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CORE INCLUSION THEOREM FOR DOUBLE SEQUENCES

SAMI M. HAMID* AND RICHARD F. PATTERSON

Abstract. This article characterizes when four-dimensional matrices preserve generalized core
inclusions for double sequences. Using the disk characterization of Pringsheim cores, this
work establishes that a four-dimensional matrix A transforming bounded double sequences into
bounded double sequences satisfies P-C{A(x)} C P-C(® {x} for all bounded double sequences

if and only if A is RH-regular and P-limsup 2 }am#nrk#l| < o, which is a multidimensional
MR kl=1,1

extension of Natarajan’s core inclusion theorem, with the special case o = 1 providing a double

sequence analog of Knopp’s core theorem.

1. Introduction

The core of a complex sequence, first introduced by Knopp [5], is defined as the
intersection of closed convex hulls of sequence tails. For a bounded sequence x = (xy),
if K,(x) denotes the closed convex hull of {x; : kK > n}, then the core is ¢ (x) =

ﬂ K, (x). Shcherbakov [14] provided an alternative characterization for bounded com-
n=0

plex sequences, showing that ¢ (x) = ﬂ Climsuply,—z| (2)» where Cy(z) denotes the

zeC
closed disk centered at z with radius r.

For double sequences, Patterson [9] introduced the Pringsheim core by extending
Knopp’s construction to the double sequence setting, defining it as the intersection of
closed convex hulls of double sequence tails. The theory of double sequences and
their summability has been comprehensively treated in Bagar [1] and Mursaleen and
Mohiuddine [7]. These monographs develop the framework of four-dimensional matrix
transformations and RH-regularity, which are fundamental to studying core properties
in the double sequence context.

Sever and Altay [13] extended Shcherbakov’s disk characterization from single
sequences to double sequences, showing that the Pringsheim core can be expressed as

P-C{x} = () B:(2),

zeC
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where By(z) is the closed disk centered at z with radius P-limsup |x;; —z|. In [2],
Kl

this equivalence was revisited by means of the Hahn—Banach Se[;aration Theorem and
extended to the statistical setting.

Natarajan [8] characterized when matrix transformations of single sequences pre-
serve core inclusions. For infinite matrices A = (a, ) acting on single sequences, he
showed that % (A(x)) C ¢ (%)(x) for all bounded sequences if and only if the matrix

=

is regular and satisfies limsup ) |an7k} <o

nok=0
Here .7 (%) (x) = ﬂ Colimsuplx,—z| (2) is the generalized «a-core introduced by
zeC K

Shcherbakov [14]. This characterization, for o = 1, yields an elegant proof of Knopp’s
core theorem.

The present work extends Natarajan’s theorem to four-dimensional matrices act-
ing on double sequences. Using the disk characterization from [2, 13], this article
establishes necessary and sufficient conditions for a four-dimensional matrix to satisfy
P-C{A(x)} C P-C'®{x} for all bounded double sequences. The main result shows that,
for matrices transforming bounded double sequences into bounded double sequences,
this inclusion holds if and only if the matrix is RH-regular and satisfies

P-limsup Z |am7,,7kﬁl|<oc.
mn gi=1,1

The extension from single to double sequences requires handling the six RH-regularity
conditions and the more intricate convergence behavior in the Pringsheim sense. The
disk characterization proves essential in managing these technical complexities.

The paper is organized as follows. Section 2 presents the necessary preliminaries,
including Pringsheim convergence concepts, four-dimensional matrix transformations
and RH-regularity, and reviews the disk characterization of the Pringsheim core from
[2, 13]. Section 3 introduces the generalized o -Pringsheim core and establishes the
main theorem extending Natarajan’s result to the double sequence setting. Section 4
provides concluding remarks.

2. Preliminaries

This section establishes the mathematical framework necessary for extend-
ing Natarajan’s theorem on core inclusions to four-dimensional matrices, which
begins with fundamental concepts of double sequence convergence, introduce four-
dimensional matrix transformations and their regularity conditions, and then present
the Pringsheim core along with its disk characterization from [2, 13]. This disk charac-
terization serves as the crucial analytical tool that impacts the matrix transformations
of double sequences core, ultimately allowing the generalization of Natarajan’s single
dimensional results to multidimensional setting.
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2.1. Basic concepts for double sequences

The fundamental notion of convergence for double sequences was introduced by
Pringsheim, and it forms the foundation for all subsequent developments.

DEFINITION 1. ([11]) A double sequence x = (xx,;) has Pringsheim limit L (de-
noted by P-likr}lka = L) provided that given € > 0 there exists N € N such that

Xt — L’ < € whenever k,/ > N. We shall describe such a sequence more briefly as
“P-convergent”.

For sequences that do not converge, we require the notion of limit superior in the
Pringsheim sense, which plays a central role in defining cores and analyzing matrix
transformations.

DEFINITION 2. ([9]) For a double sequence x = (xx;) of real numbers, let ¢, =
sup{xx; : k,l > n}. The Pringsheim limit superior of x is defined as

Pl o0, if o4, = +oo for each n;
-limsupxg; = < . .
el DXk inf{ay,}, if o4 < oo for some n.
7 n

This notion is used exclusively with bounded double sequences, as the Pringsheim
core is defined only for such sequences.

2.2. Four-dimensional matrix transformations

To study the behavior of double sequences under transformations, we recall the no-
tion of four-dimensional matrices and their action on double sequences. These transfor-
mations generalize the notion of infinite matrix transformations from single sequences
to the double sequence setting.

DEFINITION 3. A four-dimensional matrix A = (a,, ;) maps a double sequence
x = (x¢;) to the double sequence (A(x)),,, where

00,00

(A(X))mn = 2 Ak, 1Xk, D>
ki=1,1

assuming the series converges for each m,n € N.

For the analysis of core preservation, this article focuses on matrices that preserve
the convergence properties of double sequences. This leads to the fundamental notion
of RH-regularity.

DEFINITION 4. A four-dimensional matrix A is said to be RH-regular if it maps
every bounded P-convergent sequence into a P-convergent sequence with the same
P-limit.



222 S. M. HAMID AND R. F. PATTERSON

The following characterization, due independently to Hamilton and Robison, pro-
vides necessary and sufficient conditions for RH-regularity that are essential for the
main results.

THEOREM 1. ([3, 12]) A four-dimensional matrix A = (G ;) is RH-regular if
and only if the following conditions hold:

RH, : P-limay, , k1 = 0 for each k and I;
m,n ”
RH, : P-lim Y apup=1;
M =11
RH; : P-1im Y, @y pi| =0 for each ;
mn = ’
RH, : P-lim Z ’am7n7k_l’ =0 for each k;
m,n =1 ’
RHs : 2 }ammk.,l} is P-convergent; and
kl=1,1
RHg : there exist positive numbers Ag and By such that
2 |am7n7k7l| < Aofor all m,n.
k,l>Bg

2.3. Pringsheim core and its disk characterization

The Pringsheim core, introduced by Patterson for double sequences [9], general-
izes the classical Knopp core to the double sequence setting. The standard definition
using closed convex hulls and the disk characterization that was established in [13] and
further studied in [2], which serves as the key analytical tool for studying how matrix
transformations affect cores is as follows.

DEFINITION 5. ([9]) Let x = (xx;) be a bounded double sequence in C. For
each n € N, let P-C,{x} be the least closed convex set containing all points x; for
k,I > n. The Pringsheim core of x is defined as

P-C{x} = ﬁ P-Cp{x}.

n=1

The Pringsheim core captures the asymptotic behavior of a double sequence by
identifying the set of all possible limit points and their convex combinations. To analyze
how matrix transformations affect this core structure, the analysis utilizes the following
disk characterization.

DEFINITION 6. ([13]) Let x = (x;;) be a bounded double sequence in C. For
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each z € C, define the closed disk

By(z) = {w € C:|w—z| < P-limsup|xg, —zl},
Kl

9

where P-limsup |xk_; —z} = inf sup }xk_; — z|.
k|l : neNgisp

For a bounded double sequence x, the quantity P-limsup |xk71 —z’ above coin-
K

cides with inf  sup |x;; —z|, since every tail of the form {(k,!) : k > m,[ > n}
’”7"€Nk>m, I>n
contains a tail of the form {(k,/) : k,l > ng} and conversely; both expressions will be
used interchangeably in what follows.
The following result, established in [13] and further studied in [2], provides a
critical connection between the two characterizations, thus reinforcing the theoretical
framework for this work.

THEOREM 2. ([2, 13]) For any bounded double sequence x = (xy;) in C,

P-C{x} = ﬂ B,(2).

zeC

This disk characterization, established in [13] and obtained in [2] by means of the
Hahn-Banach Separation Theorem, expresses the Pringsheim core as the intersection
of all closed disks By(z) as z ranges over the complex plane. This representation fa-
cilitates the analysis of matrix transformations by reducing the problem to examining
how matrices affect the radii of these disks. This geometric approach leads directly to
the generalized o -cores introduced in Section 3.

2.4. Connection to Natarajan’s work

In 1990, Natarajan [8] characterized when matrix transformations of sin-
gle sequences preserve core inclusions. In that work, the matrices are infinite
matrices A = (a,x) where n,k € N, acting on single sequences x = (x;) to

produce transformed sequences (Ax), = Zamkxk. Natarajan established when
k=0
such a matrix satisfies J# (A(x)) C ¢ (%) (x) for all bounded sequences x, where
) (x) = ﬂ Colimsuplx,—z| (2) 1s the generalized o -core. The main result states that
zeC "

=

this inclusion holds if and only if A is regular and satisfies limsup Y. |au| < .
n—e k=0

This paper extends Natarajan’s result to double sequences under four-dimensional
matrices. This setting involves double sequences x = (xz;) where &,/ € N, and four-
dimensional matrix transformations. The classical Silverman-Toeplitz regularity [4, 0,
10] is replaced by RH-regularity, which requires six conditions using Pringsheim notion
of convergence.
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The disk characterization from Theorem 2 provides the key tool for handling this
more complex setting. It expresses the Pringsheim core through an intersection of disks,
providing means to analyze how four-dimensional matrix transformations affect these
geometric structures and establish the appropriate generalization of Natarajan’s norm
condition.

3. Generalized o -Pringsheim core

This study extends the generalized o -core, introduced by Shcherbakov [14] for
single sequences and employed by Natarajan [8] in his core inclusion theorem, to the
double sequence setting. This generalization utilizes the disk characterization to ex-
amine the effect of four-dimensional matrix transformations on the cores of double
sequences. Consequently, the following definition is introduced.

DEFINITION 7. For a bounded double sequence x = (x;;) in C and o« > 1, the
generalized o -Pringsheim core is defined as

P—C(a){x} = ﬂ B,(Ca)

zeC

where B\%) (z) ={weC:|w—2z| < a-P-limsup|x; —z|}.
Kl

REMARK 1. When o = 1, we recover P-C(){x} = P-C{x} by Theorem
2. For o > 1, the set P-C ){x} represents an expanded version of the Pring-
sheim core where each disk in the intersection has its radius scaled by the factor
a. This scaling mirrors Natarajan’s generalization for single sequences, where
) (x ﬂ Cy. llmsup\xn—zl( 7). The disk characterization reveals the geometric

zeC
principle at work: when a matrix transformation has norm bounded by «, it maps the

core of any sequence into the ¢ -expanded core of the original sequence.

3.1. Main Theorem

Let us state and prove our main result, which characterizes when four-dimensional
matrices preserve core inclusions. The theorem establishes that RH-regularity, together
with a bounded norm condition on the matrix entries, completely characterizes this core
preservation property.

Unlike in the two-dimensional setting, where the Silverman—Toeplitz conditions
guarantee that every regular matrix transforms bounded sequences into bounded se-
quences, the RH-regularity conditions constrain only the behavior of the rows of A
along Pringsheim tails. In order for the Pringsheim core of A(x) to be defined for ev-
ery bounded double sequence x, the matrix A is required to transform bounded double
sequences into bounded double sequences. Note that the definedness of A(x) for every
bounded x already forces each row of A to be absolutely summable. For the bounded
sequence xp; = m/ ’am7n7k71’ (with xz; = 0 when a,, ;s = 0), the rectangular
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partial sums of the series defining (A(x)),» coincide with those of 2 }am%k,l
ki=1,1

which are monotone, so their Pringsheim convergence forces a finite supremum. Hence

each functional x +— (A(x))m, is bounded on the Banach space of bounded double

sequences, with norm Y |y
ki=1,1
mapping property above is equivalent to the norm condition

bl

, and by the uniform boundedness principle the

sup Y [dmuia| <o (1)
mneNg =11

The sufficiency argument below is in the spirit of the norm estimate of [9, Lemma
3.1], adapted to the shifted sequences arising from the disk characterization, while the
necessity part employs a block construction of the type introduced there.

THEOREM 3. Let A = (ampi;) be a four-dimensional matrix satisfying (1) and
let oo > 1. Then A satisfies

P-C{A(x)} C P-C%){x}
for all bounded double sequences x = (xi;) if and only if A is RH-regular and satisfies

Plimsup Y [amurs| < o ?)
mn g i=1,1

Proof. Sufficiency. Suppose A is RH-regular and satisfies condition (2). Let x =
(xx;) be any bounded double sequence and let y € P-C{A(x)}. Note that A(x) is a
bounded double sequence by (1), so Theorem 2 applies to A(x) and, for any z € C, we
are granted

[y — z| < P-limsup |z — (A(x))mn]
m,n

0,00

Z— 2 Am,n k1 Xk,
ki=1,1

= P-limsup
m,n

By RH,, setting &, = 1 — Z mn k> We have P-limg,, , = 0. It follows, using the
ki=1,1 i
absolute convergence of the double series Z Qmn Xk, granted by RHs, that
ki=1,1

0,00

Z— 2 Am,n, k1 Xk,
ki=1.1

2= (AQX))ma| =

z: 2 Ampjl + 2 Emn — 2 A fe,1XE,
ki=1.1 ki=1.1
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2 it (2—Xict) + 2 Emn
ki=1,1

2 |amnii] |z = xet| + |2l €mnl-
ki=1,1

N

Since P-limég,,, = 0, we have |z||€,,| = o(1) in the Pringsheim sense. Let L =
m,n

P-limsup |z — x| =inf sup |z—x|. Since x is bounded, for any & > 0, there
k,l MM ke>m,I>n
exist M,N € N such that

sup ’z—ka’ <L+e.
k>M, >N

Thus the partition of the sum grants us the following,

00,00 M N

> lamnille =il =
kl=1,1 k=11=1

+ZZ

=11=N+1

=

k=M+11=1

=

+ 2 Z ‘am,n,kJHZ—xk’l‘.

k=M+11=N+1

Let C =1+ sup{ |z — xk71| : (k,1) € N x N}, which is finite since x is bounded. By RH|
and the finiteness of {(k,/): 1 <k< M,1 <1< N}, for each (k,l) in this set, there
exists N(k,I) such that for all m,n > N(k,I),

€
il < 337y
Let Ng = max{N(k,[): 1 <k <M,1 <I<N}. Then forall m,n> Ny,
M N
€ €
MN - =—.
2 X lemnsi| <MN-3e05 =36

k=1

—
Il

1

For the second region, by RHy, for each k = 1,..., M, there exists N; (k) such that for
all m,n > Ny (k),

3 lamasi] < 5e37

Let Ny = kglaxM{Nl (k)}. Then for all m,n > Ny,

& &
’amnkl’<M 3CM f

Mz
Mg

~
I|
iR
=
Il

1
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M o
Since Y, lampnkil < D, Y, |@mpki|. we have the desired bound for sufficiently
k<M., I>N k=1i=1

large m and n. Similarly, for the third region, by RH3, for each [ =1,... N, there
exists N> (1) such that for all m,n > N>(I),

- €

2 ’am,n,lgl’ <=

P 3CN
Let Ny = z nllaxN{Nz(l)}. Then for all m,n > N,

& &
}amnkl}<N 3CN f

M=
Mg

I=1k=1

For the first three regions, for sufficiently large m and n,

€ €
| k| |2 = x14] < C- -3
{(k,l):k<M and I<N}
€ €
| pi| |2 = x1] < C- -3 and
{(k,l):k<M and >N}
€ €
| k| |z = x0] < C- 3IC-3
{(k,l):k>M and I<N}
For the fourth region, the bound  sup |z — xk_;| grants us
k>M, >N :
|@mania| |2 =301 | < (L+e) > | k|
{(k,l):k>M and >N} {(k,l):k>M and >N}

0,00

g(L'i_E) z |am7n7k.,l|-
ki=1,1

Combining these bounds with the fact that |z| |&,,,| < € for sufficiently large m and n;
thus obtaining the following

00,00

2= AEDmal € X sl |5t +12] lemal
ki=1,1
e .-
<3rarzrlee) X lams|te

0 00

=2e+(L+¢) 2 |ampn ] -
ki=1,1
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Taking the P-limsup on both sides and using condition (2), we obtain the following
P-limsup|z — (A(x))ma| < P-limsup |26+ (L+€) Y, |ampnil
m,n m.n kl=1,1

=2¢+(L+¢)- P-limsup 2 | k|
mn - gi—1,1

<2e+(L+¢)a.
Since this inequality holds for arbitrary € > 0, it follows that

P-limsup |z — (A(x))mu| < Lot = o+ P-limsup |z — x| .
mn kol

Therefore,
|y —z| < o~ P-limsup |z —xk’l| .
k|l

Thus, y € B\ (z) forall z € C, which means y € P-C®){x} by Definition 7.

Necessity. ~ Suppose that P-C{A(x)} C P-C/*{x} for all bounded double
sequences x. The analysis begins by showing that A must be RH-regular. Let
x = (xx;) be a bounded double sequence that is P-convergent to some limit L.

Then P-limsup|x;; —z| = |L—z| for every z € C, so that B,((a)(L) = {L}, while
kil

Le B,(ca)(z) for every z € C because |L—z| < a|L—z|. Hence P-C(*){x} = {L}, and
the hypothesis yields P-C{A(x)} C {L}.

By (1), A(x) is a bounded double sequence. Suppose that A(x) is not P-
convergent to L. Then there exist & > 0 and indices (k;,/;) with k;,l; > i such that
|(A(x))k,; — L| > € for each i € N. By boundedness, the sequence {(A(x))x,;,}7 has
a convergent subsequence with limit y satisfying [y — L| > & . For each fixed ng € N,
all but finitely many of the points (A(x)),;, belong to the set {(A(x))x; : k,I > no};
since P-C,,{A(x)} is closed, it follows that y € P-C,,,{A(x)} for every ng € N, hence
y € P-C{A(x)} C{L}, a contradiction. Therefore A(x) is P-convergentto L, and A is
RH-regular. Let us now establish condition (2) by contradiction. Suppose

P-limsup 2 }am7n7k7;} > Q.
mn - gi—=1,1

Since P-limsup Y |apnii| < sup D |dmagi| < oo by (1), there exists &> 0
mn o gi=11 mneNg =11
such that

P-limsup 2 |am7n7k71| =a+h.
mn =11

By the definition of P-limsup, there exists a strictly increasing sequence of indices
{(m(i),n(i))}7, such that

©0,00

lim > (@i | = 00+

ki=1,1
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We will now construct, by induction on i, strictly increasing sequences of nonnega-
tive integers {K (i)}, and {L(i)}7*, with K(0) = L(0) =0, and a subsequence of
{(m(i),n(i))} (which is still denoted by {(m(i),n(i))} for simplicity). For each i > 1,
given the pair (m(i),n(i)) and the numbers K(i — 1), L(i — 1), let us define the follow-
ing regions:

Ri(i)={(k,]):1<k<K(i—1),1<I<L{i—1)},
Ro(i) = {(k,1) 1 1 <k <K(i—1),L(i—1) <1 < L(i)}.
R3(i) = {(k,1) 1 K(i—1) <k <K(i), | <I<L(i— 1)},
Ry(i) = {(k,1) 1 K(i— 1) < k <K(i), L(i— 1) < | <L(i)}.
Rs(i) = {(k,1) 1 k > K(i) or [ > L(i)}

These sequences are constructed so that, for each i > 1, the following conditions are
satisfied:

h
Y |l < ¢ 3)
(k)R (1)
h
Y il < 16 @)
(k1) ERa (i)
h
Y il < ¢ )
(k)eRs (1)
h
Y |am i > ot 5 (6)
(k)eR4(7)
h
Z |am(i),n(i),k,l| < E' (7)
(k.1)eRs(i)

The inductive construction is as follows:
Set K(0) =0, L(0) =0. Then R{(1), Ry(1), R3(1) are empty, so conditions
(3)—(5) are trivially satisfied. Choose (m(1),n(1)) from the subsequence such that

< 3h
2 }aM(l),n(l),k,l| > o+ 7
ki=1,1

By RHjs, the double series 2 |am( 1)’,,(1),,{’1’ converges, so its tails vanish, and we
kl=1,1
may choose K(1) and L(1) sufficiently large such that

h

Z |@m(1) (1) kil < 77
(k.)ERs(1) 16

Thus

Y |a |><a+3h> h>a+h
(1)n(1) k1 — )= -
kneRs) 4/ 16 2

For i > 2, let us choose (m(i),n(i)) such that:
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1. Fork=1,...,K(i—1)and I =1,...,L(i— 1), RH, grants us

K(i—1)L(i—1) b
2 X lamoul <16

2. Fork=1,...,K(i— 1), RHy4 yields

- h
2:1 }am(,) n(i)JCJ} < 16K(i—1)’
thus
S S ol <
k=1 I=1 OO 16
3. Forl=1,...,L(i— 1), RH; ensures
3 lamirnl < a7
PO NN T/ (S D
therefore,
L(H)i}a o] <
=1 k=1 DT 16

4. Additionally,
& 3h
Y |y ntu| > o+ 7
ki=1,1

Now, invoking RHs once more, choose K(i) > K(i— 1) and L(i) > L(i — 1) suf-
ficiently large such that
h
Y |am@airl < 1¢-
(k1)eRs ) 16

which ensures condition (7) holds. Consequently,

2 |a }><a+3h) <h+h+h+h) OH—h
(i) (i) D) (ot —t = | =t o,
(k0)ER4 (i) 4 16 16 16 16 2

therefore condition (6) holds. This completes the construction. Let us consider the
double sequence x = (xy):

= SEN (i) n(iy k1) 1f (k,1) € Ra(i) for some i
0, otherwise,

where sgn(z) = — if z# 0 and sgn(0) =0.

z
2|



CORE INCLUSION THEOREM FOR DOUBLE SEQUENCES 231

The regions R4(i) are pairwise disjoint since K(i) < K(i+1) < --- and L(i) <
L(i+1) < --- by construction. This ensures the sequence x is well-defined. For each
i, consider the transformed sequence value,

(A m(iy (i) = Qi) (i) k1R
ki=1,1
= ) (i) (i) g Xk T D Am(i),n(i) XK - (3
(k1)ER4(i) (k1) ER4 (i)

For the first sum in (8), by our construction of x, thus x ; = sgn(d,(i) a(i) k1) for (k,1) €
R4(i). Therefore

Y Ayl kX = Dy iy (i) kot SEN i) (i) k)
(kvl)€R4(i) (kvl)€R4(i)

h
= Y |t >+ 5
(k1) ER4 (i)

where the second equality holds since z-sgn(z) = zZ/|z| = |z| for every z # 0. For the
second sum in (8), let us first show that x;; =0 for all (k,!) € Ry(i) UR3(i). To see this,
suppose that some (k,1) € Ry(i), where k < K(i—1) and L(i — 1) < < L(i), belongs
to R4(j) for some j € N:

e If j=1i: Then Ry4(i) requires k > K(i — 1), contradicting k < K(i —1).
e If j <i: Then R4(j) requires I < L(j) < L(i—1), contradicting I > L(i —1).
e If j>i: Then Ry4(j) requires k > K(j— 1) > K(i), contradicting k < K(i — 1).

Similarly, no (k,l) € R3(i), where K(i —1) <k < K(i) and [ < L(i—1), can
belong to any R4(j):

o If j=i: Then R4(i) requires [ > L(i— 1), contradicting [ < L(i —1).
e If j <i: Then R4(j) requires k < K(j) < K(i—1), contradicting k > K(i — 1).
e If j>i: Then R4(j) requires [ > L(j— 1) > L(i), contradicting [ < L(i —1).

Therefore x;; = 0 on Ry (i) UR3(i), and thus,

2 (i), n(i) ke, 1 Xk, 2 Wn(i) (i) k1 XK1+ 2 (i), n(i) ke, 1%k,

(kD) ¢R4 (i) (kD)ER1 (i) (k,l)ERs (i)
< X }“m(i)7n(i)7k7l|}xk~,l}+ > }am(i),n(i),k,l}|xk,l|
(k1)ER: (i) (k,1)ERs(i)
< Y amaoal+ X |l
(k1)ER (i) (k,1)ERs (i)
_h bk
16 16 8
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By the reverse triangle inequality,

|(AX)) iy (i) | = (i) i) XKL | —

(kD)ER4(i)
slatm)B_gy3h
2 8 8"

Moreover, since |xk7l} < 1 for all k£ and [, condition (1) grants, for every i,

0,00

’(A(x))m(i),n(i)’ < Z ’am(i),n(i),k,l’ < sup Z |am7n7k,l| < oo,
ki=1,1 mneNg =11

so the sequence {(A(X))u(i) (i) } ;=1 is bounded.
By the Bolzano-Weierstrass theorem, the bounded sequence {(A(x))u(i) (i) } i1
has a convergent subsequence. Without loss of generality, we may assume that the

3h
sequence itself converges to some y € C. Since |(A(x))m(l-)7n(,-)| > o+ 3 for all i, it

3h
follows that |y| > o + g %

To verify that y € P-C{A(x)}: Since y is the limit of the subsequence
{(AC)) miy (i) }i2y where m(i),n(i) — oo, for any fixed no € N, there exists i
such that m(i),n(i) > ng for all i > ip. This means that for each i > iy, the point
(A(X))m(i),n(i) belongs to the set {(A(x))r;s : k,l > no}. Since y = }L%(A(x))m(i)7n(i)
and P-C,,{A(x)} is the closed convex hull of {(A(x))x; : k,I > no}, and closed sets
contain all their limit points, thus yE P-Cy,{A(x)}. Since this holds for every ng € N,

it follows that y € P-C{A(x)} = ﬂ P-C,{A(x)}. Let us now analyze P-C(®{x} for

n=1
the constructed sequence. For z =0,

P-limsup [0 — xg | = P-limsup x| = 1,
k|l k.l

9

since by (6) each Ry(i) contains at least one pair (k1) with @) (i) k1 7 0, hence with
|xk ;| =1, and the regions R4 (i) eventually lie in every tail {(k, l) k [ > n}. Therefore

B 0)={weC:|w|<a1=al.

Since P-C(* {x}—ﬂB 7)) CB )(Ca)( 0), we have P-C(®{x} C {we C: |w| < a}.
zeC

Since |y| > «, we have y ¢ P-C(*){x}. However, y € P C{A(x)} as shown above.

This contradicts our assumption that P-C{A(x)} C P-C(®){x} for all bounded double

sequences x. Therefore, P-limsup 2 }am7n7k7l} <a. O
min =11
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REMARK 2. Forthe case o0 = 1, condition (2) becomes P-limsup 2 }ammk,l}
mn =11

< 1 which, for RH-regular matrices, is equivalent to P_lrigll 2 |am7n7k71| = 1. This
M ri=1,1
gives us an extension of Knopp’s core theorem to the double sequence case, providing
a simple and elegant proof for this important result. This special case deserves ex-
plicit formulation as a corollary, as it represents a direct generalization of one of the
foundational results in summability theory.
To see the stated equivalence, note that condition RH, and the triangle inequality
yield
P-liminf 2 }amnkl} P-liminf

m,n m,n

kil=1,1

=1,

2 Amnk,l

kil=1,1

which together with condition (2) for o = 1 forces the Pringsheim limit to exist and
equal 1. For real-valued double sequences, the corollary below is closely related to [9,
Theorem 3.2], in which RH-regularity together with the same limit condition charac-
terizes the inequality P-limsup A(x) < P-limsup x; the present formulation provides a
complex, core-theoretic counterpart.

COROLLARY 4. Let A = (ay ;) be a four-dimensional matrix satisfying (1).
Then
P-C{A(x)} C P-C{x}

for any bounded double sequence x = (xy;) if and only if A is RH-regular and satisfies

00,00

Plim Z |ampps| = 1.
kl 1,1

4. Conclusion

This paper establishes an extension of Natarajan’s theorem on core inclusions to
four-dimensional matrices acting on double sequences. The main result establishes
that a four-dimensional matrix A transforming bounded double sequences into
bounded double sequences satisfies P-C{A(x)} C P-C(*){x} for all bounded double
sequences x if and only if A is RH-regular and satisfies the natural norm condition

P-limsup Y |amuri| <

mn g l=1,1

The disk characterization from [2, 13] proved essential in establishing this result,
allowing this work to proceed with scalar inequalities involving Pringsheim limit su-
periors rather than more complex set-theoretic arguments. The proof technique, par-
ticularly the construction used in the necessity part, provides insight into how four-
dimensional matrices interact with the geometric structure of cores.

The techniques developed here may extend to other convergence concepts for dou-
ble sequences, such as statistical convergence or ideal convergence, though adapting the
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disk characterization to these settings would require addressing the measure-theoretic
aspects of these convergence notions.
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