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ON THE CONVERGENCE OF DOUBLE VILENKIN SERIES

JIGNESHKUMAR BACHUBHAI SHINGOD* AND BHIKHA LILA GHODADRA

Abstract. In this paper, we proved regular convergence and convergence in L"-norm (0 <r<1)
of double orthogonal series with respect to any multiplicative (bounded Vilenkin) systems with
coefficients of generalized bounded variation.

1. Introduction

We will study the convergence behavior of the double Vilenkin series of the form

i i () 2k (y) (1)

j=0k=0

oo

where {c;i}7;_ is a sequence of real (or complex) numbers and {y:(x)x;(y)}7;_o is
the Vilenkin orthonormal system. For that, first we present introductory material for
multiplicative (bounded Vilenkin) systems as follows. Let P = { pj};-":l be a sequence
of natural numbers such that 2 < p; < B forall j € N and Z(p;) = {0,1,...,p; — 1}.
If mo=1, mj=py---p; for j €N, then every x € [0,1) admits a representation of
the form

x= ijm;l, x; € Z(pj)- 2)
j=1
It is uniquely defined if for number of the type x = min, O0<k<my, kkncZ, =

{0,1,2,3,...}, we choose representations, where only a finite number of x; # 0. Let
G(P) be the group of sequences X = (x1,x2,...,%,,...), X; € Z(p;) with the operation
X®y=z, where z; =x;+y; (mod p;), j € N. In a similar way, we can define the
inverse operation x ©y = z. Thatis, x©y = w, where

Xj—Yj, XjZyj,

wj=xj—y;(modp;)=
3 =373 ) pjtxj=yj, Xj<Yj.

Every k € Z, can be uniquely represented in the form

k=Y kimj_1, k; € Z(p;), 3)
Jj=1
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where the sum is finite. If n,k € Z. are represented in the form (3), then we define n®
k:=1=3%7_1ljmj_1,where [; =nj+kj (mod p;). We also define n S k analogously.
Thatis, n© k= s, where

nj—kj7 ankj,

Sj:nj_kj(mOdpj):{p-+n-_k- .
J J 7 J J

For x € [0,1), written in the form (2), and k € Z of the form (3) we put, by definition,

2k (x) = exp <2ni D x,_lq) .
J

J=1

The system {yx(x)};, is said to be multiplicative; this fact is connected with the
following properties (for the proofs see [4, p. 30]):

(D) xm(X)xn(X) = Yman(x) forall mn € Z,, x € [0,1);

(2) xn(x®y) = xn(x)xu(y) for all n € Zy and for almost all y € [0,1) for fixed
xe0,1).

Analogous properties take place for Y,o,(x) and x,(x©y). That is, ¥ (x)x.(x) =
Amon(x) and x,(x©y) = xu(x)xn(y) for m,n € Zy and x,y € [0,1). The system
{xx(x)}7, is orthonormal and complete in L'[0,1) (see [4, p. 25]). Therefore, for
f € L'0,1) we can define its Fourier series and Fourier coefficients according to the
formulas

oo

D), F /f x)dx, j€ 7. 4)

The k-th Fourier partial sum of the series (4) is defined as

Sk(f)(x) = f() j(x), keN. (5)

mM»

For more details about the system {y(x)}7"_, see [4, Section 1.5]. As usual, the

1
space L'[0,1), 1 < r < oo, is equipped with the norm || f|| = <f0 lf () dt) '

The sum Zk:O Xi(x) := Dy(x) is called the nth Dirichlet kernel, and the sum
Ls#  Di(x) := Fy(x) is called the nth Fejér kernel with respect to the multiplica-
tive system {x(x)}. Forall k € N and x € (0,1), it is well-known (see [1, Chap. 4,
Sec. 3] and [10, Lemma 4] or [6]) that

IDi(x)] < =, (6)

(N
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where N is such that p; < B forall i € N, and C.
The system {i(x)x;(v)};;— is orthonormal and complete in L[0, 1)2, which al-
lows to define for f € L[0,1)? the Fourier coefficients

. 1/l
£G.j) = /0 /0 Py @2 0)dxdy, i) € Z, ®)

and the partial Fourier sums
Smn(f3%,) = 22 (i, )xi(x)x;(x), m,n €N. ©)

The space L'[0,1)? is equipped with the norm

11 1/r
= () [ 1o asay)

For m,n > 0, the rectangular partial sums of series (1) is defined as

mnxy ZEC]]C%/

j=0k=0

Following Hardy [5], series (1) is said to be regular convergent if it converges
in Pringsheim’s sense (see, e.g. [11, Vol. 2, Ch. 17]), and, in addition, each “row
series” of (1) (i.e., when we delete Y in (1) and the summation is done only with
respect to j for each k) as well as each “column series” converges in the ordinary
sense of convergence of single series. F. Moricz [9] rediscovered the notion of regular
convergence by the following equivalent condition: the sum

S(R:x,y) Z Zc,kx, (10)

Jj=mk=n

tends to zero as max(m,n) — oo, independently of the choices of M (> m) and N(= n),
where R={(j,k):m<j<Mandn<k<N}.

DEFINITION 1. A double sequence {c;i}7;_, of complex numbers is called a null
sequence if it satisfies

cjk =o0(1) as max{j,k} — oo. (11)

For positive integers p and g, the finite order differences Aj4cj are defined by

Aoocjr = Cji;
ApgCik = Dp—1,4Cjk = Ap-14¢jt1x (P =1);
ApgCike = Dpg-1Cjk —Dpg-1¢jit1 (g2 1).
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DEFINITION 2. A double null sequence {c;i}7;_ is said to be of bounded vari-
ation if

> Y Ancl < . (12)

j=0k=0

DEFINITION 3. A double sequence {c jk}}wjzo is said to be of bounded variation
of order p > 2, if the following three conditions are satisfied:

lim )" [Aycjc| =0, 13)
kﬂwj:O
lim 2 |Aopcik| =0, (14)
JH°°]<=0

and
Y, Y [Appcipl <o (15)
j=0k=0

Some authors (see, e.g., [2], [7]) call conditions (13)—(15) as conditions of bounded
variation of order (p,0), (0,p), and (p, p), respectively.

If a double sequence {c jk}szo is of bounded variation of order p, then it is of
bounded variation of order ¢ (p < ¢). But the converse is not true in general, that is,
there is a double sequence which is of bounded variation of order 2, but not of bounded
variation (see, e.g., [3]).

2. Results

Our first main result is an analogue of a result of Méricz [8, Theorem], for any
multiplicative orthogonal series.

THEOREM 1. Let a double sequence {c jk};ojzo satisfies the conditions (11) and
(12). Then the series (1)

(i) converges regularly to some function f(x,y) forall x,y € (0,1);
(ii) converges in the L' (0,1)?-metric to f forall 0 < r < 1.

If we take p; =2 foreach j € N, the Vilenkin system reduces to the Walsh system,
so Moricz’s result [9, Theorem 1] follows from our Theorem 1. Our second result is an
analogue of a result of Méricz [9, Theorem 2], for any multiplicative orthogonal series.

THEOREM 2. Let a double sequence {cjk}}’:’/:o satisfies the condition (11) and
for p=2, (15), ‘

=

Z |Asocji| s finite for each k and tendsto 0 as k — oo, (16)
=0
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and

2 |Aoacji| s finite for each j and tendsto 0 as j— oo. (17)

k=0
Then the series (1)

(i) converges regularly to some function f(x,y) forall x,y € (0,1);

(ii) converges in the L' (0,1)>-metric to f forall 0 < r < 1/2.
3. Proofs

For proving our results, we need the following lemmas.

LEMMA 1. [9, Lemma 1] If {c;x}{;_ satisfies the condition (11) and for p,q >

1)
Cpg= D, X, [Apgcj| <o (18)
j=0k=0
then
Z [Apg1cik] <Cpg (k=0,1,2,...),

Z\Ap7q,lcjk|—>0 as k— oo,
=0

sup Y |Apg—1cjt] =0 as m— oo
j=m

Analogous statements hold true for A,y 4¢ i under the same conditions (11) and (18)

if the roles of j and k are interchanged.

LEMMA 2. [9, Lemma 2] Let {aj};;_o and {bj}7;_o be two double sequences
of numbers and B, = Z'J" 0 2i—objk (m,n=0,1,...) be the rectangular partial sums

of {bji}. Then, for all Oim <_M and 0 <n <N,

Z Zb ik jk = Z ZB iAr1aj + Z BjnAjoaj 1 — Z Bjn—1A10an

Jj=mk=n Jj=mk=n Jj=m
N N
+ Z BykAoray1 x — Z B 1 kAot @i + Bunam+1,8+1
k=n k=n

—Byp—1am+10— Bu—t NamN+1+ B 1 n—1@mn.
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LEMMA 3. [9, Lemma 3] If {cji} satisfies the condition (11), then for all m,n >
O)

2 bjkajk = 2 BjkAllajk - 2 BjnAIOal n+1
R’Tl’l R’Tl’l

- 2 Bk Ao1@ms1 k — Bunlmy1 nt 1,
k=0

where Ry = {(j,k) € Zy X Zy : either j >m+1ork>n+1} and Y, stands for
DI I

(k) ERmn

mn

Proof of Theorem 1. Proof of (i). Let 0 <m < M and 0 < n < N. By using the
notation (10) and Lemma 2, we have

S(R'x y)
= Z ZD (V) Ar1Cji+ ZD Dy (y)Arocjn+1 — ZD ()A10¢jn
j=mk=n j=m

N
+ Z Dyt (x)Dr(y)Aorcms 16— 2, D1 () Dy (¥) Aotk + car1.8+1Daa (x) Dy (y)
k=n k=n

- CM+1,nDM(x)Dn—1 (y) - cm,N+le—1 (x)DN ()’) + crnDim—1 (x)Dn—l (y) (19)
By using (6), for x,y € (0,1), we get

M N
B 2xy|S(Rix,y)| < Y Y [Anicu|+ Z |Atocj+1n| + Z |A10C i

Jj=mk=n Jj=m j=m
N N

+ 2 lAoremsixl + X [Aoremi] + lemri vl
k=n k=n

+ |em+1,0] + [cmpnr1] + |Conl-

Since {c jk};i,':o satisfies conditions (11) and (15), making use of Lemma 1 (with p =
q = 1) we can see that each term on the right-hand side tends to zero as max(m,n) — eo.
Thus, the series (1) converges to the some function f(x,y) forall x,y € (0,1).

Proof of (ii). From (i) above the series (1) converges pointwise to the function f,
that is,

x,y) = i i X () x(v)
=0k=0

for all x,y € (0,1). Therefore

f(x,y) Sn x y chkXJ

Rinn
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By Lemma 3,
> ciexi(x) =Y D;(x)Di(y)Aricjr— ZD Dy(y)A10¢) n+1
an Rmn .]_0

n
- Z D, (X)Dk (y)AOICIn+1,k — Dy, (X)Dn (y)Cerl,nJrl . (20)
k=0

By using (6), for all x,y € (0,1), we get
Bi2xy|f(x ¥) = Smn(x,)]

<Y Al + Z |A10Cj nt1| + Z |Ao1Cm 1 k] + [€mr1 1]
Riun j=0 k=0

The right-hand side is of o(1) as max(m,n) — e due to (15) (for p =1), Lemma I,
and (11). Now, for x,y € (0,1) and 0 < r < 1, we have

2 r
|f(x7y) _Smn(x;)’)|r < {0(1)}r{B—} .

xy

Therefore

1
//|fxy Sn(x,9)|"dxdy < o(1) B2r//dxdy

=o(1)B* i —r)z'

Hence ||f — Syu||- — O as max(m,n) — . This completes the proof. [

Proof of Theorem 2. Proof of (i). Performing one more summation by parts on the
right-hand side double sum of (19) and using the definition of Fejér kernel, we get

2 2 Dj(x)Di(y)Ancje

Jmkn

= Z Z;FJ VkFy (v)Agac j + Z JF;j(x)NEy(y)Az1¢j n+1

Jj=mk=n j=m
M

— Y JFi(x)(n—1)F—i(y)Aicjn+ ZMFM VkF (¥)Ar2¢m 11 1
j_’” k=n

- 2 (X)kFi (y)Ar2Cmk + Avicys i v+ 1 MFy (x)NFy (y)

—A11€M+1,nMFM(X)(n— DE,—1(y) — Aticmn+1(m—1)Fy_iNFy(y)
+Allcmn(m_1)Fm—l( )(n_l) n— 1()’)
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Using (7), for x,y € (0,1), we have

(C1Cy) ~1x%y? 2 ED (Y)Aricji
Jj=mk=n
Z Z |A220jk’ + Z ’A21C1 N+1| + Z ’A21C1n| + Z |A12€M+1k|
Jj=mk=n j=m k=n

+ Z |Ar2Cuk| + [Aricpmri N 1]+ At g
k=n
By virtue of (15), Lemma 1 (with p = ¢ =2), and (11), respectively, the right-hand
side tends to zero as max(m,n) — eo.

Now, we claim that each of the four single sums on the right-hand side of (19)
tends to zero as max(m,n) — oo, for all (x,y) € (0,1). We show that in the case of the
first single sum. All three other single sums can be estimated analogously. Performing
summation by parts

Z Dj( () Arocjn+1
j=m
M
= Y JjFj(x)Dn(y)A20¢;n+1 + MFy(x)Dy (¥)Atocu n+1
Jj=m
— (m—1)Fy—1(x)Dn (y)AroCmn-+1- 1)

Using (6) and (7), we have

y| Y, D; (Y)ArocjN+1
j:

M
2 |Agocinst |+ lemnet ]+ [Arocmns1]-

By using of (16) and (11), the right-hand side tends to zero as max(m,n) — co. Finally,
the last four terms on the right-hand side of (19) also tend to zero as max(m,n) — oo, by
using (6) and (11). Combining all estimates, we have S(R;x,y) — 0 as max(m,n) — oo,
for (x,y) € (0,1). Hence, the series (1) converges regularly to some function f(x,y),
for (x,y) € (0,1).

Proof of (ii). Here, we start with (20). By applying Lemma 3 on the first sum on
the right-hand side of (20) and using the definition of Fejér kernel, we get

Y Dj(x)De(y)Aricj = Y, jFj(x)kFi(y)Ancjx — ZJF (V)A21¢jnt1
Rin Rinn

—ZmF X)kE(y)A12Cmi1 e — mEp(X)nFy () A11Cmtt pgi -
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By using (7), for all x,y € (0,1), we have

ZD Anci| <Y, |Anci] + Z |A21¢j i |+ Z |A2Cmi1k

mn

+ |A11€m+1,n+1| :

C1C2

Due to (15) (for p =2), Lemma 1, and (11), the right-hand side of the above inequality
is of o(1) as max(m,n) — oo. Therefore, for x,y € (0,1) and 0 < r < 1/2, we have

Ik

1Ll
dxdy<( D) {CICY /0 /0 e

_ (&)
(1-2r)2

2 D X)Di(y AIIC;k
le‘l

o(1). (22)

Similar to (21), a single summation by parts on the second single sum on the right-hand
side of (20) and using the definition of Fejér kernel, we get

ZD ()A10Cjnr1 = ZJF (¥)A20€; 41+ mFr(X) D () A10Cmnt1-

By using (6) and (7), for x,y € (0,1), we have

2 m
X
21> D (0)Du () A1 i1 | <

m
CiB e g |A20¢ns1] + [Atocmp1] -

The right-hand side is of o(1) as max(m,n) — oo due to (16) (for p =2) and (11).
Therefore, for x,y € (0,1) and 0 < r < 1/2, we have

I

-
dxdy < (o(1))"{C1B}" / / x2r r

(C,1B)"

)AIOC/ n+1

Similarly, we can estimate the third single sum of the right-hand side of (20) by

I

,

dxdy < (0o(1)){BC}" / /
_ (BGy)"

(I1-2r1-r)

For the last term on the right-hand side of (20), using (11), we have

/ / |Dm Cm+1 n+l| dXdy < rBZr/ / _dXdy
2

BT . 25)

(V) A01Cm 1k

o(1). (24)
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Note that for 0 < r < 1/2, (a+b)" <a"+b" forall a,b > 0. By using all the estimates

(22)-

(25) in (20), as max(m,n) — o we have

1 rl r
/0 /O %Cjk%/(ﬂxk(y) dxdy = o(1).

Therefore, ||f — Sun|| — 0 as max(m,n) — o for 0 < r < 1/2. That is, the series
(1) converges in the L'(0,1)?-metric to f for all 0 < r < 1/2. This completes the
proof. [
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