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LACUNARY STATISTICAL MEASURABLE CONVERGENCE
WITH APPLICATION TO KOROVKIN-TYPE THEOREM

KULDIP RAJ, SANJEEV VERMA, SWATI JASROTIA
AND MOHAMMAD MURSALEEN *

Abstract. The purpose of the article is to investigate the concept of lacunary statistical mean
convergence, lacunary statistical measurable convergence and lacunary statistical Lebesgue mea-
surable convergence. We demonstrate an advanced perception to Korovkin-type theorem with
the help of three algebraic test functions by means of lacunary statistical Lebesgue measurable
convergence.

1. Introduction and preliminaries

The theory of statistical convergence was initially presented by Fast [6] and Stein-
haus [29] independently. Rath and Tripathy [28] studied statistical convergence from
sequence spaces point of view. The concept of statistical convergence was further in-
vestigated by Connor [3], Fridy [7], Miller and Orhan [17], Jena et al. [10], Ince and
Karagal [9], Kadak and Mohiuddine [13], Raj and Choudhary [26] and many more. For
detailed studies involving statistical convergence one may refer [12], [27].

Let T C N such that T,, = {n:n <mandn € T}. Then the asymptotic density of

T is defined as

T
d(T) = lim [Tl

m—oo  m

)

where |T,,| is cardinality of the enclosed set and d(T') is finite. A sequence z = (zx )xeN
is said to be statistically convergent to zg, if for given € > 0,

T; ={n:neNand |z, — 20| > €},

has zero density (see [0], [29]), which implies that

T
d(T;) = lim M =0, where Tpp={n:n<mmneTl}.

m—oo m
We may write it as
St lim z, = z.

m-—oo
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For more results on statistical convergence one may refer [4], [5], [12], [18], [26].
Consider a measure space (T,XZ, ). Then a sequence g, : T — R of measurable
functions (MF) is said to be measurable convergent (MC) to g for a given € >0,

Tim ({1 €T ¢ |gn(l) — 2(1)| > €}) = 0.

‘We write it as
g lim g, =g.
m—oo

EXAMPLE 1. Let X =[0,1] and u be the Lebesgue measure on X . Then define
a sequence of functions as:

m, ifle0,1];
1) = m
gnll) {0, otherwise.

Each g,, is a simple function (taking only two values, m and 0), and its pre-images
g ({m}) =[0,5], &' ({0}) = (5, 1]

are intervals in [0, 1], hence they are Lebesgue measurable sets. Therefore, (g,,) is a
sequence of measurable functions.
1
Now, lim u({l €T : [gm(]) —g()| > €}) = lim — =0.
m—oo m—oo m
Hence, {g,;} is measurable convergenceto g =0.

Throughout the paper, we denote sequence of measurable functions by (SMF)
and measurable function by (MF). A SMF (g,) is known as statistically measurable
convergent (Styc) toa MF g, if

lim L {n:n<mand p({l €T : |gu(l) —g(1)] > £}) > 8}| =0,

m—oo ;M

for given €,0 > 0. We may write it as
Stucgm(l) — g(1).
For detailed study on measurable convergence one may refer [&].

EXAMPLE 2. Let X = [0,1] and u be the Lebesgue measure on X . Then define
a sequence of functions as:

() = 1, if nis square;
Enlt) = 0, otherwise.

forall [ € [0,1] and let g be the zero function, i.e., g(I) =0 forall / € [0, 1]. Then

lim Hn:n<mand u({{ €T :|ga(l)—g(l)| > €}) = 6} < lim @

m—oo m m—oo M

=0.

Hence, (Styc)-limg, (1) =0.
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Lacunary sequence is an increasing integer sequence 6 = (¢,) such that h, =1, —
t,_1 — oo as r — oo, We denote the interval determined by 60 as I, = (¢,_1,t,]. Consider
T CN and r € N. Then the 7" -partial density of T is denoted as &}(T) if

TN

8(1) = =

A number 0g (7)) is said to be lacunary density of T if
1
0p(T) = lim h—\{t €liteT}, (6o(T)=1im8)(T))
r—co ], F—00

exists.

Jena et al. [11] introduced new approach of Korovkin type approximation via
deferred Cesaro statistical measurable convergence. After that, Khan et al. [14] estab-
lished generalized version of Korovkin type approximation theorem. Recently, Narra-
nia et al. [25] studied statistical measurable convergence with respect to power series
for double sequences.

Korovkin [15] established a significant result known as the Korovkin theorem.
This theorem demonstrates how a continuous function defined on a compact metric
space can be uniformly approximated by a sequence of positive linear operators. Over
time, the theorem has gained considerable importance across various fields of mathe-
matics. This research inspired our study, leading us to explore the concepts of statis-
tically measurable convergence and statistically Lebesgue measurable convergence by
means of lacunary sequences for real-valued functions. Additionally, we examine the
connections between these types of convergence. Utilizing these concepts, we establish
Korovkin-type approximation theorems.

2. Statistically lacunary measurable convergence

DEFINITION 1. A sequence (g,) of functions is lacunary statistically convergent
(Stc) to real function g, if

1
lim —|{¢:4,_; <t <t and|g-(r)—g(t)| > €} =0,

F—o0 hr

for given € > 0. It is represented as
Strelimg, = g.
r—so0

DEFINITION 2. A SMF (g,) is called as statistically lacunary measurable con-
vergent (Stzyc) toa MF g, if for given €,0 > 0

lim hi|{t oy <t<trand u({r €T :|g (t)—g(t)|>€}) =6} =0.

r—oo

We may write it as
Stiyvc gr(t) — g(t).
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THEOREM 1. If Styc g,(t) — g(t), then Stpyc g-(t) — g(1).

Proof. Consider an arbitrary real number € > 0. Then from Definition 1, we get

11m—|{t t—y <t <t and |g.(r)—g(t)| > €} =0. (1)

r—>oo

Consider €,8 > 0. Therefore,
{t:tyy<t<trandu({t €T :|g(t)—g(t)|>€}) =86} C V¥,

where W = {r:t,_; <t <t and |g-(r) —g(r)| > €}.
Then,

e <t<trandu({r €T :|g (1) —g(r)| > €}) > 6}
<|{r:tm1 <t <t and g (1) — g(t)| > €}

Thus

hlr\{t:t,_l <t<trandu({r €T :|g(t)—g(t)| >e}) >}

1

Sy sty <t <t and g () — (1)) > €}

Taking limit » — oo and from equation (1), we get Styyc g-(1) — g(¢). O

DEFINITION 3. The lacunary sequence ¢ =) is a lacunary reﬁnement of lacu-
nary sequence 0 = (1,) if (1) C (z,). In this case I, C I, where I, = (7, PN 7] and we
denote h’, = t; - tL 1

THEOREM 2. Let ¢ = (t.) be a lacunary refinement of 0 = (1,) such that the set
{t:t €I\ I} is finite for each r. Then Styyc g,(t) — g(t) implies Sty e &r(t) — g(1).

Proof. Consider € > 0,0 > 0 and Stzpyc g-(r) — g(¢). Consider the set

{to <1<t and p({t €T+ [g,(0) —g(1)| > €}) > 6}
—{t:1,_ <1<t and u({r € T : |g,(t) — g(t)| > €}) > 6}
U{t:t,y <t <t and pu({t €T :|g (1) —g(t)| > €}) > 6}
U{t:t.<t<t, and u({t €T :|g(t)—gt)| >e}) =8}
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The statistical version can be written as

1 ! !
e <o < (e T g, () —s0)) > €)) > 8
e |

< {6y <t <ty andu({r €T : [g(r) — g(r)] > €}) > 8}

fr1 =1

e <t <trandu({r € T: g (1) —g(1)| > €}) > &}

t; —lr—1

_|_

; _t,|{t:t; <t<trandu({reT:|g(t)—g(t) >¢€}) =8}

Taking r — oo, and using the hypothesis, we get

1 ! !
lim ———{¢:t,_, <t <t,andpu({r €T :|g-(t)—g(t)|>¢e}) =6} =0.

Rl MY
Hence,
Sty e &r(t) — g(t). O
3. Lacunary measurable statistical mean convergence

Let L°(T), for s > 1, be the space of all measurable functions g on T for which

the s-norm s
el = ( [ letauty)

is finite.

DEFINITION 4. A SMF (g,), r € N is said to be lacunary statistically mean con-
vergent (LMEC) for order s to a MF g, ifforall § >0

1
lim —|{r:t_; <t <t and||g,(t) —g(t)|s > 6} =0.

oo
We write it as

Stimec &-(t) — g(t).

DEFINITION 5. A SMF (g,), r € N is said to be lacunary statistically mean con-
vergent in measure (LMECM) for order s toa MF g, if forall £,6 >0

1
lim —[{r 1,1 <t <trand p({r € T : |lgr(e) —g(0)lls > €}) > 8} =0,

r—oo

We write it as
Stimecm &-(t) — &(1).
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THEOREM 3. If Styyec g-(t) — g(t), then Styyc g-(t) — g(t).

Proof. Consider SMF (g,) which is not LMEC of order s to a MF g. Then,
there exist €,0 > 0 such that Stzpc g,(f) — g() for infinite values of r. But we have

hm—|{t tr— <t <trand||g.(t) —g(t)||s = 0} =0,

which is a contradiction. Thus, Styyec g-(t) — g(¢) implies Stpc g-(2) — g(). O
THEOREM 4. Supposethat (t,—1), (), (t._,), (t.) be the sequences of non-negative
integers fulfilling (t,—1) < (t/_,) < (t) < (t].) such that

tr—1t—1
lim
F—00 t/

— =s5>0,
r—1

then Stimec 8-(t) — g(t) implies Stpypc g-(t) — g(t).

Proof. Suppose that § > 0 such that
{red +1<r </ and [lg,(t) — g(r)], > 8}
C it +1< 1 <1, and [lg, (1) — (1) > 8}
Clearly,
{red +1<r </ and [lg,(6) — g(r)], > 8}
<t +1< 1 <1, and [lg, (1) — (1) > 8}
Thus, we get
i+ 1<t <1 and g, (1) —g(1)[|s > 6}
V r—l

I —1—1
Y
l‘r—t tr 1r—1

{r:it+ 1<t <t and [|g (1) —g(t)|s > 8}-

Hence, taking limit » — oo on both sides, we get

1
hmit\{t t—1+ 1<t <tyand| g (1) —g(®)||s = 6} =0. O

r—o0 t/ —1

4. Lacunary statistical measurable convergence under integral
Considera MF g with finite positive values each on the measurable set {v,v;,---,

v, }. Throughout this section, let {@,} be a sequence of finite Borel measures on the
interval [0, 1]. For a simple measurable function

k
8= 2 viXGi7
i=1
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where v; > 0 and G; are measurable sets, the integral of g with respect to @, is defined
in the standard way as

1 k
/0 gdo,= Evi (Pr(Gi)~
i=1

This definition extends to non-negative measurable functions g via the usual approx-
imation by simple functions, and to real-valued functions by considering positive and
negative parts.

DEFINITION 6. Suppose that {¢3(¢)},cn is the sequence of finite Borel measur-

able functions on [0,1]. Then {¢3(¢)},cn is called statistically Lebesgue measurable
convergentto a MF ¢ on [0, 1], if

1 1
{t :t<randu(t eT: '/ gdq),—/ gdq)' >s> > 6},
0 0
for every g € C[0,1] and &,8 > 0 has zero natural density, i.e.,

1
lim —

r—oo

{t:t<randu<t€T:’/Olgdq),—/olgdq)’>£> 26}’:0.

We write it as
1 1
Stayc lim / edd, — / gdo.
r—e Jo 0
DEFINITION 7. Suppose that {¢3(¢)},en is the sequence of finite Borel measur-

able function on [0, 1]. Then {¢?(¢)} <y is called lacunary statistically Lebesgue con-
vergenttoa MF ¢ on [0, 1], if for every g € C[0,1] and € > 0,

1 1
{t:t,_l <t gtrand‘/ gd(br—/ gd(b‘ 28},
0 0
has zero natural density, i.e.,

{t:t,_l<t<trand)/01gd¢r—/01gd¢)28})20.

1
lim —
1mh

F—oo r

We write it as
1 1
Stgrc lim / ¢dd, — / gdo.
r—e /o 0

DEFINITION 8. Suppose that {¢{(7)},en be the sequence of finite Borel measur-
able functions on [0, 1]. Then {?(7)},cn is called lacunary statistically Lebesgue mea-
surable (BLMC) convergentto a MF ¢ on [0,1], if for every g € C[0,1], J€,6 >0,
S.t.

{t:tr,l <t<trandu<tET:‘/Olgd(b,—/olgd(b‘ >e) 25},
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has zero natural density, i.e.,

r—oo

1 1 1
limh—‘{t:tr,l<t<t,andu(teT:)/ gdq),—/ gd¢)>8>>5}=0.
r 0 0
We write it as

1 !
Stermc lim/ gd¢r—>/ gdo.
r—eo Jo 0

THEOREM 5. Suppose that {$?(t)} be the sequence of finite Borel measurable
functions such that Stpc folgdq), — folgd(b. Then Stgryc folgd(br — folgdq).

Proof. Let Stpic fol gdo, — fol gd@, then from Definition 7, let € > 0 be such
that

1 1 1
lim—){t:tr,1<t<trand‘/ gdq),—/ gdq))}g}‘:o,
hy 0 0

r—o0

For given €,0 > 0,

{t:tr,l <t<trandu<{t€T:’/Olgd(b,—/olgd(b‘ >e}> 25}’

1 1
{t:tr,1<t<t,and‘/ gdq),—/ gd(b‘}&‘}‘.
0 0

1
lim —

r—o f,.

1
C lim —

r—e f,.

Hence, by Definition 8 we have Stpryc fol gdo, — fol gdo. O

THEOREM 6. Suppose that (g,) be the sequence of non-negative MF and g be a
MF such that

1 1
StBLMC}EE/(; gd¢r—>/0 gdg.

Then
1 1
Steryvic hm/ gd(P < StBLMcliminf/ grd¢~
r—e Jo F—s00 0

1
Proof. Let Stpryvc lim/ gd@ < oo and
r—o /0

1 1
Steryvic hm/ gd(P > Stpryc lim 1nf/ grd¢.
r—e /0 r—oo 0
Then there exists 6 and (r;) such that for each i

1 1
Stanc lim [0 < Stawyc limint | g9 8.
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Since Stprmc lim g, — g, so let Stpryc lim g, — g. Then there exists a subsequence
F—o0 F—o0

(r;) such that Stpryc rh_)n; gr, — g. Therefore, we get a subsequence (r;) of (r;) such

that Stprmc lim g, — g. Now, from Fatou’s lemma
Fr—o0 i

1
Starmc rli_{lolc/gd(l> < SZBLMC}LH}Qin/() g/do

which is a contradiction.

Next, we suppose that Stpryc limy .. [ gd@ = e and Stpryc lim, o inf fol grdp <
co. Then there exists N > 0, and also suppose that a subsequence (g) such that
Stgrmclim, oo [ gr,d@ < N. Moreover, we get a subsequence (r/) of (r;) such that
Stprmclimy .. g, — g. From Fatou’s lemma, we get Stgpyc liminf [ g,, d¢ = oo, which

is again a contradiction. [

5. Application to Korovkin-type approximation theorem

One of the most powerful results in approximation theory is Korovkin’s theorem.
Several variants of this theorem have been intensively studied by many authors by ap-
plying different summability methods (see [1], [2], [16], [20], [21], [22], [23], [24]).
The next result is the Korovkin type theorem for our method.

THEOREM 7. Suppose that €|0,1] be the space of all real valued continuous
Sunctions and v : €[0,1] — €[0,1] is the Borel measures (finite) lies between [0, 1].
Then, for all g € €10,1]

1
Stanc lim [ g(0)5(0) = g(c) @
if and only if
[ .
Stprvc hm/ t’uf(t) —7Zz, 1=0,1,2. (3
r—eo J(

Proof. For t' ={1,t,1>} € €[0, 1] which is continuous, (2) = (3) is trivial. There-
fore, it is sufficient to prove only if part where we first take (3) is true. Consider
g € €[0,1] be such that |g(z)| < M, where M is a constant. We get

d(g(1),8(z)) <2M, 1,z €0,1]. ©)
where the symbol d(-,-) denotes the usual metric on the real numbers, i.e., d(a,b) =

|a—D|.
For given € > 0, we have

d(g(t),8(z)) <k, (5)
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whenever d(t —z) < &, for all ¢ and z € [0,1]. Choose ©; = 0(t,z) = (t —z)*. If
d(t—z) > 6, then

a(s(0),8(2)) < 227-01(0,2). ©

From (5) and (6), we obtain

d(g(0),8(2) < £+ 223-01(4,2),

which implies that

2H 2
— &~ —301(1,2) <d(g(t) —(2) S e+ =501 (1,2). (7

However, fol du’(t) is linear and monotone, so by using fol du’(t) to this inequality, we

get
/ diid( / diid( —5(2)) ®)
g/o diid(r) s+7®l(m)). )

Also, z is fixed and so is g(z). Therefore,

—S/OIduf(t)— /®1du /g 1)du’( /du (10)

s/o dui(t)+?/o Owdii(r). (1)
But

[ et - ()= [ [ s - gta) [ aio| | [ @i -

12)
Using (10) and (12)

/Olg(t)duf(t)—g(z) <e/01du§(t)+25—jf/()1@141”5(;)+g(z) [/Olduf(t)—l] (13)

Now, we estimate fol 0dui(1) as

+8(2)

/0 O (1) = /O = 2 (r) = /O 242 2 ()

B /oltzduf(t) - 22/01 tdu; (1) +z2/0l dui(t)
- (/Olzzdui(»—zz) —2z</01tdu§(t)—z> +22(/01du§(t)— ).
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Now, from (13), we obtain

/Olg(t)duf(t) —g(2) < s(/oldug(t) - 1) te
+25—jf{ (/Oltzdui(t) —z2> —Zz(/oltdui(t) —z)
+zz</()lduf(t)— 1)}+g(z)(/oldu§(t)— 1.
Thus, we can write

‘/Olg(t)dui(t)—g(z)’ <et (e+25—‘}f+M /ldui(z)— 1‘

| a4+ ] [

/Oduf(t)—l‘—i-)/o tdui(t)—z)—i—‘/o tzdui(t)—zz]

where

27 A0 27A°
S:maX(S‘F?‘F%,?,?)

Now, for given w > 0, there exists €,0 > 0 for which € < w, then set

Y, (z,w) = {t o <t <t and,u()/olg(t)duf(t) —g(z)) > w)} >4

and for i =0,1,2

WY, (z,w) = {t o <t <ty andu()/()ltiduﬁ(t) —7|> W3_SS>} > 0.

Thus, we get

Therefore,

¥ (2 w)llepo.) i [Wir(z,w) 0.1
=ty 5 h—t

Hence, by using (3) and Definition 7, the R.H.S of (14) tends to zero as r — co.

lim ¥ (z,w) ll¢j0,1)

r—ee Ir—1—1

=0, 6,w>0.

Hence, (2) holds true. [
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6. Conclusion

Upon prior analysis, we modified the study of Jena et al. [11] and investigated
various aspects of statistically measurable convergence and statistically Lebesgue mea-
surable convergence by means of lacunary sequences. We demonstrated some theo-
rems by introducing certain relationship among lacunary statistical mean convergence,
lacunary statistical measurable convergence and lacunary Lebesgue measurable con-
vergence. As an application we studied a new version of Korovkin-type approximation
theorem. As a future work, we can study Egorov’s theorem by means of lacunary sta-
tistically Lebesgue measurable convergence.
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