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PROPERTIES OF GENERALIZED JACOBI ELLIPTIC

FUNCTIONS WITH THREE PARAMETERS
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Dedicated to Professor Yoshitsugu Kabeya on the occasion of his 60th birthday

Abstract. Jacobi elliptic functions and complete elliptic integrals are generalized using three pa-
rameters. These generalized functions and integrals are closely related to ordinary differential
equations involving p -Laplacian. In this paper, Wallis-type integral formulae are constructed
for the generalized Jacobi elliptic functions. Moreover, for the generalized complete elliptic
integrals, a Legendre-type relation is derived, which is equivalent to Elliott’s identity for Gaus-
sian hypergeometric series, along with its implications. In addition, nontrivial inequalities on
binomial expansions of generalized Jacobi elliptic functions are given.

1. Introduction

Jacobi elliptic functions and complete elliptic integrals are very useful tools in
expressing exact solutions of differential equations. For example, the Jacobi elliptic
function y = sn(x,k) with modulus k ∈ [0,1) and the complete elliptic integral of the
first kind K(k) satisfy the differential equation and the boundary conditions:{

y′′ + y(1+ k2−2k2y2) = 0,

y(0) = y(2K(k)) = 0.
(1.1)

Nonlinear differential equations of this kind frequently appear in models describing
bistable phenomena, and their solutions are expected to be expressible in terms of
sn(x,k) and K(k) .

In this paper, we consider generalizations of Jacobi elliptic functions and of com-
plete elliptic integrals by adding some parameters. The generalized Jacobi elliptic func-
tions (GJEFs) and the generalized complete elliptic integrals (GCEIs) satisfy nonlinear
ordinary differential equations involving p -Laplacian. For instance, y = snp,q,p∗(x,k)
and Kp,q,p∗(k) , which are defined in Section 2, satisfy⎧⎨

⎩(|y′|p−2y′)′ +
(p−1)q

p
|y|q−2y(1+ kq−2kq|y|q) = 0,

y(0) = y(2Kp,q,p∗(k)) = 0,
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where p,q are parameters greater than 1. When p = q = 2, it coincides with (1.1). In
fact, the GJEFs we are dealing with involve three parameters and satisfy more general
equations, for example, (3.1)–(3.6) below.

The GJEFs include the generalized trigonometric functions (GTFs), which were
proposed by Lindqvist [17] and Drábek and Manásevich [9] as the case k = 0. In the
last decades, GTFs have been the subject of active research, not only in terms of its
mathematical properties, but also for their physical applications. For instance, GTFs
have been used to study nonlinear spring-mass systems in Lagrangian Mechanics [25];
to describe human tooth vibration properties [24, 7]; to describe nonlinear oscillations
[8, 13]; to provide the generalized stiffness and mass coefficients for power-law Euler-
Bernoulli beams [20]; in quantum gravity [19]; in quantum graphs [1]; to express some
exact solutions of a nonlinear Schrödinger equation [14]; and very recently in informa-
tion theory [18]. GJEFs and GCEIs have also been studied mathematically since they
were proposed by the third author [21]. See, for example, the survey [26] by Yin et al.
It is expected that GJEFs and GCEIs will be applied to various sciences in the future,
just as GTFs have been.

In the following while, two classical topics on Jacobi elliptic functions and com-
plete elliptic integrals will be presented. Specifically, we will discuss the integral value
of powers for Jacobi elliptic functions and the Legendre relation for complete elliptic
integrals.

First, we discuss the integration of powers for Jacobi elliptic functions. When
calculating the value of norm for a Jacobi elliptic function, it is necessary to integrate
the powers of that function. In particular, when the modulus is zero, the Jacobi elliptic
function becomes a trigonometric one, and the integral of powers for the function can
be computed by using the famous Wallis integral formula:

∫ π/2

0
sin2n xdx =

∫ π/2

0
cos2n xdx =

(2n−1)!!
(2n)!!

π
2

,

∫ π/2

0
sin2n+1 xdx =

∫ π/2

0
cos2n+1 xdx =

(2n)!!
(2n+1)!!

.

(1.2)

On the other hand, when the modulus is not zero, it can be computed by the recurrence

formula: In = In(k) :=
∫ K(k)
0 snn (x,k)dx satisfies

(n+3)k2In+4− (n+2)(1+ k2)In+2 +(n+1)In = 0 (n = 0,1,2, . . .). (1.3)

This formula with the initial values of In (n = 0,1,2,3) are given in [5, 310.00–310.06].
However, no formula making the integral of powers for Jacobi elliptic functions explicit
seems to be known.

Next, we discuss the Legendre relation. It is well known that the complete ellip-
tic integrals of the first kind K(k) and of the second kind E(k) satisfy the Legendre
relation:

E(k)K′(k)+K(k)E ′(k)−K(k)K′(k) =
π
2

for all k ∈ (0,1) , (1.4)
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where k′ :=
√

1− k2, K′(k) := K(k′) and E ′(k) := E(k′) . This nontrivial relation ap-
pears in all books on elliptic integrals and is also important in applications. For exam-
ple, in conjunction with the Gauss identity for arithmetic-geometric mean, it is used to
derive the Gauss-Legendre algorithm, a fast formula for computing approximations of
π . Legendre is said to have found his identity (1.4) by chance, but it is now known that
(1.4) implies that the Wronskian of K and K′ can be represented as

W (K,K′;k) = − π
2k(1− k2)

.

For this fact see, for example, the book [3, Lemma 3.2.6, but the coefficient x(1−x) of
y′′ is missing] by Andrews et al. In fact, the identity corresponding to (1.4) has been
obtained for GCEIs in [23] by the third author, but the meaning of the identity remained
unclear in that paper.

The purpose of this paper is to generalize Wallis’ formula (1.2) for integrals of
Jacobi elliptic functions and Legendre’s relation (1.4) satisfied by complete elliptic in-
tegrals to GJEFs and GCEIs. In addition, nontrivial inequalities on binomial expansions
satisfied by GJEFs are given. Although there have been numerous studies of GJEFs and
GCEIs, most of them have two or fewer free parameters (see [26]) . There are few stud-
ies of those with as many as three free parameters, as far as we know. We only know
that the third author [23] generalizes the Legendre relation, and Yin, Lin and Qi [27]
investigate monotonicity, convexity, and inequalities.

This paper is organized as follows. In Section 2, we introduce some known special
functions and generalizations of trigonometric functions, Jacobi elliptic functions, and
complete elliptic integrals, which are the subject of our discussion in the present paper.
In Section 3, we show that each of these generalized functions satisfies certain nonlinear
ordinary differential equations. In Section 4, we construct Wallis-type integral formulae
for powers of GJEFs. As examples, we give some integrals of powers of classical
Jacobi elliptic functions. In Section 5, we generalize the Legendre relation satisfied by
complete elliptic integrals to GCEIs by giving its implications. In Section 6, we give
nontrivial inequalities on binomial expansions satisfied by GJEFs.

2. Preliminaries

In this section, we define generalizations of trigonometric functions, Jacobi elliptic
functions, and complete elliptic integrals. We also recall Gauss’s hypergeometric series
and Appell’s hypergeometric series.

Let p,q > 1 and s∗ := s/(s−1) for s > 1 so that 1/s+1/s∗ = 1. We define

Fp,q(x) :=
∫ x

0

dt

(1− tq)1/p
(x ∈ [0,1]),

and

πp,q := 2Fp,q(1) = 2
∫ 1

0

dt

(1− tq)1/p
=

2
q
B

(
1
p∗

,
1
q

)
,
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where B is the beta function

B(x,y) :=
∫ 1

0
tx−1(1− t)y−1dt (x,y > 0).

Since Fp,q is an increasing function from [0,1] to [0,πp,q/2] , the inverse function of
Fp,q from [0,πp,q/2] to [0,1] is denoted by

sinp,q x := F−1
p,q (x).

Moreover, we define
cosp,q x := (1− sinq

p,q x)1/p.

It is easy to check the properties: for x ∈ (0,πp,q/2) ,

cosp
p,q x+ sinq

p,q x = 1,

(sinp,q x)′ = cosp,q x,

(cosp,q x)′ = − q
p

sinq−1
p,q xcos2−p

p,q x,

(cosp−1
p,q x)′ = − q

p∗
sinq−1

p,q x. (2.1)

For simplicity of notation, define πp := πp,p , sinp x := sinp,p x and cosp x :=
cosp,p x . Readers can find more information about generalized trigonometric functions
in the references [9, 15, 16, 17, 26].

Similarly, for p,q,r > 1 and k ∈ [0,1) , we define

Hp,q,r(x,k) : =
∫ x

0

dt

(1− tq)1/p(1− kqtq)1−1/r

=
∫ Fp,q(x)

0

dθ
(1− kq sinq

p,q θ )1−1/r
(x ∈ [0,1]),

and the complete (p,q,r)-elliptic integral of the first kind

Kp,q,r(k) : = Hp,q,r(1,k) =
∫ 1

0

dt

(1− tq)1/p(1− kqtq)1−1/r
(2.2)

=
∫ πp,q/2

0

dθ
(1− kq sinq

p,q θ )1−1/r
.

The generalization of the complete elliptic integral K(k) to three parameters, Kp,q,r(k) ,
was first studied in the third author’s paper [23]. Since Hp,q,r(·,k) is an increasing func-
tion from [0,1] to [0,Kp,q,r(k)] , the inverse function of Hp,q,r(·,k) from [0,Kp,q,r(k)]
to [0,1] is denoted by

snp,q,r x = snp,q,r(x,k) := H−1
p,q,r(x,k).
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Moreover, we define

cnp,q,r x = cnp,q,r(x,k) := (1− snq
p,q,r(x,k))

1/p,

dnp,q,r x = dnp,q,r(x,k) := (1− kq snq
p,q,r(x,k))

1−1/r.

The generalizations of Jacobi elliptic integrals to three parameters were first defined in
the third author’s paper [22]. We call (p,q,r)-elliptic sine, -elliptic cosine, and -elliptic
delta for snp,q,r,cnp,q,r , and dnp,q,r , respectively. It is easy to check the properties: for
x ∈ (0,Kp,q,r(k)) ,

snp,q,r(x,0) = sinp,q x, cnp,q,r (x,0) = cosp,q x, dnp,q,r(x,0) = 1,

cnp
p,q,r x+ snq

p,q,r x = 1, (2.3)

dnr∗
p,q,r x+ kq snq

p,q,r x = 1, (2.4)

(snp,q,r x)′ = cnp,q,r xdnp,q,r x, (2.5)

(cnp,q,r x)′ = − q
p

snq−1
p,q,r xcn2−p

p,q,r xdnp,q,r x,

(dnp,q,r x)′ = − q
r∗

kq snq−1
p,q,r xcnp,q,r xdn2−r∗

p,q,r x,

(cnp−1
p,q,r x)

′ = − q
p∗

snq−1
p,q,r xdnp,q,r x, (2.6)

(dnr∗−1
p,q,r x)′ = −q

r
kq snq−1

p,q,r xcnp,q,r x. (2.7)

For example, the formula (2.5) is obtained by the differential formula for the inverse
function as (snp,q,r x)′ = 1/H ′

p,q,r(snp,q,r x,k) = cnp,q,r xdnp,q,r x .
In addition, the complete (p,q,r)-elliptic integral of the second kind is defined by

Ep,q,r(k) :=
∫ 1

0

(1− kqtq)1/r

(1− tq)1/p
dt =

∫ πp,q/2

0
(1− kq sinq

p,q θ )1/r dθ . (2.8)

For simplicity of notation, define Kp,q(k) := Kp,q,q(k) , Ep,q(k) := Ep,q,q(k) , Kp(k)
:= Kp,p,p(k) , and Ep(k) := Ep,p,p(k) .

REMARK 2.1. We define the (p,q,r)-amplitude function amp,q,r(·,k) : [0,Kp,q,r(k)]
→ [0,πp,q/2] by

x =
∫ amp,q,r (x,k)

0

dθ
(1− kq sinq

p,q θ )1−1/r
;

then

snp,q,r(x,k) = sinp,q(amp,q,r(x,k)).
cnp,q,r(x,k) = cosp,q(amp,q,r(x,k)),

dnp,q,r(x,k) = (1− kq sinq
p,q(amp,q,r(x,k)))1/r∗ .
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Finally, let us review some special functions. The gamma function defined by

Γ(s) :=
∫ ∞

0
xs−1e−x dx

is useful in calculating the value of the beta function:

B(x,y) =
Γ(x)Γ(y)
Γ(x+ y)

.

Gauss’s hypergeometric series is defined by

F(α,β ;γ;x) :=
∞

∑
n=0

(α)n(β )n

(γ)nn!
xn (|x| < 1)

and Appell’s hypergeometric series (of the first kind) by

F1(α;β ,β ′;γ;x,y) :=
∞

∑
m,n=0

(α)m+n(β )m(β ′)n

(γ)m+nm!n!
xmyn (|x|, |y| < 1).

These are undefined if γ equals a non-positive integer. Here, (ζ )n is the Pochhammer
symbol (or the rising factorial):

(ζ )n :=

{
1 (n = 0),
ζ (ζ +1) · · ·(ζ +n−1) (n = 1,2,3, . . .).

3. Differential equations for GJEFs

In this section, we discuss ordinary differential equations satisfied by the GJEFs.
The function snp,q,r x is an increasing function on the interval [0,Kp,q,r(k)] , as

mentioned in Section 2, and is extended to R as a 4Kp,q,r(k)-periodic odd function by
means of snp,q,r(−x) =−snp,q,r x and snp,q,r(x+2Kp,q,r(k)) =−snp,q,r x . We will also
call its extended function snp,q,r x , which is easily seen to be smooth in R . In the same
manner, cnp,q,r x and dnp,q,r x are extended to R by cnp,q,r(−x) = cnp,q,r x , cnp,q,r(x+
2Kp,q,r(k)) = −cnp,q,r x and dnp,q,r(−x) = dnp,q,r x , dnp,q,r(x+2Kp,q,r(k)) = dnp,q,r x ,
respectively. Then, cnp,q,r x is a 4Kp,q,r(k)-periodic even function and dnp,q,r x is a
2Kp,q,r(k)-periodic even (positive) function. For these extended functions, the proper-
ties given in the previous section can be easily extended by considering periodicity. For
α > 1, let φα(t) := |t|α−2t (t ∈ R\{0}); = 0 (t = 0) . Then, for example, (2.6) can be
modified as

(φp(cnp,q,r x))′ = − q
p∗

φq(snp,q,r x)dnp,q,r x.

THEOREM 3.1. (i) For x ∈ R , y = snp,q,r x satisfies

(φp(y′))′ +
q
p∗

φq(y)(1− kq|y|q)p/r∗−1
(
1+

p
r∗

kq−
(
1+

p
r∗
)

kq|y|q
)

= 0. (3.1)
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In particular, y = snp,q,p∗ x satisfies the Allen-Cahn-type equation :

(φp(y′))′ +
q
p∗

φq(y)(1+ kq−2kq|y|q) = 0. (3.2)

(ii) For x ∈ R , y = φp(cnp,q,r x) satisfies

(φq∗(y′))′ +
(

q
p∗

)q∗−1

φp∗(y)

× (1− kq + kq|y|p∗)q∗/r∗−1
(

1−
(

1+
q∗

r∗

)
kq +

(
1+

q∗

r∗

)
kq|y|p∗

)
= 0. (3.3)

In particular, y = φp(cnp,q,q x) satisfies

(φq∗(y′))′ +
(

q
p∗

)q∗−1

φp∗(y)
(
1−2kq +2kq|y|p∗

)
= 0. (3.4)

(iii) For x ∈ R , y = φr∗(dnp,q,r x) = dnr∗−1
p,q,r x satisfies

(φq∗(y′))′ +
(q

r

)q∗−1
kq∗yr−1

×
(

1− 1
kq +

1
kq yr

)q∗/p−1(
1−
(

1+
q∗

p

)
1
kq +

(
1+

q∗

p

)
1
kq yr

)
= 0. (3.5)

In particular, y = φr∗(dnp,p∗,r x) = dnr∗−1
p,p∗,r x satisfies the scalar-field-type equation :

(φp(y′))′ +
(

p∗

r

)p−1

kpyr−1
(

1− 2
kp∗ +

2
kp∗ yr

)
= 0. (3.6)

Proof. (i) Let y = snp,q,r x . As φp(cnp,q,r x),dnp−1
p,q,r x ∈C1(R) , we have φp(y′) ∈

C1(R) and

(φp(y′))′ = − q
p∗

φq(y)dnp−r∗
p,q,r x

(
dnr∗

p,q,r x+
p
r∗

kq|cnp,q,r x|p
)

= − q
p∗

φq(y)(1− kq|y|q)p/r∗−1
(
1+

p
r∗

kq −
(
1+

p
r∗
)

kq|y|q
)

,

i.e., y satisfies (3.1). When r = p∗ , (3.1) becomes (3.2).
(ii) Let y = φp(cnp,q,r x) . As snp,q,r x,dnq∗−1

p,q,r x ∈C1(R) , we have φq∗(y′) ∈C1(R)
and

(φq∗(y′))′ = −
(

q
p∗

)q∗−1

cnp,q,r xdnq∗−r∗
p,q,r x

(
dnr∗

p,q,r x−
q∗

r∗
kq|snp,q,r x|q

)

= −
(

q
p∗

)q∗−1

φp∗(y)(1− kq + kq|y|p∗)q∗/r∗−1

×
(

1−
(

1+
q∗

r∗

)
kq +

(
1+

q∗

r∗

)
kq|y|p∗

)
,
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i.e., y satisfies (3.3). When r = q , (3.3) becomes (3.4).
(iii) Let y = φr∗(dnp,q,r x) = dnr∗−1

p,q,r x . As snp,q,r x,φq∗(cnp,q,r x) ∈C1(R) , we have
φq∗(y′) ∈C1(R) and

(φq∗(y′))′ = −
(q

r

)q∗−1
kq∗ |cnp,q,r x|q∗−p dnp,q,r x

(
|cnp,q,r x|p− q∗

p
|snp,q,r x|q

)

= −
(q

r

)q∗−1
kq∗yr−1

(
1− 1

kq − 1
kq yr

)q∗/p−1

×
(

1−
(

1+
q∗

p

)
1
kq +

(
1+

q∗

p

)
1
kq yr

)
,

i.e., y satisfies (3.5). When q = p∗ , (3.5) becomes (3.6). �
We conclude this section by giving some remarks on (3.2). They are also given in

the third author’s paper [21].
When k = 0, (3.2) states that snp,q,r(x,0) = sinp,q x satisfies

(|y′|p−2y′)′ +
q
p∗

|y|q−2y = 0. (3.7)

This fact is well known in the eigenvalue problem of the p -Laplacian, due to Drábek
and Manásevich [9].

Let us assume that p > 1, and let k→ 1−0 in (3.2) with p replaced by 2p . Then,
we see that y = limk→1−0 sn2p,q,(2p)∗(x,k) = sinp,q x satisfies

(|y′|2p−2y′)′ +
2q

(2p)∗
|y|q−2y(1−|y|q) = 0. (3.8)

On the other hand, y = sinp,q x satisfies (3.7). This shows that an eigenfunction of p -
Laplacian can be a solution to an Allen-Cahn-type equation with 2p -Laplacian. For any
interval where y′ �= 0, this fact can be formally explained as follows. Since y = sinp,q x
is a C2 -function in this interval, (|y′|2p−2y′)′ = (2p− 1)|y′|2p−2y′′ . Furthermore, 1−
|y|q = |y′|p . Therefore, dividing both sides of (3.8) by |y′|p yields (3.7).

4. Integral formulae

In this section, we give several integral formulae for GJEFs, including Wallis-type
formulae. As an application, the integral formulae for classical Jacobi elliptic functions
are given.

THEOREM 4.1. Let p,q,r > 1 and k ∈ [0,1) . Then, for any a > −1, b,c ∈ R

and x ∈ [0,Kp,q,r(k)) ,∫ x

0
sna

p,q,r t cn
b
p,q,r t dnc

p,q,r t dt

=
1

a+1
sna+1

p,q,r xF1

(
a+1

q
;
1−b

p
,
1− c
r∗

;
a+1

q
+1;snq

p,q,r x,k
q snq

p,q,r x

)
. (4.1)
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In particular, for any a > −1, b > 1− p, c ∈ R and k ∈ [0,1) ,

∫ Kp,q,r(k)

0
sna

p,q,r t cn
b
p,q,r t dnc

p,q,r t dt

=
1
q
B

(
a+1

q
,
b−1

p
+1

)
F

(
a+1

q
,
1− c
r∗

;
a+1

q
+

b−1
p

+1;kq
)

, (4.2)

where F1 and F are defined in Section 2.

Proof. Assume a > −1, b,c ∈ R . Letting snq
p,q,r t = s , we have

∫ x

0
sna

p,q,r t cn
b
p,q,r t dnc

p,q,r t dt

=
1
q

∫ snq
p,q,r x

0
s(a+1)/q−1(1− s)(b−1)/p(1− kqs)(c−1)/r∗ ds. (4.3)

Here, it is known that for α > 0, β ,γ ∈ R and |x|, |y| < 1,

∫ x

0
sα−1(1− s)β (1− ys)γ ds =

xα

α
F1(α;−β ,−γ;α +1;x,yx)

(see [12, 5.8.2 (5)]). Hence, the right-hand side of (4.3) is

1
a+1

sna+1
p,q,r xF1

(
a+1

q
;
1−b

p
,
1− c
r∗

;
a+1

q
+1;snq

p,q,r x,k
q snq

p,q,r x

)
,

which implies (4.1).
Next, assume a > −1, b > 1− p, c ∈ R . Letting x → Kp,q,r(k)− 0 in (4.1), we

obtain

∫ Kp,q,r(k)

0
sna

p,q,r t cn
b
p,q,r t dnc

p,q,r t dt

=
1

a+1
F1

(
a+1

q
;
1−b

p
,
1− c
r∗

;
a+1

q
+1;1,kq

)
. (4.4)

Here, it is also known that if 0 < α < γ, γ > α + β and |y| < 1, then

F1(α;β ,β ′;γ;1,y) =
Γ(γ)Γ(γ −α −β )
Γ(γ −α)Γ(γ −β )

F(α,β ′;γ −β ;y)

(see [12, 5.10 (10)]). Hence, the right-hand side of (4.4) is

1
q
B

(
a+1

q
,
b−1

p
+1

)
F

(
a+1

q
,
1− c
r∗

;
a+1

q
+

b−1
p

+1;kq
)

,

which implies (4.2). �
If k = 0 in Theorem 4.1, we obtain the integral formulae for GTFs.
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COROLLARY 4.2. ([15, Theorem 3.1]) Let p,q > 1 . Then, for any a > −1, b ∈
R and x ∈ [0,πp,q/2) ,

∫ x

0
sina

p,q t cosb
p,q t dt =

1
a+1

sina+1
p,q xF

(
a+1

q
,
1−b

p
;
a+1

q
+1;sinq

p,q x

)
.

In particular, for a > −1, b > 1− p,

∫ πp,q/2

0
sina

p,q t cosb
p,q t dt =

1
q
B

(
a+1

q
,
b−1

p
+1

)
.

Proof. Since F1(α;β ,β ′;γ;x,0) = F(α,β ;γ;x) , letting k = 0 in (4.1) and (4.2)
yields the assertions. �

The next theorem has already been proved in [23], but the proof is easy enough
to state here. Note, however, that the definition of Kp,q,r(k) in [23] is slightly different
from the definition in this present paper.

THEOREM 4.3. ([23, p. 41]) Let p,q,r > 1 and k ∈ [0,1) . Then,

Kp,q,r(k) =
πp,q

2
F

(
1
q
,

1
r∗

;
1
p∗

+
1
q
;kq
)

,

Ep,q,r(k) =
πp,q

2
F

(
1
q
,−1

r
;

1
p∗

+
1
q
;kq
)

.

Proof. The formula for Kp,q,r(k) is obtained immediately by setting a = b = c = 0
in (4.2). However, the following allows us to prove the formulae for Kp,q,r(k) and
Ep,q,r(k) simultaneously.

Let α be any real number. Then, by the binomial series,

∫ πp,q/2

0
(1− kq sinq

p,q θ )α dθ =
∞

∑
n=0

(−1)n
(

α
n

)
kqn
∫ πp,q/2

0
sinqn

p,q θ dθ .

Clearly, (−1)n
(α

n

)
= (−α)n/n! . Moreover, from [15, Corollary 4] (or Corollary 4.5

below), ∫ πp,q/2

0
sinqn

p,q θ dθ =
(1/q)n

(1/p∗+1/q)n

πp,q

2
.

Hence,
∫ πp,q/2

0
(1− kq sinq

p,q θ )α dθ =
πp,q

2

∞

∑
n=0

(1/q)n(−α)n

(1/p∗+1/q)nn!
(kq)n

=
πp,q

2
F

(
1
q
,−α;

1
p∗

+
1
q
;kq
)

.

If α = −1/r∗ and 1/r in the above equation, we obtain Kp,q,r(k) and Ep,q,r(k) , re-
spectively. �
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By specializing (4.2) to a single function in the integrand and writing the powers
a, b as multiples of p and q with remainders, we will give integral formulae that
generalize the famous Wallis integral formula (1.2). Note that for dnp,q,r , the result
shows that there is no advantage in paying attention to the remainder of the power
divided by r , so it is written as the power c .

In what follows, 1∗ := ∞, πp,1 := 2p∗, π∞,q := 2.

THEOREM 4.4. (Wallis-type integral formula I) Let p,q,r > 1, k ∈ [0,1) and
n = 0,1,2, . . . . Then, for any R ∈ (−1,q−1] ,
∫ Kp,q,r(k)

0
snqn+R

p,q,r (t,k)dt =
(1/u)n

(R+1)(1/p∗+1/u)n

πp,u

2
F

(
1
u

+n,
1
r∗

;
1
p∗

+
1
u

+n;kq
)

,

where 1/u := (R+1)/q ; for any R ∈ (1− p,1] ,
∫ Kp,q,r(k)

0
cnpn+R

p,q,r (t,k)dt =
(1/v)n

(1/q+1/v)n

πv∗,q
2

F

(
1
q
,

1
r∗

;
1
q

+
1
v

+n;kq
)

,

where 1/v := (R+ p−1)/p ; for any c ∈ R ,

∫ Kp,q,r(k)

0
dnc

p,q,r(t,k)dt =
πp,q

2
F

(
1
q
,
1− c
r∗

;
1
p∗

+
1
q
;kq
)

.

Proof. Letting a = qn+R, b = c = 0 in (4.2), we have
∫ Kp,q,r(k)

0
snqn+R

p,q,r (t,k)dt =
1
q
B

(
n+

1
u
,

1
p∗

)
F

(
n+

1
u
,

1
r∗

;n+
1
u

+
1
p∗

;kq
)

,

where 1/u := (R+1)/q . Since

B

(
n+

1
u
,

1
p∗

)
=

(1/u)nΓ(1/u)Γ(1/p∗)
(1/u+1/p∗)nΓ(1/u+1/p∗)

=
u(1/u)n

(1/p∗ +1/u)n

πp,u

2
,

we obtain the formula of snp,q,r . The formulae of cnp,q,r, dnp,q,r are shown in a similar
way. �

If k = 0 in Theorem 4.4, we obtain the integral formulae for GTFs.

COROLLARY 4.5. ([15, Theorem 3.2]) Let p,q > 1 and n = 0,1,2, . . . . Then, for
any R ∈ (−1,q−1] ,

∫ πp,q/2

0
sinqn+R

p,q t dt =
(1/u)n

(R+1)(1/p∗+1/u)n

πp,u

2
, (4.5)

where 1/u := (R+1)/q ; for any R ∈ (1− p,1] ,
∫ πp,q/2

0
cospn+R

p,q t dt =
(1/v)n

(1/q+1/v)n

πv∗,q
2

,

where 1/v := (R+ p−1)/p.
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Proof. Letting k = 0 in Theorem 4.4 yields the assertions. �

COROLLARY 4.6. Let q > 1 and n = 0,1,2, . . . . Then,

∫ πq∗,q/2

0
sinqn

q∗,q t dt =
∫ πq∗,q/2

0
cosq∗n

q∗,q t dt =
(1/q)n

(2/q)n

πq∗,q
2

,

∫ πq∗,q/2

0
sinqn+q−1

q∗,q t dt =
∫ πq∗,q/2

0
cosq∗n+1

q∗,q t dt =
(1)n

(1/q+1)n
.

In particular, letting q = 2 yields the Wallis integral formula (1.2).

Proof. They are easily obtained by setting p = q∗ and R appropriately in (4.5) of
Corollary 4.5. When q = 2, (1.2) follows immediately from these formulae above if we
note that (1/2)n/(1)n = (2n−1)!!/(2n)!! and (1)n/(3/2)n = (2n)!!/(2n+1)!! . �

REMARK 4.7. From [15, Appendix], we know that

sinq∗,q t = cosq∗−1
q∗,q

(πq∗,q
2

− t
)

(t ∈ [0,πq∗,q/2]),

and the first equality in each of the formulae in Corollary 4.6 can also be proved from
that fact.

Next, we propose another Wallis-type integral formula that is different from The-
orem 4.4. In preparation for this, we will construct a recurrence relation that is useful
in its own right. Let

Ia = Ia(k) :=
∫ Kp,q,r(k)

0
sna

p,q,r (t,k)dt. (4.6)

Ia(k) satisfies the following recurrence relation.

THEOREM 4.8. Let p,q,r > 1 and k ∈ [0,1) . Then, for any a > −1 ,(
1
p∗

+
a+1

q
+

1
r

)
kqIa+2q−

(
1
p∗

+
a+1

q
+
(

a+1
q

+
1
r

)
kq
)

Ia+q +
a+1

q
Ia = 0.

(4.7)

Proof. From (2.3)–(2.7), we have

(sna+1
p,q,r xcnp−1

p,q,r xdnr∗−1
p,q,r x)′

= (a+1)sna
p,q,r x−

(
a+1+

q
p∗

+
(
a+1+

q
r

)
kq
)

sna+q
p,q,r x

+
(

a+1+
q
p∗

+
q
r

)
kq sna+2q

p,q,r x.
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Integrating both sides on [0,Kp,q,r(k)] , we obtain (4.7). �

In particular, in the recurrence relation (4.7), setting k = 0 yields the relation for
the case of GTFs, and setting p = q = r = 2 yields the relation for the case of classical
Jacobi elliptic functions.

COROLLARY 4.9. ([15], [5, 310.05, 310.06]) Ia =
∫ πp,q/2
0 sina

p,q t dt satisfies

Ia+q =
a+1

a+1+q/p∗
Ia.

Ia =
∫ K(k)
0 sna (t,k)dt satisfies

(a+3)k2Ia+4− (a+2)(1+ k2)Ia+2 +(a+1)Ia = 0.

We prepare symbols before stating another Wallis-type integral formula. We had
defined Kp,q,r(k) and Ep,q,r(k) for p,q,r > 1, but we extend them to q = 1 by the
equations (2.2) and (2.8) with q = 1 in their respective second integral expressions
from the last (i.e., expression without trigonometric functions). That is, for p,r > 1,

Kp,1,r(k) :=
∫ 1

0

dt

(1− t)1/p(1− kt)1−1/r
,

Ep,1,r(k) :=
∫ 1

0

(1− kt)1/r

(1− t)1/p
dt.

THEOREM 4.10. (Wallis-type integral formula II) Let p,q,r > 1, k ∈ (0,1) and
n = 0,1,2, . . . . Then, for any R ∈ (−1,q−1] ,

∫ Kp,q,r(k)

0
snqn+R

p,q,r (t,k)dt =
1

(R+1)(1/p∗+1/u+1/r)n

× (w(n)
2,1 + kqw(n)

2,2)Kp,u,r(kR+1)−w(n)
2,1Ep,u,r(kR+1)

kq(n+1) ,

where 1/u := (R+1)/q, and the matrix Wn := (w(n)
i, j )1�i, j�2 is

Wn :=

{
E (n = 0),
An−1An−2 · · ·A2A1A0 (n = 1,2,3, . . .)

(4.8)

with the identity matrix E and

An :=
(

n+1/u+1/p∗+(n+1/u+1/r)kq −1/u−n
(n+1/u+1/p∗+1/r)kq 0

)
. (4.9)
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Proof. From Theorem 4.8,

Ia+2q =
1

(a+1+q/p∗+q/r)kq

((
a+1+

q
p∗

+
(
a+1+

q
r

)
kq
)

Ia+q− (a+1)Ia

)
.

Let a = qn+R , where n = 0,1,2, . . . , R ∈ (−1,q−1] , and

In =
(

Iq(n+1)+R

Iqn+R

)
.

Then, we see that

In+1 =
1

(n+1/u+1/p∗+1/r)kq AnIn,

where An is the matrix defined as (4.9). It follows from the recurrence formula that

In =
1

(1/u+1/p∗+1/r)nkqnWnI0,

that is,

Iqn+R =
1

(1/u+1/p∗+1/r)nkqn (w(n)
2,1Iq+R +w(n)

2,2IR), (4.10)

where Wn = (w(n)
i, j )1�i, j�2 is the matrix defined as (4.8). Here, Theorems 4.4 and 4.3

yield

IR =
1

R+1
Kp,u,r(kR+1),

Iq+R =
1

q(1/p∗+1/u)
πp,u

2
F

(
1
u

+1,
1
r∗

;
1
p∗

+
1
u

+1;kq
)

.

To compute Iq+R , we use

F(α +1,β +1;γ +1;x) =
γ

αx
(F(α,β +1;γ;x)−F(α,β ;γ;x)),

which can be proved by straight computation from the definition of hypergeometric
series. Then, Theorem 4.3 yields

Iq+R =
1

(R+1)kq (Kp,u,r(kR+1)−Ep,u,r(kR+1)).

Therefore, by (4.10),

Iqn+R =
1

(R+1)(1/p∗+1/u+1/r)n

× (w(n)
2,1 + kqw(n)

2,2)Kp,u,r(kR+1)−w(n)
2,1Ep,u,r(kR+1)

kq(n+1) . �
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REMARK 4.11. The formulae for
∫

cnb
p,q,r t dt and

∫
dnc

p,q,r t dt can be deduced
in the same way and we leave the proofs for readers. In order to derive the recurrence
formulae as given in Theorem 4.8, we can differentiate snp,q,r xcnb+p−1

p,q,r xdnr∗−1
p,q,r x for∫

cnb
p,q,r t dt and snp,q,r xcnp−1

p,q,r xdnc+r∗−1
p,q,r x for

∫
dnc

p,q,r t dt .

In the following, Theorem 4.10 is used to give the integral formulae for the powers
of the classical Jacobi elliptic functions. Naturally, these can also be obtained using the
recurrence relation (1.3).

EXAMPLE 4.12. Putting p = q = r = 2 and R = 0 in Theorem 4.10, we obtain

I2n =
∫ K(k)

0
sn2n(t,k)dt =

(w(n)
2,1 + k2w(n)

2,2)K(k)−w(n)
2,1E(k)

( 3
2 )nk2(n+1)

,

and

An =
(

(1+n)(1+ k2) − 1
2 −n

( 3
2 +n)k2 0

)
.

For n = 0, since W0 = E , we see that w(0)
2,1 = 0 and w(0)

2,2 = 1. Therefore, I0 =K(k) .
For n = 1,

W1 = A0 =

(
1+ k2 − 1

2

w(1)
2,1 w(1)

2,2

)
,

where w(1)
2,1 = 3

2k2 and w(1)
2,2 = 0. Therefore,

I2 =
K(k)−E(k)

k2 .

For n = 2,

W2 = A1A0 =

(
2+ 7

4k2 +2k4 −1− k2

w(2)
2,1 w(2)

2,2

)
,

where w(2)
2,1 = 5

2k2 + 5
2k4 and w(2)

2,2 = − 5
4k2 . Therefore,

I4 =
(2+ k2)K(k)−2(1+ k2)E(k)

3k4 .

For n = 3,

W3 = A2A1A0 =

(
(1+ k2)(6− k2 +6k4) −3− 23

8 k2 −3k4

w(3)
2,1 w(3)

2,2

)
,

where w(3)
2,1 = k2(7+ 49

8 k2 +7k4) and w(3)
2,2 = − 7

2k2(1+ k2) . Therefore,

I6 =
(8+3k2 +4k4)K(k)− (8+7k2 +8k4)E(k)

15k6 .
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EXAMPLE 4.13. Putting p = q = r = 2 and R = 1 in Theorem 4.10, we obtain

I2n+1 =
∫ K(k)

0
sn2n+1(t,k)dt =

(w(n)
2,1 + k2w(n)

2,2)K2,1,2(k2)−w(n)
2,1E2,1,2(k2)

2(2)nk2(n+1) ,

and

An =
(

( 3
2 +n)(1+ k2) −1−n

(2+n)k2 0

)
.

Here, K2,1,2(k) and E2,1,2(k) are

K2,1,2(k) =
∫ 1

0

dt√
(1− t)(1− kt)

=
1√
k

log
1+

√
k

1−√
k
,

E2,1,2(k) =
∫ 1

0

√
1− kt
1− t

dt = 1+
1− k

2
√

k
log

1+
√

k

1−√
k
;

hence,

I2n+1 =
1

2(2)nk2(n+1)

(
−w(n)

2,1 +
(

1+ k2

2k
w(n)

2,1 + kw(n)
2,2

)
log

1+ k
1− k

)
.

For n = 0, since W0 = E , we see that w(0)
2,1 = 0 and w(0)

2,2 = 1. Therefore,

I1 =
1
2k

log
1+ k
1− k

.

For n = 1,

W1 = A0 =

(
3
2(1+ k2) −1

w(1)
2,1 w(1)

2,2

)
,

where w(1)
2,1 = 2k2 and w(1)

2,2 = 0. Therefore,

I3 = − 1
2k2 +

1+ k2

4k3 log
1+ k
1− k

.

For n = 2,

W2 = A1A0 =

(
15
4 (1+ k2)2−4k2 − 5

2(1+ k2)
w(2)

2,1 w(2)
2,2

)
,

where w(2)
2,1 = 9

2k2(1+ k2) and w(2)
2,2 = −3k2 . Therefore,

I5 = −3(1+ k2)
8k4 +

3k4 +2k2 +3
16k5 log

1+ k
1− k

.
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5. Legendre-type relation

In this section, we prove a Legendre-type relation that holds for GCEIs with three
parameters. In fact, this relation formula has already been obtained in the third author’s
paper [23], and it turns out to be equivalent to Elliott’s identity in hypergeometric series
theory. In the present paper, we provide another proof to clarify the meaning of this
relation formula, which was unclear in [23]. A corresponding consideration in the
theory of hypergeometric series is given by Anderson, Vamanamurthy and Vuorinen
[2].

Throughout this section, we will denote

K′
p,q,r(k) := Kp,q,r(k′q,r), E ′

p,q,r(k) := Ep,q,r(k′q,r),

where k′q,r := (1− kr)1/q , according to the traditional notation. In the following, these
functions with q and r interchanged appear exclusively. The expressions are specifi-
cally written as follows:

K′
p,r,q(k) = Kp,r,q(k′r,q) =

∫ πp,r/2

0

dθ
(1− (1− kq)sinr

p,r θ )1−1/q
,

E ′
p,r,q(k) = Ep,r,q(k′r,q) =

∫ πp,r/2

0
(1− (1− kq)sinr

p,r θ )1/q dθ .

From now on, unless otherwise noted,

k′ := k′r,q = (1− kq)1/r.

Moreover, the constant

α :=
1
q

+
1
r
− 1

p

is important.

LEMMA 5.1.

dKp,q,r(k)
dk

=
−(αq− kq)Kp,q,r(k)+ αqEp,q,r(k)

k(k′)r , (5.1)

dEp,q,r(k)
dk

=
q(−Kp,q,r(k)+Ep,q,r(k))

rk
, (5.2)

dK′
p,r,q(k)
dk

=
q((αr− (k′)r)K′

p,r,q(k)−αrE ′
p,r,q(k))

rk(k′)r , (5.3)

dE ′
p,r,q(k)
dk

=
kq−1(K′

p,r,q(k)−E ′
p,r,q(k))

(k′)r . (5.4)

Proof. See [23, Proposition 2] for (5.1) and (5.2). Note, however, that the defini-
tion of Kp,q,r in [23] is slightly different from that of ours, but the same formula holds
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true. Eqs. (5.3) and (5.4) are obtained from the derivative of the composite function
with d(k′)/dk = −qkq−1/(r(k′)r−1) . �

Let y1, y2 be the functions: for k ∈ (0,1)

y1(k) := Kp,q,r(k),

y2(k) := kq/p−1(k′)1−r/pK′
p,r,q(k).

LEMMA 5.2. Functions y1, y2 are solutions of

k(k′)r d2y
dk2 +

(
2− q

p
−
(
2+

q
r∗
)

kq
)

dy
dk

− q
r∗

kq−1y = 0. (5.5)

Proof. First, let us discuss y1 . From Theorem 4.3, y1 is represented by using the
hypergeometric series y = F(1/q,1/r∗;1/p∗ + 1/q;x) , which satisfies the hypergeo-
metric differential equation:

x(1− x)
d2y
dx2 +

(
1
p∗

+
1
q
−
(

1
q

+
1
r∗

+1

)
x

)
dy
dx

− 1
qr∗

y = 0.

Therefore, letting x = kq yields

k(k′)r d2y1

dk2 +
(

2− q
p
−
(
2+

q
r∗
)

kq
)

dy1

dk
− q

r∗
kq−1y1 = 0, (5.6)

which implies that y1 satisfies (5.5).
Next, consider y2 . Put z := φ(k)y2 = K′

p,r,q(k) , where

φ(k) := k1−q/p(k′)r/p−1. (5.7)

The hypergeometric series y = F(1/r,1/q∗;1/p∗ + 1/r;1− x) satisfies the hypergeo-
metric differential equation:

x(1− x)
d2y
dx2 +

(
1
p

+
1
q∗

−
(

1
q∗

+
1
r

+1

)
x

)
dy
dx

− 1
q∗r

y = 0.

Similar to the previous calculation of y1 ,

k(k′)r d2z
dk2 +

(
q
p
−q

(
1
r

+1

)
kq
)

dz
dk

− q(q−1)
r

kq−1z = 0.

Dividing both sides by φ(k) , we have

d
dk

(
kq/p(k′)r/p∗+1 dz

dk

)
=

q(q−1)
r

kq−1 z
φ(k)

,

i.e.,
d
dk

(
k(k′)r dy2

dk
+
(

1− q
p
−
(
1− q

r

)
kq
)

y2

)
=

q(q−1)
r

kq−1y2.
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After computing the left-hand side and then rearranging, we conclude

k(k′)r d2y2

dk2 +
(

2− q
p
−
(
2+

q
r∗
)

kq
)

dy2

dk
− q

r∗
kq−1y2 = 0, (5.8)

which implies that y2 also satisfies (5.5) as well as y1 . �
Define the Wronskian of y1, y2 as

W (y1,y2;k) := y1
dy2

dk
− dy1

dk
y2.

LEMMA 5.3. There exists a constant C such that for any k ∈ (0,1) ,

W (y1,y2;k) =
C

k2−q/p(k′)r/p+r−1
. (5.9)

Proof. Subtracting (5.6) multiplied by y2 from (5.8) multiplied by y1 yields

k(k′)r dW
dk

+
(

2− q
p
−
(
2+

q
r∗
)

kq
)

W = 0.

Multiplying both sides by φ(k) leads to

d
dk

(
k2−q/p(k′)r/p+r−1W

)
= 0.

Hence, k2−q/p(k′)r/p+r−1W ≡C for some constant C . �
Now, we define

L(k) := Ep,q,r(k)K′
p,r,q(k)+Kp,q,r(k)E ′

p,r,q(k)−Kp,q,r(k)K′
p,r,q(k).

LEMMA 5.4. For any k ∈ (0,1) ,

W (y1,y2;k) = − αqL(k)
k2−q/p(k′)r/p+r−1

. (5.10)

Proof. From (5.1) in Lemma 5.1,

k(k′)r dy1

dk
= −(αq− kq)Kp,q,r(k)+ αqEp,q,r(k). (5.11)

On the other hand, differentiating both sides of φ(k)y2 = K′
p,r,q(k) , where φ(k) is

defined as (5.7), and multiplying them by k(k′)r give(
1− q

p
−
(
1− q

r

)
kq
)

K′
p,r,q(k)+ k(k′)rφ(k)

dy2

dk

=
q
r
((αr− (k′)r)K′

p,r,q(k)−αrE ′
p,r,q(k)).
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Here, (5.3) in Lemma 5.1 was used in the calculation of the right-hand side. Thus,

k(k′)r dy2

dk
=

kqK′
p,r,q(k)−αqE ′

p,r,q(k)
φ(k)

. (5.12)

Subtracting (5.11) multiplied by y2 from (5.12) multiplied by y1 yields

W = − αqL(k)
k(k′)rφ(k)

.

This proof is complete. �

THEOREM 5.5. (Three parameters) Let p,q,r > 1 . Then, for any k ∈ (0,1) , L(k)
is non-zero constant, precisely,

Ep,q,r(k)K′
p,r,q(k)+Kp,q,r(k)E ′

p,r,q(k)−Kp,q,r(k)K′
p,r,q(k)

=
πp,q

2r
B

(
1
p∗

+
1
q
,
1
r

)
. (5.13)

Hence, it follows from Lemma 5.4 that y1 and y2 are linearly dependent if and only if
α = 0 , i.e., 1/q+1/r = 1/p.

Proof. Combining Lemmas 5.3 and 5.4, we see that αL(k) is constant.
First, we consider the case α �= 0. In this case, L(k) is a constant C . In the same

way as [23, Theorem 1], we can show

|(Ep,q,r(k)−Kp,q,r(k))K′
p,r,q(k)| �

πp,r

2
kKp,q,r(k),

hence (Ep,q,r(k)−Kp,q,r(k))K′
p,r,q(k) → 0 as k → +0. Moreover, by Corollary 4.2,

C = lim
k→+0

L(k) = lim
k→+0

Kp,q,r(k)E ′
p,r,q(k) =

πp,q

2
Ep,r,q(1) =

πp,q

2r
B

(
1
p∗

+
1
q
,
1
r

)
.

Next, we consider the case α = 0. Then, solving (5.1) and (5.3) in Lemma 5.1, we
obtain Kp,q,r(k) = (πp,q/2)(k′)−r/q and K′

p,r,q(k) = (πp,r/2)k−q/r , respectively. There-
fore,

L(k) =
πp,r

2
k−q/rEp,q,r(k)+

πp,q

2
(k′)−r/qE ′

p,r,q(k)−
πp,qπp,r

4
k−q/r(k′)−r/q.

Here, (5.2) in Lemma 5.1 again gives

dEp,q,r(k)
dk

=
q
rk

Ep,q,r(k)− qπp,q

2rk
(k′)−r/q;

hence,
d
dk

(k−q/rEp,q,r(k)) = −qπp,q

2r
k−q/r−1(k′)−r/q.
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Similarly, from (5.4), we have

d
dk

((k′)−r/qE ′
p,r,q(k)) =

πp,r

2
kq/r∗−1(k′)−r/q−r.

Thus,

dL(k)
dk

=
πp,qπp,r

4

(
−q

r
k−q/r−1(k′)−r/q + kq/r∗−1(k′)−r/q−r

+
q
r
k−q/r−1(k′)−r/q− kq/r∗−1(k′)−r/q−r

)
= 0.

This yields that L(k) is a constant, which is obtained in the same way as for α �= 0.
Finally, since L(k) is non-zero constant, it follows from Lemma 5.4 that y1 and

y2 are linearly dependent if and only if α = 0, i.e., 1/q+1/r = 1/p . �

REMARK 5.6. If we only need to prove this identity, we can prove it without mak-
ing a case for α by directly differentiating the defining formula of L(k) and applying
Lemma 5.1 (see [23, Theorem 1]). On the other hand, the above proof is superior in
that it implies that L(k) is a Wronskian of two functions, as stated in Lemma 5.4.

Define K′
p,q(k) := Kp,q(k′q,q), E ′

p,q(k) := Ep,q(k′q,q) , where k′q,q = (1− kq)1/q .

COROLLARY 5.7. (Two parameters) Let p,q > 1 . Then, for any k ∈ (0,1) ,

Ep,q(k)K′
p,q(k) + Kp,q(k)E ′

p,q(k) − Kp,q(k)K′
p,q(k) =

πp,q

2q
B

(
1
p∗

+
1
q
,
1
q

)
. (5.14)

Define K′
p(k) := Kp(k′p,p), E ′

p(k) := Ep(k′p,p) , where k′p,p = (1− kp)1/p .

COROLLARY 5.8. (One parameter) Let p > 1 . Then, for any k ∈ (0,1) ,

Ep(k)K′
p(k)+Kp(k)E ′

p(k)−Kp(k)K′
p(k) =

πp

2
. (5.15)

In particular, when p = 2 , (5.15) is identical to the classical Legendre relation (1.4).

REMARK 5.9. Using the functions

z1(k) := k1−q/(2p)(k′)(r/2)(1/p+1/r∗)Kp,q,r(k),

z2(k) := kq/(2p)(k′)(r/2)(1/p∗+1/r)K′
p,r,q(k),

instead of y1,y2 , we can eliminate the denominators on the right-hand side of (5.9) and
(5.10), respectively. Namely, we obtain

W (z1,z2;k) = C, W (z1,z2;k) = −αL(k).

From these two expressions, it follows that αL(k) is a constant, and the proof of The-
orem 5.5 is directly applicable. Thus, the Legendre-type relation (5.13) can be clearly
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derived from the fact that the Wronskian of z1 and z2 is just a constant. In particular,
if p = q = r = 2, then z1(k) =

√
kk′K(k) and z2(k) =

√
kk′K′(k) . These functions

correspond to those used by Borwein and Borwein [4, Theorem 1.6] in their proof of
the Legendre relation. However, we adopt here the proof using y1 and y2 , where at
least one of the functions is clearly Kp,q,r(k) .

6. Inequalities on binomial expansions

Edmunds and Lang [10] gave the following inequality for GTFs with one param-
eter.

THEOREM 6.1. ([10]) Let p � 2 and x ∈ [0,πp/2] . Then,

(sinp x+ cosp x)p∗ � 1+22/p sinp xcosp x.

This inequality is reversed if p ∈ (1,2] .

The proof of Theorem 6.1 essentially owes to the following nontrivial inequality
by Carlen et al. [6]:

1 �

⎛
⎝1+

(
2α p/2(1−α)p/2

α p +(1−α)p

)2/p
⎞
⎠

p−1

(α p +(1−α)p) for all α ∈ [0,1] (6.1)

when p∈ (0,1]∪[2,∞) , with the reverse inequality when p∈ (−∞,0)∪(1,2] . Theorem
6.1 above is obtained immediately by putting

α =
sinp x

sinp x+ cosp x

in (6.1).
We can extend Theorem 6.1 for GJEFs with three parameters as follows.

THEOREM 6.2. Let p,q,r > 1, k ∈ [0,1) and x ∈ [0,Kp,q,r(k)] . Then, the follow-
ing claims (i) and (ii) hold true :

1. If p � 2 , then

(snq/p
p,q,r (x,k)+ cnp,q,r (x,k))p∗ � 1+22/p snq/p

p,q,r (x,k)cnp,q,r (x,k).

This inequality is reversed if p ∈ (1,2] .

2. If q � 2 , then

(snp,q,r (x,k)+ cnp/q
p,q,r (x,k))q∗ � 1+22/q snp,q,r (x,k)cnp/q

p,q,r (x,k).

This inequality is reversed if q ∈ (1,2] .
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Proof. (i) Suppose that p � 2. Letting

α =
snq/p

p,q,r (x,k)

snq/p
p,q,r (x,k)+ cnp,q,r (x,k)

, x ∈ [0,Kp,q,r(k)],

in (6.1) gives the assertion.
(ii) Suppose that q � 2. Letting

α =
cnp/q

p,q,r (x,k)

snp,q,r (x,k)+ cnp/q
p,q,r (x,k)

, x ∈ [0,Kp,q,r(k)],

in (6.1) with p replaced by q gives the assertion. �
In particular, letting k = 0, we obtain the following inequalities for GTFs with two

parameters. Moreover, letting p = q implies Theorem 6.1.

COROLLARY 6.3. Let p,q > 1 and x ∈ [0,πp,q/2] . Then, the following claims
(i) and (ii) hold true :

1. If p � 2 , then

(sinq/p
p,q x+ cosp,q x)p∗ � 1+22/p sinq/p

p,q xcosp,q x.

This inequality is reversed if p ∈ (1,2] .

2. If q � 2 , then

(sinp,q x+ cosp/q
p,q x)q∗ � 1+22/q sinp,q xcosp/q

p,q x.

This inequality is reversed if q ∈ (1,2] .
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