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ON COMPLEX INTERPOLATION IN VARIABLE
LEBESGUE SPACES WITH MIXED NORM

ROVSHAN BANDALIYEV*® AND MEHRALY ALIYEV

Abstract. In this paper, we prove a multiplicative interpolation inequality in variable Lebesgue
spaces with mixed norm. By the method of complex interpolation, we define an interpolation
spaces between variable Lebesgue spaces with mixed norm. As an application of the main result
we establish an analog of Riesz-Thorin interpolation theorem in variable Lebesgue spaces with
mixed norm.

1. Introduction

Interpolation is a useful tool for linear, bounded operators on Banach spaces. The
idea is the following: if S is a linear operator which is bounded as an operator from X,
to Yy and as an operator from X; to Y7, then automatically S is linear and bounded as
an operator from Xjg) to Yjg for all 0 < 6 < 1, where X9 and Yjg) are the complex
interpolation spaces of the Banach couples (Xy,X;) and (¥p,Y;). Here Banach couple
means that both spaces are continuously embedded into some Hausdorff topological
vector space. We refer to Bergh and Lofstrom [10] for an exposition on interpolation
theory.

It is well known that the variable Lebesgue space in the literature for the first time
was studied by Orlicz [27] in 1931. In [27], Holders inequality for variable discrete
Lebesgue space was proved. Orlicz also considered the variable Lebesgue space on the
real line, and proved the Holder inequality in this setting. However, this paper is essen-
tially the only contribution of Orlicz to the study of the variable Lebesgue spaces (see
also [24]). The next step in the development of the variable Lebesgue spaces came two
decades later in the work of Nakano [25], [26]. Somewhat later, a more explicit version
of such spaces, namely modular function spaces, were investigated by Musielak and
others Polish mathematicians (see [23]). In particular, the variable Lebesgue spaces
were objects of interest during the last three decades (see [14, 15, 19, 20]). The modern
period in the study of variable Lebesgue spaces begun with the foundational papers of
Sharapudinov [31] from 1979 and Kovacik and Rakosnik [21] from 1991. Interest in the
variable Lebesgue spaces has increased since the 1990’s because of their use in a variety
of applications. Foremost among these is the mathematical modeling of electrorheolog-
ical fluids, namely, fluids whose viscosity changes when exposed to an electric field:
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Diening and Rdzicka [16]-[18], [29], [30], Butakin et al. in [12], Makharadze et al.
in [22], Ouaziz et al. in [28], Acerbi and Mingione [I, 2] and so on. The variable
Lebesgue spaces have also been used to model the behavior of other physical problems.
Some examples include quasi-Newtonian fluids [32], the thermistor problem [33], fluid
flow in porous media, magnetostatics [1 1], and the study of image processing [13] (see,
also [8]).

It is well known that the structural properties of Lebesgue spaces with mixed norm
and with constant exponent was studied in [9]. The variable Lebesgue space with mixed
norm was introduced in [5]. Also, some structural properties of the variable Lebesgue
spaces are studied in [3], [5], [6] and so on. Very recently, in [4] the variable Lebesgue
space with mixed norm for exponents depending on all variables is defined. Also, in
[4] embedding theorem for the function spaces with variable smoothness is proved. We
observe that the embedding theorems between variable Lebesgue spaces with measures
was proved in [7] and [15].

In this paper, we established some interpolation estimate in variable Lebesgue
spaces with mixed norm. By the complex interpolation method we define an inter-
polation space between two variable Lebesgue spaces with mixed norm. Finally, we
proved an analog of Riesz-Thorin interpolation theorem in variable Lebesgue spaces
with mixed norm.

The paper is organized as follows. Section 2 contains some preliminaries using in
the definition of the variable Lebesgue space with mixed norm. In Section 3 we proved
some interpolation inequality in variable Lebesgue spaces with mixed norm. Also, we
give an embedding theorem between intersection of two variable Lebesgue spaces with
mixed norm and interpolation spaces. In Section 4, using the complex interpolation
method, we define interpolation spaces between two variable Lebesgue spaces with
mixed norm.

2. Preliminaries

Let R” be the n-dimensional Euclidean space of points x = (x,...,x,) and Q be
a Lebesgue measurable subset of R”. Suppose that p(x) = (p1(x1,-..,%),
p2(0,x2, ..., %), .., pu(0,...,0,x,)) is a vector function defined on R” with Lebesgue

measurable components p; <x<i)> such that 1 < p; <x(i)> <ooand x) =(0,...,0,x;,...,
xu) (i=1,...,n). In this paper, all sets and functions are supposed to be Lebesgue
measurable and x") = x, xW = (0,...,0,x,).

Throughout this paper p; = esssup p;(x()), p,= essinf pi(x)), and p, <x(”)>

) epu-itl x() gRn—i+1

= pn (x,) . We denote by p’(x) = (p’1 (x),Ph (x(2)> yeeos Dl (x(”))) the conjugate expo-

1
nent vector-functiondefinedby — + —— =1, x€R"  i.e., — + =1,

plx)  p'(¥) pi(x0) - pi(x)

i=1,...,nand 1=(1,...,1).
By L (R™) we denote the space of all measurable functions on R” such that

(P1(0)x1)
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for some A1 >0

<1p1‘x1f> (X250 s Xp) = /R (%T”)mm dxy < oo,

The expression

) f x p1(x)
fmlﬂmRmz.ﬁmwfﬂM{l>01A(L%L) d <1

is a norm in L(p1 @) (R™) with respect to the variable x; . It is obvious that the result
X), X1
is a function of variables x»,...,x,. So, Hf”m(-)&q = ||pr1(,).x1 (X253 Xn) -
Further, by L
y (pl(x),pz (x(z)),xlﬁxz)

tions on R” such that for some A, >0

x(2))
AL G ) \ P2
(Ipz.x2f> (‘x37"'axn):/R ( pl()‘ IAQ dx2 < oo,

The expression

(R™) we denote the space of all measurable func-

11, = 10
p1().py (x12)) xp, Xz P2(),xp
(2)
\m| Pl)
=infq u>0: / dxy <1
isanorm in L (R™) with respect to the variable x;. It is obvious that

(I’l(X)J’z (x(z))ﬁxlﬁxz)
the result is a function of variables x3,...,x,. So,

00, = 1710
(-).x2

(x37"'axn)'

p2():x2

Next, by L (R") we denote the space of all measurable

(Pl(x)~172(x(2)) ----- Pn(xn)‘xl‘xzw-,xn)
functions on R” such that for some A,_;>0

H H Hf”l’l('),xl |‘p2(_)7x2,,, ot () tur Pn(Xn)
<awﬁua=4 - e e

The expression

1 oy = 1Ty = - Ny oo

’ Pn(')7xn

||'.~|| Hprl()xl HPZ(')JCZ"' ()x pn()Cn)
- V>0:/ / v P dx, <1
R

defines anormin L , (R").
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REMARK 1. Let p(x) = (p1,...,pn) =p=l,ie. 1 <pi<eo,i=1,...,n Itis
well known that constant exponent Lebesgue spaces with mixed norm were 1ntroduced
and studied in [9]. The variable Lebesgue spaces with mixed norm were introduced and
studied in [5] and [6].

Suppose that Q C R" is a measurable set and f : Q — R. We define the norm in
the space Lp(,)(€2) by
Hf”Lp( ||f%QH ]R”

where yq(x) is the characteristic function of Q.

REMARK 2. Let p(x) = (p1,...,pn) =p = 1. Then L, (R™) coincides with the
usual constant exponent Lebesgue spaces with mixed norm.

REMARK 3. Let py (xq,...,X,) = p2 (x(2)> =...=py (x(”)) =p(xn),ie. plx)=
(p(xn),...,p(xa)). Then Lp(x) R") = Lp(xn) (R").

3. Interpolation estimate in variable Lebesgue space with mixed norm

In this section, we give the multiplicative interpolation inequality in a variable
Lebesgue space with mixed norm.

In first, we need some necessary results using in the proving of some interpolation
estimate in a variable Lebesgue space with mixed norm.

THEOREM 1. [5] Let p(x) = (p1(x),...,pn(x0)), q(x) = (q1(x),...,qn (x,)) and
r(x) = (r1(x),...,r(xn)). Suppose that 1 < p; ( ’)> ,q,( ’)> ,r,( ) < oo with
1 1 1

A 60) ~ pi ) ()

, i1=1,...,n. Then the inequality

n

el o < XT (417 B 20,

i=1

1/r;
Loo(Q)> ||fHLp(.)(Q) HgHLq(,)(Q) (D)

holds for every f € L, (Q), g €L, (Q), where

i (50 i (0 = 5 (50
LT =

Q= {x cQ:r (x(i)> < pi (x(i)> } , and L ;= {x e Q: p; (x(i)> =r; (x(i)) }

LEMMA 1. Let s > 1 and let p(x) = (p1(x),...,pn(xn)) with 1 < p; (x(i)) < oo,
i=1,...,n. Suppose that f € L, (R™). Then

AP llpcy = 1 15y 2
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Proof. Ttis obvious that

Let u = A+. One has

_ = I (%)] SP1(XT e Xn)
s _ S . _ s
Il ., =intq > 05 [ (L2 <1y =|f
By iteration, we have that
1A s =l ATy sz
o L7 A ey
:””Hf”spl(),xl zpz('),xz"' Pn('):xn

= || o ” Hf||sp1(~),xl HSPZ(')~,x2 T H;pn('),xn
= [l £ l5p()-

This completes the proof. [

By Theorem 1 and Lemma 1 we have the following lemma on interpolation in-
equality.

LEMMA 2. Letp;(x) = (p‘{(x),...,p{; (x,,)) with 1<P}'f (x(i)> <o, i=1,...,n,
1-6

= +
o S pelx) po®)  pi(x)
lowing interpolation estimate

and j=0,1. Suppose that for some 0 € [0,1]. Then the fol-

n

1l < TT (414 B+ 20

i=1

1/r;
1-6 [?]
) IS, @)

holds.

Proof. We observe that in the cases 8 =0 and 6 =1 the inequality (3) is obvious.
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Let 0 < 6 < 1. By the inequalities (1) and (2), we have

I£llogtr = 11217 ‘OHpeo

n

<I1 (Ai+Bi+ Hmzﬁ,

i=1

1/r;
w)

1/r;
1-6 [*]
) M T

7}
i 191 s
1-6 ]

=11 (Ai+Bi+ Hmzﬁ,
i=1

This completes the proof of Lemma 2. [J

Let X and Y be Banach spaces and let both X,Y continuously embedded in a
Hausdorff topological vector space Z. It is well known that the norm in the space Z is
defined as follows

l2llz := inf{{lx]lx +[Iylly : z=x+y}.
Then Z is a quotient of the Banach space X x Y with respect to the subspace XY
and hence itself a Banach space.
We observe that the spaces X (Y equipped with the norm ||z|x y = max {||z|x;
l2llv} or llzllxny = [lzllx + [[zy-
s
Let 1 < s < o and let a,b > 0. Suppose that s’ = T Then the following
s
Young’s inequality holds

1
Let 7(0) = max{l —0;0}, 0 < 6 < 1. Suppose that s = 1—e At 6 =1 we use the

convention s = . By (3) and by Young’s inequality we have that

i=1

1/r;
1-6 [°]
) IS

1/r;
Loo(m) h(0) (1 lpo() + 1fllpy ) - 4

1oy <T1 (Ai +Bi+ HXQZJ

n

<II <Ai+Bi+ HxQZ,,-
i=1

Thus, Ly, () Lp, () € Lpg()-
Now let us prove the following Proposition.

PROPOSITION 1. Let p;(x) = (p{(x),...,p{; (x,,)) with 1 < p{ (x(i)) <oo, [ =

1,...,n, and j=0,1. Suppose that py(x) = (pg)(x),...,pg') (xn)> is the variable

exponent defined in Lemma 2 and let po(x) < pg(x) < pi1(x). Then the following em-
beddings hold:

Ly () anl(') = Lpg() = Lpo() T Lpy ()
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Proof. We proceed along the line [15]. By inequality (4), we have that Ly (L, ()
C Lp,(y- Let fo = sgnfmax{|f[—1,0} and f; = sgnfmin{|f[, 1}. It is obvious

that f = fo + fi. We suppose that f € L(pg)(x) xl) (R"), where p¥(x) < pg)(x) <

pi(x). Now, let (1 0 lf) (x2,...,%n) < 1 for fixed variables x, ..., x,. Since p{(x) <

Py X

pé”(x), we get

(I (1) f) ()CQ,...,.X") :/|f(x)|pg)(x)dxl > / |f( )|PE} ()d)C1
b R L [F ()| > 1}
pgl)(X) p?(x)
0

- / (1+(f ()] = 1)) 710 dx
{Xl: |f(xlv"'7x'1)‘>1}

)

pe“)p%nv<ﬂ—wﬁ@d
) : H

P

{Xl: |f(xlv"'7x'1)‘>1} (

> [ @Y dn = [ dx
foens [f e |> 1} R

= (Ip?‘x1f0> (X2, yXn) -

So, (I, fo)(x2,...,x,) <1 and by the definition of L (R™) it follows that
P1X1

(P? (x):xq )

/ol 00 < 1. Next, we have
Py ()sxq

= s+ [ an
{oers 1 Gerseomn) <1} foers [f () |> 1}

< [ et [ @ e
{oers 1 Gersemn) <1} foers [ enseeen) [> 1}
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Il /11 10 < 1. In particular, one has
pi().xq

< + <2.
11, <lll,, +IAL, <

(RO) " (rlom)

The scaling argument proves that ||f]|, < 201, . So,

(P?(')<Xl)+L(P%(‘)~X1) (p(el)(-)‘)q)
Lo @) B = L(pern) BT Loy 00) R

By induction, we complete the proof of Proposition 1. [

4. Main results

Now we recall the definition of the norm in the interpolation space [Lp(.), Lq(,)] o

Let S:={z€C: 0<Rez<1},sothat S={z€ C:0<Rez <1}, where Rez is the
real part of z. Let .# be the space of functions on § with values in Ly () + Ly, .y which

are analytic on S and bounded and continuous on S such that F(it) and F(1+it) tend
to zero for |t| — eo. For F € .7 we set

1F]l7 = SuﬂgmaX{llF(it)Hpo(.), 1F (L)l } -
te

Then we define the following quantity:
| £l = inf{|IFll> : F€F and f=F(6)}.
We give the main results of the paper.

THEOREM 2. Let x € R", 1 < po(x), p1(x) < oo andlet 6 € (0,1). Suppose that

pe(x) = <p£_)l)(x), . ,pg') (xn)> is the variable exponent defined in Lemma 2 and let

po(x) < po(x) < pi1(x).. Then
L

po()> Lpi ()] g =L

Moreover,
£ i) < 1 flpgcy < 4" 11 fli0)-

Proof. We proceed along the line [10]. Let z = 6 +iv and for z € S define the
following function

1—z z 1-6 i) : 1 1
=+ = +T1- zv<———) Int
<p[;1(x,t):t"?(*> P — 00 Pjw o \rje Aw /)

]

: . i T 1 1
It is obvious that Req (x,2) =71 i cos (v —— — —5 Inz ) and
p1(x)  pi(x)
. 71( ) plo—(ﬂ)+’16() . ( < 1 1 )1 ) Th 1( ) .
me (x,¢) =PI Pi%gin (v ———— ) In¢ ). Then z+— ¢, (x,z) is ana-
& pix) () g
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1-6
. . = _ 0 Tt
lytic on S and continuous on S. We observe that (p[e]l(x,t):t”l(‘*) Pt
1

— W

We suppose that 6 € (0,1) and let f € L/ (R")  with
(Pg( xl)

s

(1)
(I - f) (x2,...,x,) < 1 for fixed variables xa,...,x,. So, the function |f(x)[Ps )
Py X1

is finite almost everywhere x € R”. For £ >0, z € S and x € R", we define
_ —8+822—£ 02 —1 p(l) (x)
Fe(z,x) =e PR |f(x)[Pe sgnf(x).

Then F¢(6,x) = e~? f(x). Obviously, F¢(z,x) is analytic in z for a.e. x € R". There-
ng : n n
fore, = 0 in L(p(l)(_)m) (R )+L(p}(_>7xl) (R"). We observe that

—e+e(it)>—e6? _e—e(1+t2+62) <1
- X

e

‘e,g+g(1+,~,)2,g 62

_ ’e—s(t2+92)—2£ti

(g2
:’e e(12+62) <

forall + € R. Thus,

P(el)(x)< 1(;1[ l” ) p(ﬂ(l))(x)
[Fe(it,x)| < ||f(x)] A = f(x)] Y

(1)
(1) —it_ 4t Py )
14 (x)( + > 6
|Fe(1+it,x)| < || f(%)] o N e If(x)| Pl

for all x € R" and ¢t € R. Next, for fixed variables x»,...,x,, we have

P1X

NP Py )
Ly Fe|(x2,.x) = [ |Fe(it,x)|"™ dxy < [ |f(x)[Po Y dxy
R R

= <I ) le) (x2,...,xn) < L.

P9<

Similarly, we get

(1)
(1 1 F) (2eevin) = [IFe(U+ i1 d < [ 1700178 ax
R R

Py

:<Im f)(x2»~-~,xn)<1.
2 X]
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Hence, by the definition of L (R™) it follows that ||Fe(it,-)]| o) < 1 for all
p1)X]

(M)
t € R. Similarly, we have that ||Fg(1+it,-)|| " < 1 forall + € R. Thus, we get
p1t)hx

1l =supmax{||Fe<it7-> RG] }< !
teR pl(-),xl

P X

Since Fe(6,x) =e* f(x), this implies that [|e™® f|[g < 1. As € >0 was arbitrary, we
deduce ||fl|jg) < 1. A scaling argument yields ||f||;g < [|£]| " for fixed variables
P

.)Cl
x2,...,X;. By induction we get that [|f||ig) < [ f1lp, (. -

In a similar way, the inequality [|f|lp,) < 4"[[flljg) is proved ([15], Theorem
7.1.2).
This completes the proof of Theorem 2. [

Theorem 2 has the following consequence.

COROLLARY 1. Let x € R", 1< po(x), p1(x) < e and let 6 € (0,1). Suppose
that pg(x) is the variable exponent defined in Lemma 2. Let S be a linear, bounded
mapping S: Ly () (R") — Ly () (R") for j=0,1. Moreover,

n 1-6 %]
||SHLPG(,)I—>LP B) < 4 ||SHLPO(_)>—>LPO(_) HS”LPI()H

0 Lp(y:

Proof. Let X = [Lpo(,), Lpl(-)] o - Then by the complex interpolation theorem of
Riesz-Thorin (e.g., [10], Theorem 4.1.2), we get

0
1l < USI, 0 oy iy 112, -

By Theorem 2 we have that
1SF po(y < 4" 1£1ljg) < 4" IISIIL, G ISIZ, ey 1 e
n 1-6 2]
< 4 ||SHLP0(‘)HLP0(') HS”LPI(,)»—?LPI(,) ||pr9()
This completes the proof of Corollary 1. [
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