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STRONGLY SEPARATELY EQUICONTINUOUS
FAMILIES OF FUNCTIONS ON /2

CHRISTIN AGUSTIS, ATOK ZULIJANTO AND HADRIAN ANDRADI*

Abstract. In this paper, we introduce the notion of a strongly separately equicontinuous family of
functions on 2. We establish several theorems analogous to classical results on equicontinuity
in this new setting.

1. Introduction

Equicontinuity is a fundamental concept in the study of function spaces. It was
introduced by [1] and [2] in the context of obtaining a result analogous to the Bolzano-
Weierstrass theorem in function spaces. Let (X,d), (Y,p) be metric spaces and C(X,Y)
denote the space of all continuous functions from X to Y. A family .# C C(X,Y) is
said to be equicontinuous at x € X if for every € > 0, there exists 6 > 0 such that for
all ye X and all f € %, the condition d(x,y) < & implies p(f(x),f(y)) < &. This
notion plays a crucial role in the Arzela-Ascoli Theorem, which provides a criterion for
a sequence of functions to have a uniformly convergent subsequence.

In [4], the author introduced the notion of a strongly separately continuous func-
tion on R". A function f:R" — R is said to be strongly separately continuous at
x¥ = (x9,...,x9) € R" with respect to the k-th variable if for every & > 0, there exists
8 > 0 such that for all x = (x1,x2,...,x,) € R", the condition d(x,x?) < § implies
|f(x) — f(x')| < &, where x" = (x1,...,X—1,X0,Xk41,...,%,). Based on this, it was
shown in [4] that a function f : R” — R is continuous if and only if it is strongly sep-
arately continuous. Later, the authors of [3] extended this notion to the space 22 and
showed that, in general, strong separate continuity of a function f does not imply its
continuity.

Building on the concepts of strong separate continuity and equicontinuity, we in-
troduce the notion of a strongly separately equicontinuous family of functions on ¢2.
This notion enables the study of how such families behave under a specific convergence
criterion.
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2. Strongly separately equicontinuous families of functions on ¢>

Let (X,d) be a metric space, x” € X, and § > 0. Denote by Bx(x’,8) the open
ball centered at x° with radius &, that is,

Bx(x°,8) := {x € X |d(x,x") < &}.

Let /2 denote the space consisting of all real sequences x = (x ;) such that Zx? < oo,
j=1
endowed with the metric d defined by

d(x’y) =

forall x = (x;), y = (v;) € 2.
We first recall the definition of a strongly separately continuous functions on ¢2.

DEFINITION 1. [3, Definition 1.1] A function f : (> — R is said to be strongly
separately continuous at a point x* = (x?-) € (2 with respect to the k-th variable if for

every € >0, there exists § >0 such that for all x= (x;) € ¢2, the condition d(x,x%) < §
implies

f(x) = f)] <,
where x' = (x,..., X1 7x27xk+ 1,--.). The function f is said to be strongly separately
continuous at x° if f is strongly separately continuous at x° with respect to the k-th

variable, for all k € N. Moreover, f is said to be strongly separately continuous on £*
if it is strongly separately continuous at every point x? € ¢%.

For notational convenience, we denote, for any a = (a j) el andreR,
ak(t) = (al,LIQ, ey Q150 ey 15 )

LEMMA 1. [3, Proposition 1.2] If f: (> — R is continuous at x° = (x?-) e 2,
then f is strongly separately continuous at x°.

The converse of Lemma 1 does not necessarily hold, as illustrated by Theorem 1
in [3], involving a set of type (P1) whose definition is recalled below.

DEFINITION 2. [3] A subset S C ¢ is said to be a set of type (P1) if the fol-
lowing condition holds: if x = (x;) € S, y = (v;) € £%, and the set {j € N|x; #y;}
contains at most one element, then y € S.

We now introduce the precise definition of a strongly separately equicontinuous
family, an essential concept in our paper.
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DEFINITION 3. Let .# be a family of functions f: /> — R and k € N. A family
Z is said to be strongly separately equicontinuous at x¥ = (x?-) € (% with respect to the
k-th variable if for every & > 0, there exists § > 0 such that for all x = (x;) € /2 and
all f € .7, the condition d(x°,x) < § implies

[f(x) — ()] < .

Moreover, .Z is said to be strongly separately equicontinuous at x° if .% is strongly
separately equicontinuous at x® with respect to the k-th variable, for all k € N. The
family .7 is said to be strongly separately equicontinuous if it is strongly separately
equicontinuous at every point x° € /2.

It is easy to see that if .# is strongly separately equicontinuous, then each function
f € F is strongly separately continuous.
The following lemma follows directly from Definition 3.

LEMMA 2. If .F is equicontinuous at x° = (x(;) € (2, then .F is strongly sepa-

rately equicontinuous at x°.

The converse implication does not hold in general. We show that there exists a
family of functions which is strongly separately equicontinuous at every point but not
equicontinuous at any point.

EXAMPLE 1. Let S C £? be a set of type (P1) such that both S and ¢2\ S are
dense in /2. Such a set S exists according to [3, Example 1.3]. Define g, : ¥ — R by

(x) = n, xe§,
8700, xer\s.

Let 4 = {g,: (> — R|n € N}. Then ¢ is strongly separately equicontinuous but
not equicontinuous on (2. The first step is to show that & is strongly separately
equicontinuous. Let x* = (x?) €0, keN, and € > 0 be fixed. Set § =¢. Let

x = (x;) € B(x,8) and n € N be arbitrary. Since x;(x{) differs from x in at most
one coordinate and S is of type (P1), it follows that x € S if and only if x;(x{) € S.
Hence,

|0 (x) — gn(xi ()| = 0 < &

To show ¥ is not equicontinuous at x° € ¢2, let € = % and 6 > 0 be arbitrary. The
following two cases are considered.

1. x%€es.
Since (2\ S is dense in £2, it follows that B2 (x?,8) N (£>\ S) # @, and therefore
there exists y € £2\ S such that y € B,>(x?,8). Hence,

lg1(x®) —g1()|=1-0]=1>¢.



240 C. AGUSTIS, A. ZULIJANTO AND H. ANDRADI

2. x"¢5s.
Because S is dense in £2, it follows that Bp (xo, 0)NS # &, and therefore there
exists z € S such that z € B2(x°, §). Hence,

lgi(x®) —gi1@)|=0—1|=1>e. O

Recall that any finite family of continuous functions on a metric space is equicon-
tinuous. A similar result holds in the context of strong separate continuity.

THEOREM 1. If % is a finite collection of strongly separately continuous func-
tions on {7, then .F is strongly separately equicontinuous.

Proof. Let k € N and x° = (x?) € (. Since .Z is finite, it can be written as
F ={fi, /..., f;} forsome j € N. Let € >0. Foreach m € {1,2,..., j}, the strong
separate continuity of f,, at x* implies that there exists §,, > 0 such that

() = fon ek ()| < &

forall x € Bj2(x?,8). Let § =min{§,,6,...,8;}. This yields

[fin () = fon (e (o)) | < &
for all x €B€Z(x075) andall m=1,2,...,j. O

The notion of weak local uniform convergence, considered in [3] as a weaker form
of uniform convergence, is recalled in the following definition.

DEFINITION 4. [3, Definition 2.2] Let X be a metric space and (f,) be a se-
quence of functions from X to R. A sequence (f;) is said to converge weakly locally
uniformly to a function f: X — R at x° € X if for every & > 0, there exist § > 0 and
p € N such that

[fa(x) = f(X)[ <&

holds for all n € N with n > p and all x € Bx(x",8). The sequence (f,) is said to
converge weakly locally uniformly to f on X if it converges weakly locally uniformly
to f atevery point x” € X . Moreover, (f;,) is said to converge weakly locally uniformly
if there exists a function f: X — R such that (f,) converges weakly locally uniformly
to fonX.

The next theorem, originally proved by [3], states an important property of weakly
locally uniformly convergent sequences.

THEOREM 2. [3, Theorem 2.3] Let (f,) be a sequence of strongly separately
continuous functions on (*. If (f,) converges weakly locally uniformly to a function
fil? >Rarx"= (x?) € (2, then f is strongly separately continuous at x°.
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It is well known that a uniformly convergent sequence of continuous functions
is equicontinuous. The following theorem extends this idea to the setting of strong
separate equicontinuity, where convergence is considered in the weak local uniform
sense.

THEOREM 3. Let n € N and f, : 1> — R be a strongly separately continuous
function on (2. If (f,) converges weakly locally uniformly to a function f: ¢> — R at
x0 = (x(;) € (2, then {f, :n € N} is strongly separately equicontinuous at x°.

Proof. Let ke N and € > 0. Since (f;,) converges weakly locally uniformly to f
at x¥ = (x?-) € %, there exist & >0 and p € N such that for all n € N with n > p and

all x = (x;) € B2 (x", &), the inequality

o) = )] < 5

holds. Since f is strongly separately continuous at x° by Theorem 2, there exists
61 > 0 such that

£ = F D)l < 5

forall x € B (x°,8;). Let 8, = min{d, 8 }. Therefore, for all n € N with n > p and
all x € Bp2(x",6,), it holds that

[ () = GG < ) = £O)] + 1 () = f ()|
+|f(xk(xk)) ek ()]

<§+§+§=8

According to Theorem 1, {f, : 1 <n < p} is strongly separately equicontinuous at x°,
and therefore there exists 63 > 0 such that

[ful®) = fule (o) < &
forall x € Bp(x x? &) andall 1 <n < p.Let § =min{&,,8;}. This leads to
[fin () = fn e (06))] < €

forall x € Bpp(x*,8) andall me N. [

Motivated by the concept of weak local uniform convergence, as considered in [3],
we introduce the notion of a weakly locally uniformly Cauchy sequence of functions, as
defined below. Before doing so, we briefly recall the classical definition of a uniformly
Cauchy sequence of functions. A sequence of functions (f;,) defined on a metric space
X is called uniformly Cauchy if for every € > 0, there exists N € N such that

[fn(x) = fm() < &

for all m,n € N with m,n > N and all x € X.
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DEFINITION 5. Let X be a metric space and (f,,) be a sequence of functions from
X to R. A sequence (f;) is said to be weakly locally uniformly Cauchy at x° € X if
for every € > 0, there exist § >0 and p € N such that

[fn(x) = fm(X)] < &

holds for all m, n € N with m, n > p and all x € Bx(x°,8). The sequence (f,) is said
to be weakly locally uniformly Cauchy on X if it is weakly locally uniformly Cauchy
at every point x’ € X .

We now present a theorem that plays a central role in establishing our main result.

THEOREM 4. Let X C {? be a compact set and (f,) be a sequence of functions
fu: X = RIf (fn) is strongly separately equicontinuous and weakly locally uniformly
Cauchy on X, then (f,) is uniformly Cauchy on X.

Proof. Let € >0 and k € N. Let x = (xj) € X. Since (f,) is strongly separately
equicontinuous at x, there exists & > 0 such that for all n € N and all y = (y;) € (2,
the condition d(x,y) < &y implies

) = faoal)| < 5.

Since (f,) is weakly locally uniformly Cauchy at x, there exist o > 0 and Ny € N
such that for all n, m € N with n, m > Ny and all y € B2 (x, %), the inequality

H0) a0l < 5

holds. Let % = min{ 6y, 04 } and & = {B2(x,%)|x € X}. Since X is compact and #
is an open cover of X, there exist x!,...,x” € X such that

p
X C|UBp (', 7).
i=1
Let N=max{N,|i=1,....,p}, n, m€ N with n, m > N, and y € X. There ex-
ists i* € {1,...,p} such that y € Bkz(xi*,jx)c,.*), which implies y;(x ) € B/JZ(xi*»Yxi*)-
Consequently,

[ 3) = S0 < fa0) = Fa O GO + e () — fin 0 (xi))

+ 0 (3i)) = Fu )
<t+iif-e D
3°3 3 7
Note that weak local uniform convergence implies the weak local uniform Cauchy

property. Combined with the fact that a uniformly Cauchy sequence of functions con-
verges uniformly, this leads to the following corollary which is the main result of this

paper.
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COROLLARY 1. Let X C {? be a compact set and (f,) be a sequence of functions
Su: X = RUIf (fy) is strongly separately equicontinuous and converges weakly locally
uniformly on X, then (f,) converges uniformly on X .

It is known that if an equicontinuous sequence of functions converges pointwise
on a compact metric space, then it actually converges uniformly. The corollary above
can be viewed as an analogue of this classical result in the setting of strong separate
equicontinuity. Motivated by the classical Arzela-Ascoli theorem, we pose the follow-
ing question.

QUESTION 1. Could one find sufficient conditions that ensure a strongly sepa-
rately equicontinuous sequence of functions admits a uniformly or pointwise convergent
subsequence?
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