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ON ABSOLUTE MATRIX SUMMABILITY METHODS

AYSE GOGUS AND SIBEL YASEMIN GOLBOL*

Abstract. In this study, we have generalized Bor’s theorems ([ 14]) for the absolute matrix summa-
bility method.

1. Introduction

A sequence (x,) is called to be §-quasi monotone, if x, — 0, x, > 0 eventually,
and Ax, > —9,, where Ax, = x, —x,11 and § = (&,) is a sequence of positive numbers
([1]). A sequence (A,) is said to be of bounded variation, denoted by (A,) € BV, if

Zl [AL,| < eo.
n—=

Let Y a, be an infinite series with partial sums (s,). The nth (C,1) means of the
sequences (s,) and (na,) are denoted by v, and 1,, respectively. The series Y a, is
said to be summable |C, 1|, where k > 1, if ([16])

oo oo k

_ 1,
an 1|Vrt_‘)n—1|k:2,@<°°'
n=1 n=1 n

Let (p,) be a sequence of positive real numbers such that

n
Py=Y pr—ooas n—eoo, (Pi=p =0, i>1).
k=0

The sequence-to-sequence transformation (s,) — (0,) with

1 n
Oy = }T 2 PmSm

" m=0
defines the sequence (0;) of the Riesz mean or,simply, (N, p,) mean of the sequence

s, generated by the sequence of coefficients p, ([17]). The series Y a, is said to be
summable [N, p,|x, k > 1, if ([3])

= p
E(J)k How— oul* < o.

n=1 £'n
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If we take p, = 1 for all n, then |N, p,|; summability is the same as |C, 1|; summa-
bility ([16]). Also, if we take k = 1, then |N,p,|; summability reduces to |N, p,|
summability ([25]).

Let A = (ay,) be a normal matrix, i.e., a lower triangular matrix with nonzero
diagonal entries. Then A defines the sequence-to-sequence transformation, mapping
the sequence s = (s,) to As = (A,(s)), where

n
An(s) = amsy, n=0,1,....
v=0

The series > a, is said to be summable |A, p,;0|r, k> 1 and & > 0, if (see [21])
< b Sk+k—1 k
> () [An(s) = An—1(s)[" <eee.
n=1 pn

In the special case for & = 0, the |A,p,;8|; summability reduces to |A, p,|x
summability (see [24]). If we set § =0 and p, = 1 for all n, then we obtain |A|;
summability (see [26]). Also if we take a,, = f.f—:, then we have |N, p,; 8|, summabil-
ity (see [4]). Finally if we take 6 =0 and a,,, = %‘1’ , then we get |N, p,|x summability.

Given any sequences (uy), (v,), it is customary to write v, = O(uy), if there
exist n and N, for every n > N, \Z—Z\ < 1. For any matrix entry a,,, we write that
Avany = apy — ap 1. Now, we will introduce some necessary notations for our main
theorems. Given a normal matrix A = (a,,), we associate two lower semi-matrices

A = (@ny) and A = (a,,) as follows:

n
Env:Zam-, n,v=0,1,...

i=v
and
doo = oo = a0, dny = Ay —An—1,y, N =1,2,... .

It may be noted that A and A are the well known matrices of series-to-sequence and
series-to-series transformations, respectively. Then, we have

n n
An(s) - 2 ApySy = 2 Envav (1)
v=0 v=0
and .
AAL(s) = dmay. (2)
v=0

2. Known result

Recently, many authors have obtained some new theorems dealing with the ab-
solute summability factors of infinite series and Fourier series. Among them, in [14],
the following theorem has proved dealing with an application of §-quasi-monotone
sequences.
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n
THEOREM 1. Let X,, = Y, %, for n >0, andlet A, — 0 as n — . Suppose that
v=0""

there exists a sequence of numbers (K,) that is 8 -quasi monotone with 'Y, nX, 8, < oo,
1

n=
=

K, X, is convergent, and |Ad,| < K, for all n. If conditions
=1

n=

Pn ‘tn|

— O(Xyn) as m— oo,
n=1 P" Xr]f_l ( m)
S 0w

= as m — oo,
n=1 nXY]f_l "
and

m Pn

Y, 2 =0(Py) as m— oo,

n=1 n

hold, then the series ¥ ayA, is summable |N, pp|i, k> 1.

3. Main result

There has been considerable research on absolute summability (see [2]-[14], [18]—
[23], [27]-[29]). In ([14]), Bor presented a result on the |N, p,,|x summability factors of
infinite series. The aim of this paper is to generalize this theorem for the general matrix
summability methods. Before we state our main result, we show A = (ay,) is said to
be of class Q if (see [22]) A is lower triangular

am =20, n,yv=0,1,...;
an—l,v>anva for n>v+1,
an=1, n=0,1,....
Notice that A given by

A1(x) =x; and A,(x) = x"%—kx" for n>1

is an example of a matrix of class . Now, we shall prove the following theorem.
n
THEOREM 2. Let X,, = ZO %, for n >0, andlet A, — 0 as n — . Suppose that
=
there exists a sequence of numbers (K, that is 8 -quasi monotone with 'Y, nX, 8, < oo,

n=1

E K, X, is convergent, and |AL,| < K, for all n. Let A = (ay,) be of class Q. If

n=1
conditions »
Ay = 0 <—"> ,
nn Pn
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n—1 14
|an,y+1] — O(am),
v=1 v
m+1
P\ 0k R P, Sk
2 < ) ‘Av(anv)‘—o(avv( V) ) as m — oo,
n=v+1 Pn Pv

ml p o\ Ok P, 0k
B (0 oG -
p

n=v+1 n v

m ok |t ‘k
2 1 = O(Xm) as m— oo,
n=1 \Pn nXy

and
Sk |tn|

a =0(X;y) as m — oo,
Sa(2)" B = o)

hold, then the series Y ayAy is summable |A,pn; 0|, k=1 and § >0

Now, we need the following Lemma for the proof of our main theorem.

LEMMA 1. [2] Under the conditions of Theorem 2.1, we have

[An] X = O(1) as n— oo, 3)

nXy|Ky| = O(1) as n— oo, 4)
Y nX|AK, | < oo. &)
n=1

4. Proof of the Theorem

Let (M,) denote A-transform of the series > a,A,. Therefore, by (1) and (2), we
write

A
AM, =M, — M, 1—Zanvav7w 2 ”Vvv va,.

v=1 v=1

Applying Abel’s transformation to M,, — M,,_, we have

n—1 ~ v ~ n
a A
My =M1 = 3 A( ;2”> >, rap+ =Y ra,
v=1 r=1 r=1

n—1 A ~
-y A(—“":’IV) (v+ D)ty + —“"2’1” (n+ 1)ty
v=1

n—1 n—1 n—1
N v+1 v+1 n+1
= ZAv(a YAty + Zan V+1A7LVIVT—|— Zan ,,+17LV+1—+am,7L ty——
v=1 v=1 v=1

n,l +Mn~,2 +Mn73 +Mn,4
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To finish the proof of the theorem using Minkowski’s inequality, it will be suffi-
cient to show that

i Ok-+k— 1 X
S ()" Ml <o for r=123.0

Therefore we see that

mtl  p o\ §k+k—1 mt1 Sktk—1n=1 v—|—1
k

Y () k< Y () T laa |
n—2 “Pn n—2 “Pn

mil poN Sk+k—1 i\ k
—om Y, (+4) (zm am)|E 11 ()| )

n=2 p

m+1

oS, (2)"" (S ntamin ) ( tan)
mt1 Pn>6k+k 1 (Z\A Al |t,,|>

n=2 “Pn
m+1
—o’y, (&)” zm )l
n=2 n
m+1 }z Sk A
— o) 3 AL A Y () A
v=1 ney+1 “Pn
m Pv Sk |t,,|k
:O(I)lzl(_‘}) avv|lv|X§_1

Now, by applying Abel’s transformation to this last sum, we obtain
m—1 v k
P, 8k \t,| Ok ny
DS A (2) Wl 3, () e 0
S Al S (51) ity + 00l 3 (1) ity

m—1
'S AlLlX + O(1) A X
v=1
m—1
1) Y KX+ O0(1)|An|Xn = O(1), as m— oo
v=1
according to the conditions of the theorem and Lemma. From here, continuing with the
Holder’s inequality in a similar way to M,, 1, the following result is obtained:

mil , po\ Sktk—1 v+ 1
<3 () (Z\anHHAMVvH )

mil , poN Sk+k—1 ]
o) (K lansalibbln)t

mtl  p >5k+k—1

(.

n—=2 \Pn
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Pn

:O(l)g(&>5k+k—1("21an+m(vm | )(Z nv+1\>

Pn =1

m+l  p >5k+k—1

= 0(1) Z <_"

n—1 |4
_ apv+1 _
G Bl g ey e
=2 “Pn —1 v

Z |an vl VK| — =

m+1 P, 6k n—1 ‘tv|
Pn> = Xkl

|tv‘k m+1

P, SkA
> () lanon
Dn

V n=v+1

ZIIK\

m.o o, po\ 5k k
—omYy, (-) v)gfjl VK.

=1 “Pv

Now, by applying Abel’s transformation to this last sum, we obtain

S a0 S ()" s rowmie 5, ()"

V

m—1
=0(1) Y, AWK )X, + O(1)m|Kpn| Xy
y=1

m—1
) Y |+ DAIK| — K| |X -+ O(1)m| Koy | Xin

v=1

m—1
= 00)'S AKX+ S 1K Ol X = O(1), a5 m— on
v=1 v=1

For r = 3, we have that

m+l  p >6k+k 1

PG

<3 ()™ (Sl L)’

m+1

=0(1) %(P >6k+k7 (Z\anv+1\|1v+1|k|tv )(Z MH‘)

Pn —

m+1 Sk+k—1 n—-1 1 k
2 ( ) ;1<2 |aAn,v+l|Mv+1|k‘ V‘ )
n=2 y=1 v

t
2N anserlsit 2
P
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m B ‘l‘ |k m+1 Pn Sk R
= 0(1) 2 Mv+1|k 1Mv+l| :} 2 (p_> ‘amv-&-l‘
n

v=1 n=v+1

Emm s ()"

Now applying Abel’s transformation, we obtain

zAmmz( )

m—1

DY, Al +0(1) At Xon
v=1

)| Apt1 |Z< ) kv;}kl

V

m—1
1) Y KXo+ O(1) | Apg1 | Xims1 = O(1) as m — oo,
v=1

Finally, for r = 4, by the similar process in M), 1, we get

m+l  p o\ Sk+k—1
CY ()Tl
n—2 “Pn

mt1 <pn ) Sktk—1
Pn

m+1 Pn Sk _
—o) Y (p—) Al An [ A

n=2 n

m+1 Pn ‘tn|
ny ( ) mlal g7 = O(1) 25 m = oo
n=2 Pn
Therefore we get that

N

n=1 £'n

B, _
Sk, K < oo, for r=1,2,3,4.

So the proof of Theorem is completed.

5. An application to trigonometric Fourier series

Let f be a periodic function with period 27 and Lebesgue integrable over (—r, ).
The trigonometric Fourier series of f is defined as

1 - oo

Slx) ~ 540 + 2 (ancosnx+ bysinnx) = Y Cy(x)

n=1 n=0

where

= %/f(x)dx, an:%/f(x)cos(nx)dx, bn:%/f(x) sin(nx)dx.
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1

Set ¢(t) = L f(x+1) + fx—1) and 0o (t) = & [(t —u)* " $(u)du, (> 0).

0

In [15], we know that if ¢(r) belongs to the class BV (0,7), then o,(r) = O(1),

where 0,(1) is Cesaro mean of the sequence (nC,(t)). Therefore we write the follow-
ing results.

THEOREM 3. [14] If ¢(¢r) € BV(0,x), and the sequences (K,), (A,) and (X,)

satisfy the conditions of Theorem 1, then the series Y Cy(t)A, is summable |N,py.

THEOREM 4. If ¢(1) € BV(0,1),, and the sequences (K,), (A,) and (X,) satisfy

the conditions of Theorem 2, then the series Y.C,(t)A, is summable |A, py; 8 |-
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