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ON APPROXIMATION OF GENERALIZED EULER MEANS AND
RELATED COMPACT OPERATOR CHARACTERIZATIONS

LAXMIPRIYA NAYAK, PINAKADHAR BALIARSINGH*
VLADIMIR RAKOCEVIC AND SUBHASMITA MAHARANA

Abstract. Upon several investigations on difference sequence spaces, the current article aims to
propose a new family of generalized Euler difference sequence spaces with the help of general-
ized Euler mean and fractional binomial difference operator. Also, this paper discusses certain
theorems related to matrix characterizations, operator norms and Hausdorff measure of noncom-
pactness of the new spaces. In addition, the compact operator characterization for the proposed
spaces of the binomial difference via the Euler mean has been demonstrated. Moreover, towards
the final section, we have proposed the Korovkin type approximation theorem for the proposed
operator along with some convergence analysis via modulus of smoothness of order one.

1. Introduction, preliminaries and requisites

By the linear space w, we mean the space containing all the complex and real
valued sequences. However, any linear subspace of w, is said to be a sequence space.
The Banach space associated with continuous coordinates function py, i.e., p; : ) —
C, (m € Ny), where pm(y) =y, for every m € Ny and for all y € ), is coined to
be an BK-space. Being specific some basic classical sequence spaces such as /.., c,
co, £1, and £, (I < p <o), bs, cs, represent for spaces of bounded, convergent,
null sequences, absolutely summable sequences, p-summable sequences, and bounded
series and convergent series respectively involves the norms ||y||¢. = ||v|lc = [|v]lc, =

supnj,andHnHm-—suplﬁinj
m =0
However, both norms are isometrically isomorphic to /.., via the linear mapping

(D) meny — Zn

meN

Suppose ¢ leverage the space of all finite sequences, ¢ = (1,1,1,...), and e® s
the sequence which contains 1 at kth place for each k € Ny and zero otherwise. In a
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BK subspace of ¢, will satisfy AK property, whenever for each sequence ) = (h;) € Q)
posses a unique representation

= 2 Dge(®) -
£=0

Let A = (an;) be an infinite matrix of real numbers a,,;, for m,j € No, and 9)1,9>
be BK-spaces. Then for every n = (y;) € i, the matrix mapping A : 9 — 2>,
defined by

(AU)m :zamjﬂj» (mGNO)v (1)
j

is called the A-transform of y provided the infinite series given in (1) converges for
each y € Ny and Ay € 2),. The set (9)1,2>) signify the class containing all infinite
matrices A from 2); to 2)».

The set associated with an infinite matrix A and the sequence space A defined by

ng{yz(yj)EW:AyES},

represent the matrix domain 3, of the matrix A in the space 3.
Let X be a linear metric space. The sequence (bm)m_, in X with the criteria for
every y € 2), we can have a unique sequence (am)5_,, of scalars such that

y= 2 ambn,.

m=0

The matrix domain 3j; of a normed linear space A posses a basis if and only if the
space A has the basis.
The - and f-dual of a sequence space X are, respectively defined by

D* ={a=(a;):ayel, foralyec},

and

D)L {a=(a;):ay€csforally e P}.
We also write A € (1,2)>) if and only if Ay, € ,P forall m € Ny and Ay € Q) for
all y € Q). Note that B =ch = cg =1, E? = /e and 65 = {4, where 1 < p <o and

g=p/(p—1).
Let X D ¢ be a BK space and a = (ay). Then, we have

Z a;9i

i=0

|allg) = sup 7 2)

nESy

where the right side expression (2) exists and finite, indeed, this the case where a € 9)F.

Due to numerous applications, the summability theory and the theory of linear
bounded operators and sequence spaces have been used in many other achieved research
field of pure and applied mathematics. The applications are more visible in matrices
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and operator theory, approximation theory, calculus, etc. (see eg., [4,6, 10,13, 14,21]).
Recently, the sequence spaces generated by difference operators via different means are
very much useful and effective for establishing relationships between pure and applied
fields. For instance, the theory of Hausdorff measures of noncompactness related to
compact operators are efficiently experimented in solving the functional integral equa-
tions, approximation theory, fixed point theory, etc. Motivated by the idea, the primary
goal of the current investigations is to introduce a class of new generalized fractional
binomial difference sequence spaces via Euler mean operator and find their algebraic
and topological structures. We also discuss some results on the related matrix operator
norms, compact operators via the Hausdorff measure of noncompactness over newly
defined spaces.

Before moving to our main results, let us recall the following useful definitions:

The Euler mean matrix E' = (e,;) of order 7, (0 <t < 1) is defined by

_f(T)a-om gem,
The difference matrix B(r,s) = (by;j), r,s € R\ {0} is defined by
(= )

bumj=4qs, (=m-1),
0, (0therw1se)

>

The fractional difference operator A&) = (S‘ij) of order & (see [8]) is defined by the
triangle i.e.,

58 = |t (0<i<m),
™o, (i>m),

where I'(.) denotes the Gamma function and (& ); conceptualize the Pochhammer sym-
bol for any real number & which is given by

e (E=0,jeN),
(&)= {5(5+1)...(§+j—1), (j € No),

it is being understood conventionally that (0)g = 1.

The fractional binomial difference operator Bﬁi) = (5‘ik(r,s)) of order & is de-
fined by the triangle
(_g)mfkr§+k7msm7k
0<k<m),
5f1k(r75): Fm—k+1) ! m)

On combining operator E’ and BSE), we define the product operator E(’,BSFS) with the

help of any sequence (fixed) v = (v;) of non-zero real numbers as

:ii (=) (=) A=y (3)
Fr [—]—|—1) (I+1) e
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Equivalently, in matrix notation, one may write
m — —
S ()Rt ety 0 <e<m),

(BB me={ & (=OT(+1)

-1
It is noted that (ECBQ) is given by a triangle S = (sym¢), where

S m— (’é)m—[(_[)et[(l—l)[_(3 —fem.m—
Z%H) EF(m—r+1)r(e+1)vmr[ smL o (0<E<m), @

Sme =

2. New sequence spaces

Let & be a positive fraction, 0 <z < 1. Then, we introduce the matrix domain of
E{,BEE) ,onY),ie., <EQBS§)> ,i.e.,

V(ELBY) = {xew:yeD},

where, the sequence y = (y¢) can be computed as the E’ngé\) -transform of the sequence

()Cg), ie.,

[ - e 4 |
yé:;)g(_l)jr([(_fj:f)(p(fi:1)t[(1—f)k[réﬂ[Sl’ijj, (EeN),

and ) € {{w,{p,c,co}. Itis remarked that the above spaces can be reduced to following
classes under different special cases of &,r,s and v. For instances,

1. The spaces ¢, and €. (see, [3]) under the case that £ =0, r=s=1 and €.,
(see [4]) under the case that E =0, r=s=1 and v =ce.

2. The spaces by (A%), b (A%) and b4 (A%) (see, [46]) under the case that f = u,
l—t=v,r=s=1and v=e.

3. The spaces ¢{(A), €.(A) and €., (A) (see, [5]) under the case that E =1, r=1,
s=—land v=e.

4. The spaces (.(E'AS), co(E'AS), c(E'A®) and £,(E'A®) (see, [24]) under the
casethat r=1,s=—1and v=ce.

5. The spaces e)(A™), ¢.(A™) and ¢, (A(™) (see, [42]) under the case that

E=m,r=1,s=—-1land v=e.

6. The classes e, (B™)) and ¢/.(B(™) (see, [26]) for the case that £ =m and v=e.

7. The classes eg(Bs,m) and e’C(BE,m)) (see, [34]) for the case that £ =m.
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8. The spaces by", b’ and b’ (see, [16]) under the case that & =0, ¢ = u,
l—t=v,r=s=1and v=e.
9. The spaces by (V(™), b (V™)) and 54" (V™)) (see, [35]) under the case that
E=m,t=u,l—t=v,r=s=1and v=e.
2.1. Topological and algebraic properties

Now, we state the following basic theorems and results related to inclusion re-
lations, topological properties and certain operator norms of the above constructed
spaces.

THEOREM 1. The following inclusion relation holds strictly
co(EyBR) C c(EVBS)) € Lo(EBLY).

Proof. The proofis followed by the well known fact that ¢y C ¢ C l.. (see, Remark
3.10f[26]). O

THEOREM 2. For X € {{w,c,co}, X(Ef,BEés)) are BK spaces with the following
norm

: , (=8, (et =0 e
DI T(i—7+ DI(+1) T v

X[l o), = sup
N R P Yo

Similarly, the space EP(ECBEE)) (1 < p <) isa BK space with the following norm

p) 1/p
Proof. The proof of this theorem is a routine verification (see, Theorem 3.1 of
[26]). O

R o o e e
HEES) T\ 2| S E — 7+ DI(1+1) 7

Let the infinite matrix A = (a,) with a,; > 0 for all n,[ € Ny. Then we reach at
the following desired results on operator norms by using A:

THEOREM 3. Let X € {le,c,co}. Then the infinite matrix A is a bounded opera-
tor from X to X(Et pd ) if
} < -

p{g
me=0

and

1=01=y

141 gy 59, = M-
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Proof. Let us assume the case of X = /... Suppose x € f.. and we have

1A% 5, o, .
= sup i ii(—l)ﬂ (=6)iy(—m); t[(l—t)m_[réﬂ_[s[ﬂvma eXe

m p=07=01= F( ]+1)F( + ) "
< sup i ii(—l)j (=8)iy(=n S L e AT
S e e o T —+ DI(I+1) mmi e

SERLES (=8)iy(—m); Ul

< 1V J [ yn=0E&+5—1 [— .
< M||x]|co

Secondly, choose the sequence x = e, then we obtain

1€l 9, o

© VN gy (T8 (-m) Mgy,
s EOEOQ VR om0 e,
_ SNV (S Eme m-lE -l lgy, o
_mp{;ﬁ%[z( Ve yreen Y o ‘“‘}
—su i m e (_é)[—J(_n)[ lr1 m_[ré_H_[S[_] u
_Smp{;z) Z;)Z;( b N EY (1=1) Vimdme }

This proves the result. []

THEOREM 4. Suppose that A € B <€1,€1(E{,B£§))> f

m m g (_5)[—J(—m)[ . ——
Z‘BZ‘;(—I) [‘([—j+1)r([+l)[[(l—z‘) GEH- 1Ty an

}<°o’

1Al ), = M-

Proof. Letustake x € 1. Then
145l 5, 59
m

= i iZi(_l)J &)y (1 =)™ v e

m=0 |£=07=01—y L(I—y+ DI(1+1)
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< i i ii(_l)j (Z8)iy (s (=)™ S Iy aere
= m
m=0¢=0|;=01=5 L(l=7+DI((+1)
SIS (=8 (=m); TR
< —1)7 = =)™ GE Ry g
22|22 ey Y méme| [%e
<M|jx|y
Again consider x = (™)), then we get
1Aenll ) |
SEA SR SRS (=8 (m) 1 .

(1 =)ty
mz=0 ;);)% [_j_|_1)1-([ 1) ( ) S mAmeXe
SHELRY (=&)i—y(—=m); _ e

= —1) J M1 =)™ v dm
2|22 R ey Y man
=M.

Hence, we reach at our required results. [

THEOREM 5. Let A € B (ép,ép(E’VBﬁi)D , (1< p<eo)if

i sup i ii é) J(_m) (1 t)m L&+ [[jv ! <
= _— a k 007
S SE [—9+1)L(1+1)
and
» e
HA”E@B%)),p =M.

Proof. 1t follows from the similar arguments in Theorem 4. [l

THEOREM 6. The space @(E(,B%)) is linearly isometric to the space Q) for ) €
{leosCyc0}

Proof. The proof of the theorem is provided only for &O(E’VB%)) and those of
other are being verified similarly. In this context, we look into a linear bijective map
from Ew(E{,Bﬁﬁ)) t0 oo .

Consider the mapping T : Ew(Ef,BSFS)) — oo, defined by T'(x) = (E{,Bgés))x Then
it implies the mapping T to be injective, since, T is linear and 7'(6) =0, where 6 =
(0,0,0,...).

Now, for the second part, we define a sequence x = (x¢) via the sequence y =
(ve) € les as

_ i : (1)t ©et(=0 =D ey e 5)

y,.
S5E Ce—I1+ DI+ 1)ve !
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Then, we observe that

l[(l . t)?*[réJrjf[S[fjv]xJ

~—

NN S,y (8 (-
Sup[(Ey By )x)e] = sup j2,02‘;(—1 N ETES VXY

As a result, we have x € Ew(Ef,BSFS)). Therefore, we conclude that T is surjective and
preserve the norm. [

Since the spaces co and ¢ have Schauder bases, next, we construct the Schauder

bases of the spaces co(E{,ng)) and c(E{,Bgés)) For this purpose, we define the se-

quences A = (A4,), as

=B i, et

such that lim, ... A, = n* and the sequence B(t) = {ﬁ,gk)}neNO for fixed € € Ny as

B ={ v | & T(m— I+ D(e+ 1)
0, (£ >m),

L [i(_l)m—k (5)m—[(_[)kt[(t_ 1)[_E r[—é—msm—[] , (E < m)’

for all m,¢ € Ny.
Define the sequence v* = (v;,) as

x SR - m— (é)m—[(_i)ét[(t_l)[_e —&-m m-—
Y“"_ggﬁ[g;(_l) E T(m— I+ 1)I(E+1) rems [1'

Then we have the following estimations:

THEOREM 7.

(i) (BM)ien, forms a basis for co(E{,Bgi)) and for each y € co(E(,Bgi)) has a unique
representation as given below

y=>MmpY.

i) {y*,BW} forms basis for the space c(E{,BEE)) and any x € C(E{,ng)) is associated
with a unique representation below

x=n7+ YA —n")BY.
[
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Proof. The proof follows from [30]. O

Now, we determine the o/- and f3-duals for QJ(E{,B%)) for 9 € {le,c,co}. For
this we quote the following lemmas:

THEOREM 8. Consider the following notations.

= T(m— I+ DL(E+ 1)y

= { i(_l)mfé (5)1117[(_[)“[(1‘ — 1)[73 r[*E*msmi[am, (0<e<n),
0, (£>m),

Z ZakH 5)[”(_E_j)gtéﬂ(t_ Ly P el

=0,=0 F([—]—Fl)r(k"-l)VE_;,_[
W E i Li_i Ea +[ [+m—€ (é)[er*j*E(_E_])EtéJrj(t_1)] +(3—[—§—ms[+m—]—k
" rr S S C(m+1—)—t+1)T(k-+1) Vi ’
and define the sets Si(a S3(a), S4(a), Ss(a), Se¢(a) and S7(a) is as follows:

2 Cne

tekK

acw: supz
KeZ n

<}

ZIRe |<°°},

e
e
ol ()
@ ={acw
o
@) ={acw
ol

ae hm wpe(a) =0 forall t e No} ,

: sup (2 wmaa)) <oo},
m £=0

ac hm We(a) =1 forall t € NO},

n%l—{n Z ‘Wm(f Y} .
Then

(@) [€a(ELBEN]* = [eo(ELBEN® = [e(ELBS))* = Si(a),
(i) [(a(ELBEN]E = S5(a) N S3(a),

(i) [co(EBENP = S2(a) N S4(a)NSs(a),

(iv) [c(ELBENP = $1(a) N Ss(a) N Se(a) N Sy (a).



244 L. NAYAK, P. BALIARSINGH, V. RAKOCEVIC AND S. MAHARANA
Proof. (i) Let a= (am) €w and x = (xp) € Ew(Ef,Bgi)). Then

(é)n—[(_[)ﬂ[(t - 1)[_J pmg—ngm—1(,

Ma

m
axi=3

]=0[=7 T(m— I+ DL+ 1)V "
m m 3 _ —[)gt[(t—l)[fk e 3
_ nm E(é)m [( [-&—m m—[
g)é( S DM v A
= (Cy ms

while the matrix C = (¢y¢) and

Now by a consequence of [23], we complete the proof of (i).

(ii) Suppose S = (sm¢) denotes the inverse of the matrix E(’,BSFS) and R= ST, the
transpose of the matrix S. By Theorem 3.2 of [31], we have

a)= 2 a;S;¢

ERSER e (8)m1(=Der'(t — 1)
=X XD (—[r+1§ (k v,

o

=E—y -1

_ e 5 ) J e(8))-i(=Det -1 [=€—y -1
B r‘fvE+ 2 e (J—[—i—l)F(E—H)vj " y

kf Jepr—i(=Det'(r=1)"" (b1 b1
AL (e 1+ 2)T(E+ 1) ver s

=t

E+2 — _ 1)\t
era (D' (=D v e n
”“”2 T(E— [+ 3)C(E+ 1) vero ’

- 1 [ 5)[*](_3_.])81‘&-‘”(1‘_ 1)7 rg—[—és[—].

= apri(—
Z(’)ZB ’ L(I=+ DI(k+ 1) viero

Now, we have

=
3
)

Q
=

[CIRIVE
o

a8k

(=17 HE) (D' e = 1) e g1,
LG—I+1)C(k+1)v, )

1
S
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_ 1 (5) (G G Y N A —
amz )r‘(k+1) r[ 14 K [
m+l m+1 k m [ 1 [—k VI
Hiar 2 >Fm (§Il—+)l EI(C"‘)l)V:JrI : ARG

_ i [+§7kam+[(_l [+m—k (5)[+m—j—k(_k_])ktk+j (t — l)J 7+k—[—§—ms[+m—j—k.
T(m+——k+ DOk + 1) Vst

For f3-duals for the developed spaces, we usually prove that R(a) = (Ri(a)) € ¢; and
use the conditions for matrix characterizations of the classes W € ({e,co), W € (co,c0)
and W € (c,c), where W = (w,(a)). Using Theorem 3.2 of [31] and [23], we con-

clude that [(.(E!B'S))P = S1(a) N Sa(a), [co(ELBENP = Sy (a) N S3(a) NSs(a) and
(LB = S1(a) NSa(a) NSs(a) N Ss(a). O

Suppose % stand for the all nonempty and finite subsets of Ny and & is a positive
proper fraction, and A = @, be the associated matrix of A = (a,;), defined as follows

R g 7k(§)g—[(_[)kt[(t_l)[_k (S|
ank—gczz(—l)j rO— 1+ DIk )y, r 1" ay,, (n,keNp). (6)

Then, we list the following conditions on the matrix characterization from the defined
spaces to the basic sequence spaces such as fe,c,co and £ .

sup (Z |ank|> < oo, (7)
k

neN

lim (Z | @k — é;é) =0, (3 eR) ®)
k

sup Y| Y | < oo, )

KeZ n kekK

sup (Z |Gk — a,§> < oo, 3oy €R) (10)

neN \

sup | Y. @u| < oo, (11)

neN|

lim |a, — B{| =0, (3B €R) (12)

MY @] <o, (13)

n | k

sup | au| < o, (14)

n,k

sup | @ — Br| < oo, (3B, €R) (15)

n,k
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lim =0.

n—oo

Z Enk
k

THEOREM 9. Using conditions (7)—(16), we have the following results:

X | Y | Necessary and sufficient condition(s) for A € (X (E{,Bﬁi))7 Y)
loo | oo (7)

lo | 4 )

lo | ¢ (7) and (8)

le | co (8) with &/ = 0 for every k € N
A (7) and (11)

c | 4 (9) and (13)

c | ¢ (7), (8), (10) and (12)

c | co (7), (16) and (12) with B} = 0 for every k € Ny
A 7)

co | U )

co | ¢ (7), (10) and (12)

co | co (7) and (12) with B} = 0 for every k € Ny

) | oo (7) and (14)

0| 4 (7

ly | ¢ (7), (12), (14) and (15)

| co (7), (14) and (12) with B/ = 0 for every k € Ny

Table 1: Matrix characterizations on the space X (E",B(ré)) for X = le,c,co and ly.

Proof. The proof is followed by Theorem 5.1 of [23]. [

2.2. Results on related compact operators

(16)

The theory of noncompactness of a set was developed by Kuratowski [29] by defin-
ing the measure of non-compactness of a function and Darbo [18] used the idea in fixed
point theory. Later on, the idea of Hausdorff measures of noncompactness (HMNC)
was initiated by Goldenstein et al. [22]. This was extensively used in differential equa-
tions, optimizations, fixed point theory, etc (see eg., [1,7,11,12,21]).

DEFINITION 1. Suppose .#g) is the collection of all subsets of a metric space
(9),d), being bounded, and B,By,B; € .#q and 2) is complete. Then the mapping
Y : My — [0,%0) is said to be a measure of noncompactness (MNC) on 9) if it satisfies
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(a) w(B)=0 if and only if B is precompact,
(b) w(B)=9(B),

© w(BINB) = max{y(B1), y(B2)}.

Suppose that My, M, C (9),d) and € > 0. By €-net My of M, in ), we mean
for every x € M, there exists y € M; such that d(x,y) < €. Moreover, the function
2 My — [0,00) defined by

Z (Q) = inf{e > 0: O has a finite £-netin )}
is called the HMNC.

DEFINITION 2. Let y; and y, be MNC on the Banach spaces X and ). An
operator L: X — %) is said to be (y1, y2)-bounded if

L(B) € .#q forall Be #x,
and there exists a nonnegative real number ¢ such that
y2(L(B)) < cyi(B) forall Be Ax.
If an operator L is (W, ¥,)-bounded, then the number
Ll gy ,yp) = inf{c > 0: yo(L(B)) < cyi(B) forall B .#x}

is called the (w1, y7)-MNC of L.
Let %(9),Y) represent the set of all linear from 9) to ¥, being bounded. Then
the HMNC of L € B(2),Y), denoted by ||L|| o, is given by

1Ll 2 = 2 (L(Sp)) (17)
and also,
L is compact if and only if ||L|| 2~ = 0. (18)
Now, we may quote some useful lemmas. follows:

LEMMA 1. ([43]) Let B€ My, 1 <p <o If B:ly,— L, (t €Ny) is the
operator defined by F;(y) = (yo,y1,---,5:,0,0,...) forall y € £, then we have

2 (B) = lim (Supll(l—Pt)(y)llg,,> :
yEB

t—oc0

LEMMA 2. ([26, Lemma 6.3]) Let Q) D y and ),Y be BK -spaces. Then,

(a) (9,7)C 2(D.7),
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(b) If ) has AK, then B(9),Y) C (X,Y).

LEMMA 3. ([45, Theorem 7.2.9]) Let X C {c,co,le, €, (1 < p < o0)}. Then,
lallx = ||c?||;‘(,3, where Y apxy = Yy aryy forall a exPandac [X(ELB;; )] .

LEMMA 4. ([36, Theorem 1.6]) Suppose that ) is a BK -space with Schauder
basis (bp)y_o, B€ My and B :) — Y (t € Ng) be the projector onto the linear span
of {bo,by,...,b;}. Then we have

llmsup<supll(1 F)(y )II>< 2 (B) < hmsup<sup||(1 Pt)()>7

t—oc0 f—o0

Qzl'd

where d =limsup,_,, ||(I — B)|| and I denotes the identity operator on ).

Throughout the further sections, let us choose .%; (¢ € Ny) is noted for the sub-
collection of .% defined and following manner,

F={NeZF :m>tforallmeN}, (reNy)

and

EESESEN )yt
_Z‘Z‘g‘ S TEs Y T s, (€M) (19

THEOREM 10. Let X be a BK space with AK. Then, the following assertions
are true:

) IfAe® (EQB&E))JOO), then, Ly is compact if limy_.e ||A,,H*@ =0 and in fact,

0 < [[Lall 2~ < limsup||A,]|3-
n—oo

(i) If A€ (Y (E(,B%)),co), then Ly is compact if and only if lim,_. ||AnH*@ =0, and
in fact,
1Ll 2 = limsup || Ay |3

n—oo

(i) If A€ (Y (E{,Bﬁﬁ)),c), then Ly is compact if and only if lim,, ... ||A, — é_\*m =0,
and in fact,

1 . A = || *
7 11msup||A — oy < ||Lall2 < limsup||A, — &l x, (20)

n—oo n—oo

where o0 = (o) and o = limy_e @y for all k € Ny.
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Proof. For proof of (i) and (ii), one may use Eq. (18) in Lemmas 2.8 of [9] and 3,
i.e.,
HAn”;( = ||AnH;(ﬁ'
Whereas, to prove part (iii), we use Lemma 2.8 of [9], which yields that
1 . - . -
E.hmsup [An — ol <|Lzll2- < limsup|A, — ]|k (21)

n—o0 n—oo
Note that & = (ot;) with a = lim,_.e. @y forall k € Ny .
Let S= Sy and S = SX (£,89)" Now, consider the inclusion (17) in (i) part of

Lemma 2, then one obtain that

Lall 2 = 2 (La(S)) = 2 (AS) (22)
and

1Lzl = 2 (L5(S)) = 2 (AS). (23)

Combining (22) and (23), we have AS = AS, as a consequence ||Ly|| 2 = 1L 2 -
Therefore, we derive (20) from (21). [

COROLLARY 1. If either A € (Ew(E{,Bgi))ﬁo) or A€ (Ew(Ef,BSE)),c), then Ly
is compact.

Proof. Consider A € (Ew(Ef,BS?),co), then, it is derived that A € (fw,cp) i.e.
lim, (34 |@u|) = 0. Thus, by using Lemma 3 we have lim,, ||4,||;_ = 0. Therefore, the
operator L4 is compact which follows from Theorem 10(b) and similarly we can show

that A € (&(E{,Bﬁfv)),c) and hence L4 is compact. [

THEOREM 11. Let ) be a BK space with AK and A € () (E(,ng)),ﬁl). Then if
Ly is compact if and only if
*
) o
b'¢

) < Lall2

S A

neN

lim | sup
= \NeZ,
and
2 A

neN

lim [ sup
= \NeZ, x
2 An

neN

< 4. lim ( sup

r—= \ NeZ,

J

Proof. To prove this we may use (18) and (20) with Lemma 2.9 of [9]. U
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LEMMA 5. (a) Let 1 < p <o and A € (0,(E,B),0,). Then

- 1/p
[Lall = sup (Z Iak”> <o

n=0

(b) Let g=p/(p—1) for L<p<eoand A € (EP(E{,B%)),&). Then

aq\ 1/q
) < IILall <4+ sup (2

NeZ,

2 Ank

neN

a\ 1/a
sup <2 2 ank ) y
nenN

NeZ,

ol
where supyc z (Xx|Znen @nl?) /1< oo,

THEOREM 12. Let 1 < p<ooand A € (él(E’ng)),Ep).
Then Ly is compact if and only if

1/p
lim sup<2|ank|p) =0

oo 1/p
Jeallr = tim sup (1) ).
n=r

Proof. Suppose that B = S 0 (E,8%)) " Then, from Lemma 2, it is obtained that
Ls(B) =AB € {,. From Lemma | and (17) we derive that

and

r—oo

\Lall 2 = 2 (AB) = lim (sup(l P><Ax>||@,,) | o4

Using (6), consider y = (yx) € ¢ as the associated sequence for all x € El(E{,BEE)).

Since A € (¢; (E{,Bﬁi)),ép), then A € (¢1,£,) i.e. Ax=Ay. As aresult, one may obtain
that

1( = P)(Ax) |, = [[(I— P)(AY)]ls,
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Then, for every r € N, we also derive that,

1

P

sup [[(1 — P)(Ax) 1, < sup(zankp)

x€iB

Now, using (24), we have

1
b P
ILall < lim <sup(2ankﬂ) )
k n=r

For converse inequality, consider eV € ¢;(E/BS)) i.e. E'BE) (eM) = ¢V, the asso-
ciated sequence of (V) for each [nN, then we have Ae() =AeV . Asa consequence
2 (AB,) < 2 (AB) since AB, C AB for B, = {e\") : k € N}. With the help of Lemma
1, we conclude that

2 (AB,) = 11_}1‘1010 (m;p (i An(e([))p> F)

n=r

1
= lim (sup (2 an[”> )
1
Jim (Sul’(z an[|p) ) <|Lallg. D
n=r

LEMMA 6. ([36, Lemma 3.5]) If x € {y, then for every r € Ny the following
inequality holds

Hence,

sup | Y x| <Y x|
NEFy neN n=r
<4 sup an .
N€eyrr neN

LEMMA 7. ([36, Lemma 2.2]) For 1 < p < oo, we have

supy |al, (p=1)
lal* e =llall, =4 (= Vi (25)
(p(EyBL) ¢ Dlal’] , (1<p<e)
k=0

forall a= (a;) € (gp(Ei/BI(’E)))B'
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THEOREM 13. Let 1 < p <o, g=p/(p—1). If A€ ({,(ELB'S), (1), then Ly
is compact if and only if

nenN
and
q\ 1/a
lim | sup Zdnk < || Lall 2
"TANEF & |neN
aq\ 1/aq
<4.lim | sup 2 Zénk
"7 IANEF Tk |neN

Proof. It follows the similar lines as of Theorem 12 using Lemmas 5, 6and 7. [

3. Korovkin approximation theorem

The present investigation involves the application aspects of the proposed gen-
eralized binomial Euler difference operator in the directions of approximation theo-
ries. However, approximation theories significantly glorify several achieved domains
of mathematics, such as sequence spaces and summabilities, NLP, machine learning and
artificial neural networks, fuzzy logic, and many more. For more clarification, we may
refer the recent culprit of several research manuscripts, such as (see [25], [44], [28],
etc.).

Moreover, this study encompasses the demonstration of the Korovkin-type ap-
proximation theorem along with the convergence analysis of rate of approximation via
the modulus of smoothness of order one and Petree’s K -functionals. In contrast, the
greatest discovery of Bohman—Korovkin theorem, was initiated and studied by Popu-
viciu [41], Bohman [19] and Korovkin [27] respectively, in the years 1951, 1952, and
1953.

THEOREM 14. (Bohmann—Korovkin theorem) Let us assume the sequence of
positive linear operator {T,,},ycn, from Clay,az] to itself, preserving the condition
lim 7,,e; =ei (fori=0, 1, 2). Then,

m/ —oo

lim T,/ f = f,

m! —oo
converges uniformly on [ay,az].

Furthermore, various studies regarding the extensions of certain specific positive
linear operators such as, Bernstein, Baskov, Szdsz, Baldzs and Gaussian operators via
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various polynomials (see [38], [37]), the Stancu variant ([33], [17]), the summability
method (see [20], [39]) and some fractional operator (see [15]) have been noticed.

Suppose that the domain D € R? and C(K), represent the space all continuous
real-valued bivariate functions on a fixed compact set [a;,a;]. However, C(K) is en-
dowed with a supremum norm

Ifllcy = max [f(x;,x2)|, forall fe C(K).
(xl,xz)GK

By modulus of continuity of function f € C(K) and 6 > 0, we mean the set defined
below

wtr) = man L)) s where i e <8}
(uy,up),(x1 ,x2) €K

In addition, a linear operator g is said to be positive if g > 0 forall g > 0. Let us set

(98) (x1,%2) = @(g3x1,%2).

THEOREM 15. Suppose that a,b € R and ¢ € R* and {,} is a sequence of
positive linear operators from C(K) to C(K) and the 2-D dimensional test function
ei,(ur,up) = ulub, forall i,y =0,1,2. If the following condition holds, i.e.,

(ECB&E)((é(e()?o(ul,u2);xl7x2)> —e0,0(x1,x2) ) =0,
(ELBS)((O(el o(ul,u2);x1,x2 ) —e1,0(x1,x2) ) =0,
t p(é) ) _ —
(Ean e 1 (ul,u2);x1,x2 0,1(x1,x2) ) 0,
H (E’VBSE);&((QOJrem) ul,u2);x1,x2 ) (e20+ €0 (xl,xz)HC(K) —0,
then, we can conclude the followings,
E' B B(f(ul,u2):x1,22)) — H —0.
H( vPrs W(f(u yu ),.X X )>n f(X1,.X2) (k) 0

Proof. Let us consider f € C(k). Then, from the definition |f(u;,u2) — f(x1,x2)|
< €, whenever |u; —x1| <0, |up —x3| < 8. On combining these inequalities, we obtain

2M
[f G, uz) = flxr,x0)] < &+ —<3{ (i —x1)*+ (12— x2)*},
where M = H f HC(K). Let {,} be the sequence of positive linear operators. Now
’ (ECB%)@(JCWIJQ))" - f(xlax2)‘

EIB( (‘f(MI,I/LQ) f(X1,x2);XI7)C2|)n

E'BE G(11x1 3] ) — 1)

+ |f(XI7)C2)‘
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E[B( (8—|——{ uz—XQ)z};xl,XQ>

+M

ELBE B(e0.0:x1,%0) — 60,0‘

€ ECBS"E‘)(@(eO,O;XhXZ)n

25]‘;1{(H1 +H3 +H3)|E! Bgé)((o(eo7o(u,v7w);x17xz)n —6070’}
+ 45—]‘51‘11 ECB%)J&(ELO(M,uz);xl,xz)n - 61,0‘
+ 45]ng E! B(é)((a(eo71(u1,u2);x1,xz)n - 6071‘
+ 25—]‘;1 EtB(é)JO(ez,o(ul,uz) +eo(u1,u2);x1,X2)n — {62,0-1—60,2}‘
+M|ELBY @le00ix1,32)n — 60,0‘ + €,

ECBgi)ﬁ(eo,o(ul,uz);m X2)n — eo,o)

2M
< <e+M+ 52 (H12+H22)>
aMm

+ yHl ECBS,és)(@(el,O(uh’/Q);xl»x2)n - 61,0‘
aM
+ = 52 —H E’B(é)JO(eo,l(ul,uz);xl,xz)n—60,1‘
2M
+ 57 E! B(é)ﬁ(ez,o(ul,uz) +eop(ur,un);xi,x2), —{e20+eon}| +&,

where H; = max |x;|, and H, = max |x;|. Now, applying supremum over both side we
obtain,

lim H (ECB%)ﬁ(f;xl,xz))n — f(x.y,2) H

< lim H*{‘ <ECB£§)[5(6070(M1,u2);x17)C2)>n — 6070H

n—oo

C(K)

C(K)

+ (E(/ng)‘@(elﬁo(ul,uz);xl,x2)>n—6170 )
+ <E§,B£§)Jé(€o,1(ul,uz);xw@))n—60,1HC(K)

4 <E’VB£§>[5(e0,o,1 (u1,u2)3x1 ’x2)>n €001 HC(K)

+ <E{,B£§)Jé(€2,o(u1 Ju2) +eoo(ui, Mz))) + (e0,02(u1,u2);%1,X2)n

- {62’04- eo’z}HC(K) } +E.

where H* :max{e-i-M-i- L(H} +H3),% 57 Hlfg‘sz, } Now, replacing £, by

E{,Bﬁ@ £, and taking the limit on both sides, obtain the following results.



ON APPROXIMATION OF GENERALIZED EULER MEANS 255

By using the conditions of assumptions, we reach at our desired result i.e.,
fim | (BB n0)) =152 =0
So, this completes the proof. [

We want to illustrate the stated theorem with an interesting example presented
below.

EXAMPLE 1. T,(f;y)= = 3(15,)@) E(,BSE)(B,M (f3x1,x2)), where By, ,, is the bivari-

ate Bernstein operator and the series in the denominator converges to a nonzero term.
It can be observed that this sequence operator will satisfy the condition of Theorem 15.
Without loosing any generality, we can evaluate that

. ¢ .

nlglolo ECB}(’S) (T(l,xl7x2))ﬂ - lHC(K) = O’

lim E@Bﬁi) (T(e10:x1,%2)), —leC(K) =0,
. (é) . =

nlglolo ECBK,S (T(eo,l’xh)@))n _X2HC(K) -0

}}i&) ELBYS) (T(ex0+ €01, 1)), — (4 ”%)Hc(zc) =0
Therefore we may conclude from Theorem 15 that
,}grolo E@Bﬁf) (T(f;x1,x2)), — f(xl,xz)HC(K) =0.

3.1. Discussion of i.e. parameters

In order to stabilize the theoretical obtained result, we have performed some graph-
ical numerical experiments with the help of few special function, parameters, and iter-
ated n values. For doing the same we summerized the error estimation via maximium

13 r s t Maximum absolute error | Mean square error
1.0 |05 05 0.5 5.559370e — 03 2.793379¢ — 04
0.001 | 0.4 | 0.25 | 0.05 3.59859¢ — 03 1.224467¢ — 04
0.001 | 0.6 | 0.8 | 0.022 7.003950e — 03 4.284522¢ — 04
05 (05| 05 0.5 2.896758¢ — 03 8.026831e — 05

Table 2: Error estimations for the operator E',B(r, 5)&), for functions f(x,y) = e *sin(y) with
fixed n =50. From the above conducted we may observed that for the suitable parameters, such
as £ =r=s=1t=0.5, we reach at Maximum absolute error= 2.896758¢ —03 & Mean square
error=8.026831¢ — 05, respectively.
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Exact f(x,y) Approximation S(x,y) Error |S-f|

006
0.05
0.04
0.03
0.02
0.01
0.00

Figure 1: Approximation of (ECB&FY) (T(e*"1 sinxg;xl,xz))>
n

mean squared error and maximum absolute error for our established result as in Theo-

rem 15, in the following Table 2.
In the same contrast, we can examine other three cases as mentioned above, i.e.,

from the Table 1, Table 2, Table 3, as well.

3.2. Rate of convergence

At this stage, we want to proposed a theorem, presenting the rate of convergence
of f via the modulus of continuity w(f, ), for 6 > 0.

THEOREM 16. Suppose that the sequence {£,} of positive linear operators of
three variables from C(K) to C(K). Suppose that the following conditions hold:

|

< H{w(r,30+ | (EsBS (T (1:31.22)))

BB (T (flan )i )~ )|

C(K) } ’

n
where H = max{2,(1+M)}, and M = || f||c(x)-

Proof. Suppose that f € C(K) and (x1,x;) € K is any fixed point in the domain
[a1,az]. Now, We obtain the following estimations.

| (BB s 1 1)ix1,22)) = flon,2)|
< (BB 51/ () — 1) ixr.:2))

17 o) || (EVBI flenolinn m)ix ) —engl
<w(r.8)|EB (p(1+ (L "“)2;(”2 ‘XZ)Z);xl,xz))n

+ | f(x1,22)] ‘ (ECBg,és)J&(eo,o(ul JU2)3X] ,xz))n - eo,o‘
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<w(r )] (BB pt1in ) + 55 (BB ploiv )
+m| (BB pl1in ) 1

b

where M = || f|lc(k), and p = Wﬁ%

2
. Now, taking the supremum over all
(x1,x2) € K, on both sides, we obtain followings.

| (BB (i) = flo)|
<w(£.8){|| (BB B0, )

+MH (E;Bﬁi);&(l;xhxz))n 1

C(K)
Mo w2l (B o000 | 1)

‘C(K)

<max{2,(1+M)} {w(ﬁSk) + H <E’VB£§)55(1;x1,x2)>n - IHC(K)} .

Let us choose 0 = \/ ‘

is being reduced to

| )
<H {W(fask) + H (ECB%)(T(I;X“”))L - IHC(K)} ’

where H = max{2, (14 M)}. So, this completes the proof.

E{,Bgi)(({&((p;xl,xg))nHC(K) = 3. Then, the above inequality

LB (@(f (w1, 1w2)i01,x2) )

O

In this final section, we intend to establish some error estimates via Lipschitz type

maximal function, for more details, we may refer( [2], [40]), for the bivariate functions.
Before proceeding further let us memorize the following.

Lipw (k) = {f €6+ |f(x1,2) = f(31,92)]

K
|xp —y ™ 7

X2 —yo[*2
(a?y?+ oy +x1)

(03y3+ e y2 +x2)
for ay, 0, af, & >0, K1,k € (0,1] and M > O}.

Ky
2

THEOREM 17. Let us take f € Lipy (k). Then for every 11,72, 73 € (0,1], we
have the following inequality.

‘ (E’vBﬁf)J&(f(ul,uz);Xh)cz))n - f(xhxz)’

<M LACHI . (@)™ W(xi,x2).
[Otlx% + ai‘xdz‘fl [OCQ)C% + OC;)CQPTZ
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Proof. By definition of the Lipschitz maximal function, we obtain the following
for the 71, »» € (0,1],

) (E@Bﬁf?)(f(uhuz);m Jz))n — f(x »xz)‘

<| (BB (U 02) = F 1 2)ix1 32)),

_ T
t o) [ ~ |y —x1] ,
<M(EBY (o a0
(alxl—f—alxl)T n
_ (2
¢ @) [ = |1z — X7
X EVBV,S (@ )

: 73X,
(003 +05x2)2

n

inserting Holder’s inequality on both sides,

T )
4 4 |u —x |4 T
<M |EBY |5 ( i — x| ) ( 2- 0 ) X1, X
v (0ayf+aiy)? (023 + 05x2)°

n
4-7 4-1
=52

. (E’VBS,‘?)(J&(eo,l;xl,xthxz))n

X (ECBSg)(z@(eI,O;xl ,xz))n !

4-13
x (BB (@eaorinn)) ©
J_@ieln @il

<M W (xy,x2)

[Oclx% + ai‘xﬂz‘fl ' [OCQ)C% + OC;)CQPTZ

where &(x) = (EVBY (9( iz )) ), and
4—1 4-19

Y(xi,x) = (E’vBﬁ,‘.i?)(J&(el,o;xhxz)L ! (E’vBﬁﬁ?)(J&(eo,l;xl,xz» o

n

Hence, we reach at the desired result. [
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