({m € J; : [@(zm,20) — ¢(20,20)| = M}) =0,

T

ie, |0(zm,z0) —@(20,20)| <M a.a. mwrt. Oy

and we write S§ (b?) for the class of all lacunary statistically bounded sequences of
order .

THEOREM 2. (i) Sg(b?) is not symmetric.

(ii) Sg(b?) is normal.

Proof.

(i) By taking 6 = (2"), X =R, ¢({,n) =|£ —n| and for a = 1.

Let (z) = (1,0,0,2,0,0,0,0,3,0,0,0,0,0,0,4,...). Then (z,,) € S%(b¢). Con-
sider (z},) be a sequence which is obtained by rearrangement of (z,,) as follows

/
(Zm) = (Zl,ZZ,Z4,Z3,Z9,ZS7216726,125,Z7,Z36,ZS,Z49,210,---)
=(1,0,2,0,3,0,4,0,4,0,5,0,6,0,7,0,...).

Then for any M > 0, we have

1
lim —Z-card({m € J; : |¢(z, 20) = ¢(20,20)| > M}) # 0

n—00
r

50 (z,) & Sg(b®) and hence S§ (b?) is not symmetric.

(ii) Let (zn) € Sg(b?) and (z;,) be a sequence such that ¢(z,,,a) < @(zm,a) for all
m € N and forall a € X. As (z,,) € Sg(b?) so there exists some zo € X such that

1
lim l—card({m €Jr:19(zm,20) — ¢(20,20)| = M}) = 0.

n—00

Clearly

card({m: |¢(z,,20) = ¢(20,20)| = M}) < card({m :[9(zm;z0) = ¢(20,20)| > M})

50 (z,) € Sg(b?). Hence Sg(b?) is normal. [J

THEOREM 3. ¢? C S§(c?), inclusion is proper.
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Proof. Let (z,) be a sequence in (X, ¢) which is ¢-convergent to zo € X. Then
for given € > 0, there exists my € N we have ¢(zy,20) < ¢(z0,20) + € for all m > my.
As o -lacunary density of a finite set is zero, so the result holds.

For proper inclusion, consider the following example:

Let X =R and ¢ be the partial metric defined by @(§,n) =& —n|; E,neR
and o = 1. Take sequence

zi= {m”H fori=m1+1, ) 103,
0 otherwise.

Let, if possible, (z;) is @-convergent to some zp € X. Then for given € > 0, there
exists mo € N we have ¢(z;,z0) < ¢(z0,20) +€ forall i > mg, ie., |m_1+1—2z| <€
for all m,_; +1 > mg forall r=1,2,3,... acontradiction as m, — . However, (z;)
is lacunary statistically ¢ -convergentof order o to 0 € X, because for € > 0,

o . im
lim - card({i € J; : (2:,0) > 9(0,0) +&}) = lim -z = 0. [

F—00 F—o0
r

THEOREM 4. In p.m.s. (X,0), lacunary statistically @ -convergence of order o
implies lacunary statistically @ -boundedness of order ¢.. Converse may not be true in
general.

Proof. Let (z,,) be alacunary statistically ¢ -convergent of order o to some zg €
X . Then for given € >0,

1
lim l—acard({m €Jr: 0(zm,20) > ¢(20,20) +€}) =0.

r—eo [
Now for sufficiently large M, we may assert that,
card({m € J, : ®(zm,20) > ¢(20,20) +M}) < card({m € J, : 9(zm,20) > ¢©(20,20) +€})
and hence the result follows.
For converse part, let X =R and ¢ be the partial metric defined by ¢(&,n) =
|E—nl|; &,n €R and o = 1. Consider a sequence (z,,) in X as

—1 atfirst {%’} integers onJ,
im =
1 otherwise.

1 ly rt1 .
Now l—card({me], 2@(zm, 1) > 0(1,1)+€}) = {i} or [l;l_ } and hence (zp,) is

not lacunary statistically ¢-convergentto 1. Similar can be proved for —1. As every
bounded sequence is lacunary statistically ¢-bounded of order o, hence the result
follows. [
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REMARK 1. Subsequence of a lacunary statistically ¢-convergent sequence of
order o need not be lacunary statistically ¢-convergent of order ¢. For this consider
the following example:

Let X = R be the partial metric space equipped with partial metric ¢ defined as
o(&,n)=|E—n[;&neR.

{mrl +1 fori=my_;+1,
7=

on J., r=1,2,3....
0 otherwise

Then (z;) is lacunary statistically ¢ -convergent of order o to 0.
Now (mg+1,m;+1,my+1,...) is a subsequence of (z;) which is not lacunary
statistically ¢-convergent of order .

Before characterizing the lacunary statistically ¢ -convergent of order o. we have
the following definition.

DEFINITION 15. A sequence (zm,), n € N is said to be o -lacunary statistical
dense if 6§ (B) =1, where B={m; <mp <m3 <...},

1
ie., lim l—acard({m €J,:meB}=1.
F—c0

The following theorem characterizes the lacunary statistically ¢-convergent se-
quence of order ¢ in term of ¢ -lacunary statistically dense ¢ -convergent subsequences.

THEOREM 5. A sequence (zy) is lacunary statistically @ -convergent of order o
iff every a-lacunary statistically dense subsequence of (z) is lacunary statistically
¢ -convergent of order o.

Proof. Let (z,,) is lacunary statistically ¢-convergent to zy of order ¢. So for
given € > 0, we have

1
lim l—acard({m €Jr: @(zm,20) > ¢©(20,20) +€}) =0, ie., d5(A)=0

r—o0

where A = {m € N : ¢(zn,20) > @(20,20) + €} and (z,),c is lacunary statistically
dense subsequence of (z,) which is not lacunary ¢ -statistically convergent of order
o, i.e.,

1
liminfl—acard({mn € Jr: @(zm,,20) > @(20,20) +€}) =d, whered € (0,1).
r—eo [0
Now
card({m e J.: ¢(zm,z0) > ¢©(z0,20) +€}) = card({my € J; : ¢(2m,,20) > ©(20,20) +E}).

1
So liminfl—acard({m €Jr:@(zm,z0) > ©(z0,20) +€}) > d #0, a contradiction to given.
F—c0

¢
Converse part follows from the fact that every sequence is a o -lacunary statistical
dense subsequence of itself. [
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THEOREM 6. A sequence (zp) in (X, Q) is lacunary statistically @ -convergent
of order o, to some zo € X iff there exists a sequence (yn), @Q-convergent to zo such
that y, = 7z, a.a. m w.r.t. Q.

Proof. Let (z,,) be a lacunary statistically ¢-convergent to some z9 € X. So for
each € >0, we get 85 (K) =0 where K = {m € N: @(zm,20) > ¢(20,20) + €} . Let

_Jzm formeN-K
Im=z for meK.

Now {m € N:y, # z,} CK and s0 y,, = 2y a.a. m w.r.t. 6. Also

[ o(zmz) for meN—K
POm ) = { ©(z0,20) for me kK

implies @ (ym,z0) < ¢(z0,20) + € forall m > 1. Thus (y,,) is @-convergent sequence
and y,, = zy a.a. mw.r.t. 0.

Conversely, let there exists mg € N such that @(ym,z0) < ¢(z0,20) + € for all
m = myg. The result follows from the inclusion relation

{m: o(zm,20) = ¢(z0,20) +€} CKU{1,2,3,....mp—1}. O
Following on the similar lines, we have

THEOREM 7. A sequence (z,,) is lacunary statistically @ -bounded of order o iff
there exists a @ -bounded sequence (yn,) such that y, =z, a.a. m w.r.t Oq.

REMARK 2. Example in Remark 1 asserts that a subsequence of a lacunary statis-
tically ¢-bounded sequence of order o need not be lacunary statistically ¢-bounded
of order o.

Using the same technique as in Theorem 5, we give a characterization of the la-
cunary statistically ¢-boundedness of order o in terms of the o -lacunary statistically
dense ¢-bounded subsequences of it, in terms of following.

THEOREM 8. A sequence (zn) is lacunary statistically ¢ -bounded of order o
iff every a-lacunary statistically dense subsequence of (z,,) is lacunary statistically
@ -bounded of order «.

3. Lacunary strongly ¢-Cesaro summable spaces

DEFINITION 16. Let (z,,) be a sequence in p.m.s. (X,¢) and 0 < o < 1. The
sequence (z,;) is strongly ¢ -Cesaro summable of order o to zo € X if

N
lim — > [@(zm;20) — ¢(20,20)| = 0.
m=1

n—oo &

We notate |67|*(c?) for the set of all strongly ¢-Cesaro summable sequences of
order a. We write |07|%(¢?) for oo =1 as |oy|(c?).
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DEFINITION 17. Let (z,,) be a sequence in p.m.s. (X,¢) and 0 < ov < 1. The
sequence (z,;) is lacunary strongly ¢-Cesaro summable of order a to zp € X if

1
lim — > |@(zm,20) — @(20,20)| = 0.

In this case, we write z, — 2o (Ng'). We denote Ny (c?) for the set of all lacunary
strongly ¢-Cesaro summable sequences of order or. We write Ny (c?) for oo = 1 as
Ny (C(P) .

THEOREM 9. For o € (0,1], N§ (c?) C S§(c?), i.e., every lacunary strongly ¢-
Cesaro summable sequence of order o is lacunary statistically ¢ -convergent of order
o to same limit and inclusion is proper.

Proof. For € >0 and 0 < v < 1, we have

2 |@(zms20) — ©(20,20)]

V med,

1
> 3 |9 (zm,20) — @(20,20)]

ZOC
r meldy
[ (zm.z0)—9(20.20)|>€

1
> e.l—acard({m eJr|o(zmsz0) — 0(20,20)| = €}
r

and hence the result follows by above inequality.

For proper inclusion, consider the following example:

Let X =R and ¢ be the partial metric defined by ¢(&,n) =1 —1n|; &,n €R.
Construct a sequence (z,,;) such that

1,2,...,[1%} t the fi t[l%} int J
zm:{ o] ARt [IeBEIS O all 1 =1,2,3, ...
0 otherwise,

where [-] denote the greatest integer function. Then for every € > 0,

1 1 12
geard({m € J; :[9(zn,0) = 9(0,0)| > €}) < 77 {lrz} —0 as r— oo,

and so (z,) € S§(c?).
On the other hand,
1
= 3 19(n0) - w3l
r meJ, r med,
1 a
i [1+2+ [lﬁ”

= — ;éO as r — oo,
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and this implies (z) ¢ Ng'(c?). O

THEOREM 10. For 0 < a0 < 1, the following holds

(i) If liminfz, > 1, then S%(c?) C Sg(c?).

(ii) Ifhmsup

a < then S§(c?) C S%(c?).
m._y

la
(iii) Ifhmlnf > 0, then we have S(c?) C Sg(c?).

Proof.

(i) Let liminfz. > 1. Then for sufficiently large r, 36 > 0 such that 7, > 1+ 8. As

- I, .. - . .
t, = m , SO > §. This gives Mr—1 < <. After adding 1 to both sides,
my—1 my— r 1)
m, 1+ 6 . 1 o¢ 1
we have f < 6 , .., _}(3( 2 m@

For € > 0 and sufficiently large r, we have

1
Wcard({m <my 2 |Q(zmy20) — @(20,20)| = €})

r

1
> —geard({m € J: |9 (zm 20) — 9(20.20)| > €})

0 1
Z T (1 1) e —card({m € J; : |¢(zm,20) — @(20,20)| = €})

and hence the result.

< M for all

(i1) Let hmsup,
mr 1 mr 1
r > 1. Let us suppose, that (z,,) € Sg(c?). Then for zo € X and € >0

1 M,
lim l—card({m €Jr i |Q(zm20) — @(20,20)| = €}) =0 e, }Lr?ol—a =0
where M, = card({m € J; : |@(zm,20) — ¢(20,20)| = 6}) So for given £ > 0,

M,
dro € N such that l—<8Vr>ro Let G =sup{M,: 1 <r<rp} and n be any
r
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integer satisfying m,_; <n < m,. Then we have,

1
n—acard({m <n|@(zm,20) — 9(20,20)| = €})
1

< o card ({m < m, : [Q(zm,20) — ¢(20,20)| = €})

= m; 1 {My+My+ .. A M+ My + ...+ M}

< ,;%Gl +#{Mm+1 + M2+ ..+ M}

_ r;((’fl + m%l {lrﬁl% +l,0+2AZ:°++22 4. H’Ali,r}

i.e.,

1
~geard({m < n:[@(zm,20) — ¢(20,20)| > £})

170G 1 M,

< sup— |11 +1 4.+
it () Uz
roG

< o L& e =)

= —|—8 (mn;r mro )

< rOG + €

SomE m;xfl
oG

Somy

and hence by applying limit in above inequality we get the result.

(iii) Let € > 0 and zp € X . Then we have,

{meJr:|o(zm 20) — (20,20)| = €} T {m <my: |@(zm,20) — ¢(20,20)| = €}
This implies

1
——card ({m € Jr :[¢(zm, 20) — ¢(20,20)| > €})

1
< —card({m <m; 1 |Q(zm,20) — ¢(20,20)| > €})

my
ie.,
* 1
———card({m € J; : |¢(zm,20) — ¢(20,20)| = €})
my 19

1
< —card ({m <my2 @ (zms20) — 9(20,20)| = €}).
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Taking limit » — oo in above inequality, we get result. [

THEOREM 11. For 0 < a0 < 1, following holds

(i) If liminfz, > 1, then |o1|*(c?) C Ng (c?).

(ii) Ifhmsup

e < then N§ (c?) C |o1|%(c?).
m._y

la
(iii) If liminf = > 0, then we have |o1|(c?) C N§ (c?).
m

r

Proof.

(i) Let z € |01]%(c?). Then for given € > 0 and sufficiently large r, as in part (i) of

Theorem 10, we have,
1 o¢ 1

¢ (1+8)i
Now consider

( > |9(zm,20) (20,10)I> > # ( > |<P(Zm,10)—¢(10,10)|>

m<my melJ,

5
Z T 5@ (1+5 ala (2 |0 (zm;20) (20,20)|>

melJ,
and hence result follows by taking limit » — oo in above inequality.

(i) Let z € Ng(c?) and n be any integer such that m,_; < n < m,. Then we have,

ia (Z |@(zm>20) — <p(Zo7zo)I> < (mE @ (zms20) — <P(Zo»Zo)> :
k=1 k=1

Taking M, = 3, |@(zm,20) — ¢(20,20)| and proceeding same as that in part (ii)
meJ,
of Theorem 10, we get required inclusion.

r—1

(iii) Let z € |o1](c?) and z9 € X. Then we have

—~ (Z |9(zm,20) — ¢(20,70)| ) (Z |0 (2m20) (zo7zo)|>

meJ,
) "1 &
ie., = > 19(zm:20) — 0(20,20)] Z |9 (zm20) — 9(20,20)] | -
mrl meJ,
ZOC
Taking limit r — oo and using liminf -~ > 0 in above inequality, we get required
my

inclusion. [



110 N. SHARMA AND S. KUMAR
4. Results on lacunary refinement

The present section concludes the paper by showing various inclusion relations,
which arises for varying lacunary sequences 6.

DEFINITION 18. By lacunary refinement 8*

= (m}) of alacunary sequence 6 =
(m,) we mean J; D J, where J} = (m_,,m;] and J, =

(my_y,m,].

We use I = m; —m;_, throughout this section.
THEOREM 12. (z,) & Ng(c?) implies (zm) ¢ No+(c?).
Proof. Let (z) ¢ Ng(c?). Then for any zg € X,

hm Y |9(zm:20) — ¢(z0,20)| # 0.

resoo ]

So there exists £ > 0 and a subsequence (m;;) of (m,) such that

1
— > [9(zmz0) — ¢(20.20)| > €

l"j meJ,j
Writing J,, = J UJj,U... UJS,, then we have

> |9 (zi,20) — @(20,20)| + .- + X |@(zi,20) — @(20,20)]
J/*Jrl Jt*er >

l*

€
t+l -t lt+P

5 |0(@20) — 9(z0,20)| > € and hence (zn) ¢
t+/

implies for some j, we have

No-(c®). O

I,
THEOREM 13. Let 0 < e < B < 1 and lim 1nfl— > 0. Then

F—so0
r

S%.(c?) C SB(c?).

Proof. As J¥ D J, forall r € N, so for € >0, we have

{m e T |@(zm,20) — @(20,20) = €} 2 {m € J : |Q(zm,20) — @(z0,20)| = €} .
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This implies
1
T —gcard({m € J7 1 [@(zm,20) — ¢(20,20)| = €})

1
> l*—acafd({m €Jr:|9(zm,20) — @(20,20)| > €})

r

1
> l*—ﬁcard({m €Jr: |0(zm 20) — ¢(20.20)| = €})

r

L\P 1
= (l_*) lfcafd({m €Jr 1 19(zm,20) — ¢(20,20)| = €}).

r

Hence the proof. [J

I
COROLLARY 2. If0< <1 and hmlnfl— > 0, then

(i) Sg.(c?) < Se(c?).
(ii) Sg+(c?) C Sg(c?).

I,
THEOREM 14. Let 0 <a <P < 1. Ifhmlnfl > 0, then we have
r

Ng(c?) C NB(c?).

Proof. Let (zn) € Ng.(c?). Then for given € > 0 and z9 € X, we have

Z*La ( > 9(zm:20) —<P(Zo,zo)>

meJy

= l%( > le(zm20) — 0(20,20)[ + Y, |<P(Zm,10)—<P(Zo,zo)l>

keTi—, mel,

1?1
> L (2 (P(Zm,ZO)_(p(Z(LZO))

l;? med,

> ( *) 7 (mez;rkp (2m»20) (Zo,zo)>

Iy .
and hence the result follows by taking limit » — co and using liminf T > 0 in above

inequality. [J

L
COROLLARY 3. Ifhmmfl— >0 and 0 < a0 < 1, then following holds
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(i)
(it)

N. SHARMA AND S. KUMAR

Ng-(c?) S No(c?).

No+(c?) C No(c?).
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