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APPLICATIONS OF AN IDENTITY OF BATIR

KUNLE ADEGOKE AND ROBERT FRONTCZAK *

Abstract. Based on an interesting identity of Batir we derive new identities for double sums
involving famous number sequences. We also prove some double sum identities for binomial
transform pairs.

1. Introduction

As a reaction to Vdlean’s Master Theorem of Series, Batir [4] established a gener-
alization of this theorem. His proof is based on the following identity which holds for
any two sequences of complex numbers (ax)g>1 and (bg)r>; [4, Lemma 1]:

n—

n k
Dar Y b=
=1 j=1

1ln—p
Z Llp+kbk. (l)
p=0k=1

Our purpose is to derive various double summation identities based on the follow-
ing identity which is a variation of (1):

n k—1 n
> D an-jbi-j= Y, ar X, bj. 2
k=1=0 k=1

j=1

Throughout the paper we use the notation 1Y, 0¥, B,, F, and L, for generalized
harmonic numbers of order s with H,El) = H, being the harmonic numbers, generalized
odd harmonic numbers of order s with 021) = O, being the odd harmonic numbers,
Bernoulli numbers, Fibonacci numbers and Lucas numbers, respectively. We also use
{Zl} to denote Stirling numbers of the second kind, C,, the Catalan numbers, and G,
the generalized Fibonacci numbers, the so-called gibonacci numbers.

2. General results

THEOREM 1. If (a;), k=1,2,3,..., is a sequence of complex numbers, then
k=1,=0
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Proof. In (2), set by = 1 and replace a; with ay/k for k=1,2,3
THEOREM 2. If(ak), k=1,2,3

O

is a sequence of complex numbers, then
[(n—1)/2]

g1 “4)
k=0

HMI

k /+l
an

Proof. In (2), set by = (—1)* and use

ib,-:%((—l)k—l). 0

PROPOSITION 1. If n is a non-negative integer, then

n k—1 1
Z‘LZB (n—j)? = Ha, (5)
k—1 1
gu;m—j)(z(n_j)_l) Oy ©

Proof. Use a; = 1/k and a;,

= (2k—1)"! in Theorem 1. O

PROPOSITION 2. If n is a non-negative integer, then

n k=1 2
. n—1
2 3 (-0 o J)=<[2J+1). (1)
k=1j=0
Proof. Use a; =k in Theorem 2 and
N @k+1)=@n+1)>% O
k=0
PROPOSITION 3. If n is a non-negative integer, then
(=)™ == O|(n-1)/2)- (8)
Partpert n—j [(n—1)/2]
Proof. Use a; = 1/k in Theorem 2. [
PROPOSITION 4. If n is a non-negative integer, then
n k—1 k .
> > ()T = By )24 ©)
k=1 j=0
and
g X 1 k j+1
)y T j = Loy /2) 1) = 2-
k=1 /:O

(10)
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Proof. Use ay = F;, and a; = L in Theorem 2 and combine with
2 Fyy1 =Fypy1)  and 2 Lojt1 = Lyuyy—2. U

PROPOSITION 5. Let f(k) be any well defined function. If n is a non-negative
integer, then

n k—1
i . 1
DA ’f(n—J)Bn—jzy' (an
k=1j=0
In particular,
n k—1 iy 1
X2 (DB =g (12)
k=1j=0

Proof. Use a, = f(k)By in Theorem 2 and the fact that By, = 0 for all k£ >
1. O

Our next result gives a double sum definition of Bernoulli numbers, expressed in
terms of the Stirling numbers of the second kind.

PROPOSITION 6. If n is a positive integer, then

R i n—j—1) n B
;; fin_ﬁl{ .}—Bn. (13)

n—j

Proof. Use the well-known result (see [8] for annotated references):

n kk'{ }
k=1

THEOREM 3. If (a), k=1,2,3,..., is a sequence of complex numbers, r is a
complex number that is not a negative integer, then

in Theorem 1. [

G ZakaH—H Zak (14)

k=1
Zﬁk jEr

n
Y
k=1,

In particular, we have the following double sum identities

n k—1 A n

D L= agHy, (15)

k-1 &

Tl ¥ 0. (16)
k=1j=0 2k=2j-1 /=&
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Proof. Use bj=1/(j+r) in (2). Setting r =0 in (14) gives (15) while r =—1/2
produces (16). O

PROPOSITION 7. If n is a non-negative integer, x is a complex number with x #
1, and r is a complex number that is not a negative integer, then

n k— —' 1 n xk .
sz ]—|—r 1—x Zk+r_xn+ (Hn+r_Hr) . (17)
k=1j=0 k=1
In particular,
k=1 n— k
DO LI | T AV (18)
imiok—J 1=x\&5 k
and
n k—1 n—j 1 n Xk
X
D — = D —x"+10n> . (19)
k:1j=02 —2j—1 1—x <k12k—1

Proof. Work with a; = x*, x # 1, in (14). Then

c oy Y =3 fHe —H Y XK
2‘2‘ j+r Z‘lx “ kzl
n X X
:k;l HkJrr Hl +Hr1_

Applying summation by parts we get

n .Xk
X

k=1

xk (Hk+r - Hk—1+r)

Il
.
M=
L

:x"'HH,H_,—xH,— Z Hk+r (xk+l —.Xk>

n+1Hn+r_~XH + 1_ Zx Hk+r
k=1

Gathering terms and simplifying proves the main statement. The particular cases are
obtained for r =0 and r = —1/2, respectively. [

REMARK 1. The case x = 1 can be treated with I’Hospital’s rule. However, this
case is not interesting in the sense that it is not a double sum as we have for » > 0 an
integer

n k—1 1 " i
kg‘ljgom_zzjq_r Z(Hk+r—H)

The evaluation of the last sum is elementary.
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COROLLARY 1. If n is a non-negative integer and r is a complex number that is
not a negative integer, then

< Grr1
. = Gn+2(Hn+r —H, ) - Z
Skt

; (20)
&kt
where Gy, is the nth gibonacci number. In particular,

'——G H, — E kL
i . n+241p
k=1 j=0 J

k
and

ey

Gry1
n+20 2 Zkil

(22)

Proof. Set x= o and x = 8 with o = (1 ++/5)/2 and B = —1/c in (17), sim-
plify, and combine according to the Binet forms for Fibonacci (Lucas) numbers

. O
COROLLARY 2. If n is a non-negative integer, then

. 1
n k—1 . .
—1)/ l .
>y G d 3t s even (23)
S0 k= O(nt1)/2, I nisodd.
Proof. When x = —1 in (18), then

n k=1 (_l)nfj 1 ( n (—l)k )
DI e L D e GO
k=1 j=0 2 k=1 k
1
= 5 (ZHu+Hyupo) + (= 1)"Hy)
ln
2 [n/2]»

if nis even;
- 1 o
- (Hn - EHLn/QJ) , if nisodd. O
bers, then

PROPOSITION 8. If n is a non-negative integer and p and x are complex num-
Sy

X 1 Xl
n+p—j n+1+p—j> 2

24
= k+p n+1+p 24)

Proof. Multiply (18) by (

)xP~1, p € C, and integrate. [J
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COROLLARY 3. If n is a non-negative integer and p is a complex number that is
not a non-positive integer, then

U 1 1 H,
; ; ~=—(H,+H,—H - (25
,g‘ljgz)(k—J)(n+p—J)(n+l+p—1) p Pt Hp =) =i
In particular,
n k—1
1 H,
> L (26)
S k=j)n+1-j)(n+2- ]) n+1 n+2
and
n k—1
1 n+1
. . . =0y — 5—H,. (27)
Z‘ljzo( —)Rn—-j)-DQ20A—j)+1) 2n+1
Proof. Set x =1 in (24) and calculate
= 1 1 & /1 1 1
g‘lk(ﬂp) pg‘l<k k+p) p p~Hiep)
Evaluate (25) at p =1 and p = —1/2, respectively. O
PROPOSITION 9. If r is a non-negative integer, then
r m—Iln—1k—1
1 1
Y Y : : ., g (H,z—H,(2)>. (28)
oo =20 (k= j) (n=j) (n—j+1) 2
Proof. The sums
,
Y Hy=(r+1)H,—r, (29)
m=1
r
N Hy = (r+1)H} — (2r+ 1)H,+2r, (30)
m=1
and
v p(2) H®
ZH =(r+1)H” —H, (31)
m=1
can be derived easily. Write n — 1 for » in (26) and sum to obtain
SIS 1 1 (2)
—m—H ——<H2—Hm>. 32
gggm —Dn—jrn " 2

Summing (32) over m using (29), (30) and (31) produces (28). [
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PROPOSITION 10. If n is a non-negative integer and p is a positive integer, then

 (k— ) n—1+p) E(H'%_H’EZD_%(HIE*J“HS—M)

+HP*1 (Hernfl _Hn) +H, (Hp+n —H )
P—lH
kL (33)
Sintk

In particular,

n k—1
—_l 2 (2) Hn
%%<k—j>(n+1—j>‘2<}’" Hn >+n+1' (34)

Proof. Work with @, = 1/(k+ p)

1, in (15). The particular case follows by
setting p=1. [

PROPOSITION 11. If n is a non-negative integer, then

(n+ 1)H2— (2n+1)H,+ 2n, (35)
n k 1H2 . 3 1 )
S 2 (4 V)H) — 2 (2n+ DH2 +3(2n+ VH,+ -H —6n,  (36)
k:lj:Ok J 2 2
and
n k lH ) 1 1
3 ~ = (n+ D)HH — = (2n+ VH + H, — ZH2. 37)
S5k 2 2
Proof. Work with a; = Hy, a; = H,f, and q; = H,Ez) ,in turn, in (15). The sums

H 3 1

P = (nt DHy = 520+ DH; +3(2n+ )H, + EH’?) —6n
k=1

and

ZHkH = (n+ 1)H,H? - ;(Zn—kl) ()+H—%H2

come from the paper [9]. [J
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3. Miscellaneous results involving binomial coefficients

PROPOSITION 12. If m and n are non-negative integers and p is a complex num-

ber; then
n k—1 -1 j _ g _
Z Z ( ) <p> (n ]) = (n p) (Hn—p_Hrn—p+Hm)~ (38)
S0 k=7 \J m m=p
Proof. Use

in (15), since ([1 1, Corollary 5])

i (n k)<k)Hk:(—l)n<Z[:l;)(Hn_p— mp+Hy). O

PROPOSITION 13. If n is a non-negative integer, then
k

n k—1 —j n
22())6"1] (142" 2 1+x 39)

k=1 j=0

In particular,

3 g 0 _ (Hn_ 3 _k) | )

Proof. Work with a; = ({)x* in (15) while making use of the Knuth-Boyadzhiev
identity

i()Hkxk (1+x)" ﬁ: 1“ . O (41)

PROPOSITION 14. If m and n are non-negative integers, then

é: Z (]){ . } 2:: A 42)

n—j

Proof. Write —exp(x) for x in (39) and differentiate m times through the result-
ing equation and evaluate at x = 0, using
dm
- (—1)1’p!{m}. 0
x=0 p

1— P
=€)
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PROPOSITION 15. If n is a non-negative integer, then

) (2H, — Ha) 3)

-1 n
1 2 3 1/3n—k
1) [ O B - G AR
k:u:Ok—] j)\n+j n Eik\n—k
Proof. To derive Identity (43), plug a; = (Z)2 in (15) and use the fact that [6]:

B (0 2) o

Identity (44) is obtained by setting a; = (}) (Zk") in (15) and making use of [10]:

i n) (211) <3n) 1 <3n—k>
D Hy = H,— Y — .0
=0 (k k n Sik\n—k
PROPOSITION 16. If n is a non-negative integer, then

n k=1 ; 3 _ya/2( n o\ (3n/2) _ o )
(-1 (n) o (-1 (n/2)( . ) 1, if niseven, 4
Z‘LZ?)”—J' il L, if nisodd. 45)

and

Proof. Set a; = (Z)3 in (3) and use Dixon’s identity [7]:

! n\> (—1)"/2(”)(3”/2), if nis even;
_lk — n/2 n
50 ()

- k 0, if nisodd. O

PROPOSITION 17. If n is a non-negative integer, then

o5 2 2(”—j)> 2n+1 (271)
k— ) =27+ (Hy—2)(2n+ 1 46
kzzlljz%)k_]( n—j ( )(2n+1) n (46)
and - N
3B e 2(n—J) _ 2n
%%m( n—j >—(0n+1—1)(2n+1)<n>, (47)

Proof. Use a; =272(3) in (15) and also in (16) and employ the following iden-
tities from [3]:

n

}n: 22 (2:) Op = (Opy1 — 1) (2n+1)272 (2") . O

k=1 n

kil 2-2% <2kk) Hy =2+ (H,—2)(2n+1)272" <2n) 7
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PROPOSITION 18. If n is a non-negative integer, then

2 (o £ S s

1j=0 n—j k=1j=0 n—j

s

Proof. This result follows from (15) and (16) and the following identity [5]:
L 2k 2n 2n
2% OpHy = (2n+1)272" H,—2)(0,— ——
,Z‘l (k) kHi = (2n+1) <n)( )<" 2n+1>
2n+1 [2n
_— -2. 0O
+ 2(4n—1) ( n )

PROPOSITION 19. If n is a non-negative integer and s is a complex number that
is not a negative integer, then

B ) (L) o w

Proof. Batir derived the identity [5, Corollary 3]

2::<n+s> 1, = (— 1)n<n+:l_1)Hn+%<n+;—l)_n_IH~

Using the transformation s — s — n this identity can be stated equivalently as

3 ()0t sar (), e e () -5

Now, set ax = (—1)(}) in (15). O

COROLLARY 4. If n is a non-negative integer then

zn: k}*l e 2721 (2(11 - J)) _ ol _ <2n") (Hy+2) (50)

and i
n k— 2j —7
TS 2 '<2(n ?)) :2zn+1+(2n+1)<2n>(Hn_2)_ (51)
Sk —Ji\ n—j "

Proof. Evaluate (49) at s = —1/2 and s = 1/2, and keep in mind that

()= (7). (V) e (%),

(—3;/2) = (~1)"(2r+ 1)2—2’<2rr). O

and
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PROPOSITION 20. If n is a non-negative integer, then
n k=1 j ~1
—1) (n H, —1)"+1
k=1j=0 —J \J n+ (l’l+2)
Proof. Use a; = (—1)k (Z)71 in (15) together with the following identity [5]:

—1
z 1k n —(n Hn+1_(_1)n+l
k;( 1) (k) Hy=(n+1) <n+2 42 )

LEMMA 1. If n is a non-negative integer and p and q are complex numbers that
are not negative integers, then

1 k+q>:n+q+l<n+q>_< q )_(q) 53
;;( p p+1 p p+1 12 63

L (k+q n—|—q)< 1 n+q+1< 1 ))
Hiyrg = — 4+ —= | Hppyg— ——
,;( p ) ktq ( p p+1 p+1 Tt
q 1 q
— H——— | — H,. 54
<p+1>< ! p+1> (p) ! oY

Proof. Identity (53) is a consequence of Pascal’s formula:

(k—i—q) B <k+q+1> B (k—i—q)
p p+1 p+1)

Identity (54) is obtained by differentiating (53) first with respect to p, and then with
respect to g and eliminating H, , | between the two resulting equations.  [J

and

LEMMA 2. If k is a non-negative integer and r is a complex number that is not a
negative integer, then

k—1/2 27\ G [(k+r\"!
=(-1) —— 55
<k+r> ( )r<r)22k+2r<k+1> ' (>3)
where C; is the " Catalan number, defined for every non-negative integer j by
1 [2j
AR AW

Proof. A consequence of the generalized binomial coefficient, expressed in terms
of the Gamma function, I'(z), namely,

(:) - F(s+§)(;zrrl—)s+ )
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PROPOSITION 21. If n is a non-negative integer and p and q are complex num-
bers that are not negative integers, then

o 1 (n—j+q\ nt+qt+l(n+q q q
Y — =— - - (56)
m1—on—J p p+l1 p p+1 p

and
nkl ("R g 1 ntq+l 1
YYo= ——t = (g~ Hy— ——
k=1j:0k_]+q p p+1 p+1 p+1
q 1
+ —_—. 57
(p + 1) p+1 57)
Proof. Identity (56) is obtained by putting a; = (k;:q) in Theorem 1 and us-

ing (53). Set a; = (k;q) in (14) with » = g and make use of (53) and (54) to get (57). [

Our nextresult is a double sum identity that involves binomial coefficients, Catalan
numbers, and odd harmonic numbers.

PROPOSITION 22. If n is a non-negative integer and r # 1/2 is a complex num-
ber that is not a non-positive integer, then

k=1=0 2k—=2j—-1

r—1
—1 2n+1
n+r C, 1 2
=_ 1+02n+1)(0,+ —— S 58
() 2 (e (o)) o
In particular,
n k—1 2j
297G 2
= " = C(1+(2n+ 1) (0, + 1)) + 2271, 59
,;,»ZOZk—ZJ—I n(1+(2n+1) (004 1) + (59)

Proof. With Lemma 2 in mind, set g = —1/2 and p=—r—1/2in (57). O

LEMMA 3. ([1, Section 13]) If n is a non-negative integer and r is a complex
number that is not a negative integer, then

S (f) (L) = w70 w“
k=0 r 0, if r=0,n%#0;
and

: Y T R
2(_1)k<2)<k§— )Hk+r= mn) 7 ) rr7o (61)
k=0 r n oo
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PROPOSITION 23. If n is a non-negative integer and r is a complex number that
is not a negative integer, then

22e(7)

J
_sin(mr) (11 ) )
:(_1)n< n : 77:(1n—|—r) <n+r r)7 zfr;éO, (62)
ne -, if r=0,n#0.

Proof. Set a; = (—1)k(}) (k+r) in (14) and use (60) and (61). O

COROLLARY 5. If n is a non-negative integer, then

- . 2n+1y (2) . nin !
; ); ( 21(?))(1)2_21 N (—1)n+lﬁ2_2n (2(11:11)), (63)

HM:

Proof. Set r =1/2 in (62) and simplify using

<n+1/2):(2’3§1)(2,;f)2_2j » ( " ) 122n+2<2(l’l+1)>1. -

J (;‘) n+1/2 Tn+1\ n+l1

4. Applications to binomial transforms

Two sequences of complex numbers (s,) and (0,) are called a binomial transform
pair if these sequences are connected by the relations

a-3 (s = =3 (})era

k=0 k=0

THEOREM 4. Let (a;) be a sequence of complex numbers. Let (si) and (0}) be
a binomial transform pair. Then

n k—1 -k n n
Z(_l)kZ(_l)1<.)an—jsk—j: Y akor—s0 Y, a. (64)
=1 =0 J k=1 k=1

Proof. Work with (2) and apply it to b; = (];) (—1)/s;. Note that

zk:bj: i (lc-)(—l)jsj = i (lc.)(—l)jsj—so: or—so. O

=1 =N j=o\J
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PROPOSITION 24. Let (ay) be a sequence of complex numbers. Let F, be the
Fibonacci sequence and L, be the Lucas sequence, respectively. Then

n k—1 k n
>y () an—jFi—j =Y apFa (65)
=1j=0 \J k=1

and
k—1 k n
Z Z ( ) an,ij,j = Z ak(LQk — 2) (66)
=1j=0 \J k=1

Proof. Apply Theorem 4 in turn to the binomial transform pairs {s,,o,} =
{(=1)"F, Fo,} and {sy,0,} = {(—1)"Lp, Lo, }. O

PROPOSITION 25. Let (ay) be a sequence of complex numbers. Let By, be the
sequence Bernoulli numbers. Then

I O A

Proof. Apply Theorem 4 to the binomial transform pair
{sn,00} ={(=1)"Bp,(-1)"B,}. O

THEOREM 5. Let (si) and (0y) be a binomial transform pair. Let m, n, and r
be non-negative integers. Then

p=0
— (_l)n = m
el Z‘o(_l)p (p) (Gt ptr = Oper). (68)
In particular,
> 3 N $ (Vo EV
; ; (]) pgo(_l)p (p)sk+P—j - nt 1 (O'n+r Ur)7 (69)
n k—1 ”
C (-1 "
kz:ljon_-]—i_l(])s“_m_j_ n+1 ;0(_1)17( )(O-n-'rp Gp)
(70)
and -
SR (_l)j n (—1)"
%%"—Hl <j>sk"_ n+1 (6 — 00) (71)
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Proof. Set ax = (—1)*(}) (k+1)~! in(2) and apply [1, Theorems 6.3and 7.9]. [

PROPOSITION 26. If n is a non-negative integer and x is a complex number, then

n k—1 j n n n—k
—1)/ ) —1 1—
D L (”,)x"Jij ) (1—x)"Hy— Y, (St (72)
k=1j:0n_]+l j n+1 &= k
In particular,

iin ];1()1‘11{—;:%. (73)

5 n(n+1)

Proof. Work in (71) with the binomial transform pair

no(1— n—k
sy =x"H, and O'n:(l_x)an_z (=)
k=1

which follows from the Knuth-Boyadzhiev identity (41). [

PROPOSITION 27. If n is a positive integer and r is a non-negative integer such
that r < n, then

n k J o _(_1)n+1 r (—l)kk' r
1;2:%)’1 ]—l—l()(k_J) A= n+1 2_: n—k {k} 74

k=0

Proof. Write expx for x in (72) and proceed as in the proof of Proposition 14. [

PROPOSITION 28. If n is a non-negative integer, then

n k—1 o 2(k—])+1
I;Z,O(—l)/zzj Zk(n_j+1)(k ]H)( )ck i (Hieje1 — Op_ji1)

2n+1
(n+1)2

= (=1)rtia Co(Hpp1—Ony1). (75)

Proof. Use the following known result ([1, Prop. 13.22]):

< n 2k+1 n+1
—DF( )27 Ci (Hgy1 — Opp1) = —27"=——Cyy (Hps1 — On
IZZ)( ) (k) 1 & (Hiy1 — Opy1) — n (Hn+1 +1)

in(71). O

PROPOSITION 29. If n is a non-negative integer, then

k—1

VAT Bi—j+1 n\ _ D" (e n—1
kg,l( 1) ;z)(k_j+1)(n—j+1)<j> (n+ 1) (( )" By 7 ) (76)
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Proof. Use the identity ([1, Prop. 13.33]):

i n Bk+1 :(_1)n+1Bn+l_ 1
A \k) e+ 1 Al ntl

in(71). O

PROPOSITION 30. If n is a non-negative integer, then

$5.00 () (E O ) o

Proof. Ttis known that [2, Prop. 6]:

SO0 - E Q)

Use this resultin (71). O

REFERENCES

[11 K. ADEGOKE, Binomial transforms and the binomial convolution of sequences, Preprint, (2025),
https://arxiv.org/abs/2507.04179.
[2] K. ADEGOKE, A short proof of Knuth’s old sum, generalizations and related sums, Integers 26, (2026),
#A19.
[3] K. ADEGOKE AND R. FRONTCZAK, Three classes of combinatorial sums involving central binomial
coefficients and harmonic numbers, Integers 26, (2026), #A109.
[4] N. BATIR, Remarks on Valean’s master theorem of series, J. Class. Anal. 13, (2018), 79-82.
[5] N. BATIR, Finite binomial sum identities with harmonic numbers, J. Integer Seq. 24, (2021), Article
21.4.3.
[6] J. CHOI AND H. M. SRIVASTAVA, Summation formulas involving harmonic numbers and generalized
harmonic numbers, Math. Comput. Model. 54, (2011), 2220-2234.
[71 A.C. DIXON, Summation of a certain series, Proc. Lond. Math. Soc. 35, (1903), 284-289.
[8] B. Guo AND F. QI, An explicit formula for Bernoulli numbers in terms of Stirling numbers of the
second kind, J. Ana. Num. Theor. 3, (2015), 27-30.
[9]1 H.-T.JIN AND L. H. SUN, On Spief3’s conjecture on harmonic numbers, Discrete Appl. Math. 161,
(2013), 2038-2041.
[10] A.SOFO AND S. SRIVASTAVA, A family of shifted harmonic sums, Ramanunjan J. 37 (2015), 89-108.
[11] J. SPIESS, Some identities involving harmonic numbers, Math. Comp. 55, (1990), 839-863.

(Received January 6, 2026) Kunle Adegoke
Department of Physics and Engineering Physics

Obafemi Awolowo University

220005 Ile-Ife, Nigeria

e-mail: adegoke00@gmail.com

Robert Frontczak

Independent Researcher

72764 Reutlingen, Germany

e-mail: robert.frontczak@web.de

Journal of Classical Analysis
www.ele-math.com
jca@ele-math.com


https://arxiv.org/abs/2507.04179

	Introduction
	General results
	Miscellaneous results involving binomial coefficients
	Applications to binomial transforms


<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /DetectCurves 0.0000
  /ColorConversionStrategy /CMYK
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedOpenType false
  /ParseICCProfilesInComments true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveDICMYKValues true
  /PreserveEPSInfo true
  /PreserveFlatness true
  /PreserveHalftoneInfo false
  /PreserveOPIComments true
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /CropColorImages true
  /ColorImageMinResolution 300
  /ColorImageMinResolutionPolicy /OK
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageMinDownsampleDepth 1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /CropGrayImages true
  /GrayImageMinResolution 300
  /GrayImageMinResolutionPolicy /OK
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageMinDownsampleDepth 2
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /CropMonoImages true
  /MonoImageMinResolution 1200
  /MonoImageMinResolutionPolicy /OK
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /CheckCompliance [
    /None
  ]
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputConditionIdentifier ()
  /PDFXOutputCondition ()
  /PDFXRegistryName ()
  /PDFXTrapped /False

  /CreateJDFFile false
  /Description <<

    /BGR <>
    /CHS <FEFF4f7f75288fd94e9b8bbe5b9a521b5efa7684002000410064006f006200650020005000440046002065876863900275284e8e9ad88d2891cf76845370524d53705237300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c676562535f00521b5efa768400200050004400460020658768633002>
    /CHT <FEFF4f7f752890194e9b8a2d7f6e5efa7acb7684002000410064006f006200650020005000440046002065874ef69069752865bc9ad854c18cea76845370524d5370523786557406300260a853ef4ee54f7f75280020004100630072006f0062006100740020548c002000410064006f00620065002000520065006100640065007200200035002e003000204ee553ca66f49ad87248672c4f86958b555f5df25efa7acb76840020005000440046002065874ef63002>
    /CZE <>
    /DAN <>
    /DEU <>
    /ESP <>
    /ETI <>
    /FRA <>
    /GRE <>

    /HRV (Za stvaranje Adobe PDF dokumenata najpogodnijih za visokokvalitetni ispis prije tiskanja koristite ove postavke.  Stvoreni PDF dokumenti mogu se otvoriti Acrobat i Adobe Reader 5.0 i kasnijim verzijama.)
    /HUN <>
    /ITA <>
    /JPN <FEFF9ad854c18cea306a30d730ea30d730ec30b951fa529b7528002000410064006f0062006500200050004400460020658766f8306e4f5c6210306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103055308c305f0020005000440046002030d530a130a430eb306f3001004100630072006f0062006100740020304a30883073002000410064006f00620065002000520065006100640065007200200035002e003000204ee5964d3067958b304f30533068304c3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /KOR <FEFFc7740020c124c815c7440020c0acc6a9d558c5ec0020ace0d488c9c80020c2dcd5d80020c778c1c4c5d00020ac00c7a50020c801d569d55c002000410064006f0062006500200050004400460020bb38c11cb97c0020c791c131d569b2c8b2e4002e0020c774b807ac8c0020c791c131b41c00200050004400460020bb38c11cb2940020004100630072006f0062006100740020bc0f002000410064006f00620065002000520065006100640065007200200035002e00300020c774c0c1c5d0c11c0020c5f40020c2180020c788c2b5b2c8b2e4002e>
    /LTH <>
    /LVI <>
    /NLD (Gebruik deze instellingen om Adobe PDF-documenten te maken die zijn geoptimaliseerd voor prepress-afdrukken van hoge kwaliteit. De gemaakte PDF-documenten kunnen worden geopend met Acrobat en Adobe Reader 5.0 en hoger.)
    /NOR <>
    /POL <>
    /PTB <>
    /RUM <>
    /RUS <>
    /SKY <>
    /SLV <>
    /SUO <>
    /SVE <>
    /TUR <>
    /UKR <>
    /ENU (Use these settings to create Adobe PDF documents best suited for high-quality prepress printing.  Created PDF documents can be opened with Acrobat and Adobe Reader 5.0 and later.)
  >>
  /Namespace [
    (Adobe)
    (Common)
    (1.0)
  ]
  /OtherNamespaces [
    <<
      /AsReaderSpreads false
      /CropImagesToFrames true
      /ErrorControl /WarnAndContinue
      /FlattenerIgnoreSpreadOverrides false
      /IncludeGuidesGrids false
      /IncludeNonPrinting false
      /IncludeSlug false
      /Namespace [
        (Adobe)
        (InDesign)
        (4.0)
      ]
      /OmitPlacedBitmaps false
      /OmitPlacedEPS false
      /OmitPlacedPDF false
      /SimulateOverprint /Legacy
    >>
    <<
      /AddBleedMarks false
      /AddColorBars false
      /AddCropMarks false
      /AddPageInfo false
      /AddRegMarks false
      /ConvertColors /ConvertToCMYK
      /DestinationProfileName ()
      /DestinationProfileSelector /DocumentCMYK
      /Downsample16BitImages true
      /FlattenerPreset <<
        /PresetSelector /MediumResolution
      >>
      /FormElements false
      /GenerateStructure false
      /IncludeBookmarks false
      /IncludeHyperlinks false
      /IncludeInteractive false
      /IncludeLayers false
      /IncludeProfiles false
      /MultimediaHandling /UseObjectSettings
      /Namespace [
        (Adobe)
        (CreativeSuite)
        (2.0)
      ]
      /PDFXOutputIntentProfileSelector /DocumentCMYK
      /PreserveEditing true
      /UntaggedCMYKHandling /LeaveUntagged
      /UntaggedRGBHandling /UseDocumentProfile
      /UseDocumentBleed false
    >>
  ]
>> setdistillerparams
<<
  /HWResolution [1200 1200]
  /PageSize [425.197 637.795]
>> setpagedevice


