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GEOMETRIC AND MONOTONIC
PROPERTIES OF THE BESSEL FUNCTIONS

JUGAL KISHORE PRAJAPAT

Abstract. In this paper, we obtain sufficient conditions for the parameters of the generalized
Bessel functions to be univalent, convex, and starlike in the open unit disk. We also establish an
inclusion relation and observe that the main results improve certain existing results.

1. Introduction

The Bessel functions are used in various fields, including mathematics, engineer-
ing, and applied sciences. They play a significant role in quantum physics, scattering
theory, wave propagation, and related fields (see [5, 6, 10, 11, 12] and the references
therein). Furthermore, it is important to note that there has been great interest in dealing
with various inequalities and geometric properties like the univalency, starlikeness, con-
vexity, and monotonicity properties (see [, 2, 3, 4, 7, 8, 13, 14, 15] and the references
therein).

The generalized Bessel function w, ;. (p,b € R, ¢ € C), unifies Bessel function
of the first kind J,,, modified Bessel function of first kind I,,, and the spherical Bessel
function of first kind K),, and provides a broader framework for analysis, simplify-
ing the study of their geometric and analytic properties. This function is a particular
solution of the second-order linear homogeneous differential equation

2w (2) + bzw' (2) + [¢2> — p* + (1 = b)plw(z) =0,

and has the following familiar power series representation:

oo (_l)ncn Z\2n+p
c - - ) ab R7 3 < C; 1
Wp,b,e(2) %n!r(p+n+%) <2> (p,beR; ¢,z€C) (1)

where I' stands for the Euler gamma function. In addition, the series (1) converges
everywhere. Furthermore, specific values of the parameters p, b, and ¢ yield the Bessel,
modified Bessel, and spherical Bessel functions, as follows:

wp1,1(2) =Jp(2), wpi-1(2) =1,(z), and wp21(z) =Kp(2).
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Let H denote the class of analytic functions in the unitdisk A:={z€ C: |z] < 1},
‘Ho C H containing functions f such that f(0) =0, and A C H containing functions
S such that f/(0) = 1. A function f € A is said to be starlike (with respect to the origin
0), denoted by f € §*, if tw € f(A) whenever w € f(A) and ¢ € [0,1]. A function
f € A is said to be starlike function if zf”(z)/f(z) has a positive real part for z € A.
A function f € H is said to be convex if it is univalent and f(A) is convex. It is well
known that f € H is convexin A, if f/(0) #0 and (zf"(z)/f"(z)) + 1 has positive real
part for z € A. A function f € A is said to be close-to-convex, denoted by f € C, if
C\f(A) can be represented as a union of non-crossing half lines. A function f € H is
said to be close-to-convex function in A, if there exists a convex univalent function g
in A and such that f’(z)/g’(z) has a positive real part for z € A. The close-to-convex
functions are univalent in A, which includes the classes of starlike functions and convex
functions in A. For more details about the subclasses of A, we refer to [9].

The generalized Bessel function w, ;, - does not belong to the class A. Therefore,
to investigate the functions w), , . from the perspective of geometric function theory,
we shall need the following normalization:

b+1\ _
up,b,c(z) =2T (p + T) Z p/2 Wp,h,c(\/z)

- (—c/4)" 0
=X el €Y @

where k :=p+(b+1)/2€ C:=C\ {0,—1,-2,---}, and (1), denote the Pochham-
mer symbol defined by (A1), =A(A+1)---(A+n—1) forn>1,and (A)g=1. We
can easily verify that the relation (), = (0t 4 1),—1 (n € N) holds. In addition, we
define

Vpbe(2) = 2Uppe(z), zEA, 3)

and observe that B
u;?,b,c(z) = _R”p-&-l,b,c(z)» K 7é 0. 4

Note that, both the function u,,; . and v, ;, . are analyticon C, and u,, ;, . satisfies
the second order linear differential equation

420" (2) +22p+b+ 1) 2 (z) + czu(z) = 0.

Choosing the parameter values c =b =1 and —c=b =1, we have u,11(z) = Jp(/2)
and u, 1 1 =Z,(+/z). These functions have the following forms:

Tp(2) =2PT(p+1)z27PJy(z), and Z,(z) =2"T(p+1)z "I,(2).

It is worth noting that the generalized Bessel functions include numerous functions as
special cases, for example,

sin/z
u_t () =ui21(g) =cosvz,  up, () =wuo21(2) = vz

20
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2

sinh 3 (sinh
ui 171(1) \/Z\/_’ u%Jﬁl(z):E (T\/z—coshﬁ).

In [3], Baricz and Andrds proved a monotonicity result for 7, (p € R), that the
inequalities —1/4 < ¢ < p implies J,(A) C J,(A). Further, they conjectured that a
weaker condition —1 < ¢ < p implies the inclusion J,(A) C J,(A). In [4, Corollary
3], Baricz and Ponnusamy proved a generalized version of this conjecture for the gener-
alized Bessel functions by using an integral representation, and this conjecture appeared
as its special case. However, Cotirld and Szdsz [7] proved this conjecture by using the
concept of subordination factor sequence. In this article, we establish a generalized
version of this conjecture for generalized Bessel functions.

Recently, Baricz and Ponnusamy [4] used the following notations:

uz g (2) =ui21(2) = . <Sm\[ cos z) u_y, _(z) =coshyz,

b+1 || lc|  (Imk)*> 1
= —_— = — —1 = — —_— p—
p+ T co n , €1 n + 6 + 3

Imk)? 1
c2:‘2ﬂ+%+17 ey =g <3|c|_12+./7c2+8c+16>7

1
cq = g <4|C|—4+ \/14|C|2+16C+16> )

and proved the following results, which are essential for the discussion in the next
section.

LEMMA 1. ([4,Lemmal1]) Let p,b € R and ¢ € C\{0} such that k > max{0,co},
then the function u,; . satisfies the following inequalities for all z € A

dr(x+1)— 2x+1)c| +|c>/8
K[4(k+1)—|c]]

32k2 —|cf?
8k (4K —|c|)

< ‘up,h,c (2)] <

LEMMA 2. ([4, Theorem 1]) Let p,b € R and ¢ € C\ {0} such that x > ¢3\{0}.
Then the function up (z) is convex in A and is starlike of order 1/2 with respect to
L. Moreover, the function zup,1p . (z) is starlike in A.

LEMMA 3. ([4, Corollary 3]) Let p,q,b € R, c € C\ {0} and 2x, =2p+b+
1, 2K, = 2q+b—|—1 If x, > 1, > max{0,c3}. Then A,p(A) C Agpc(A), where
Agbe(2) =upp (%), Inparticular, if p > q > —1, then J,(A) C Jy(A).

Finally, we recall the following result of [2].

LEMMA 4. Let p,b,c € C. Then Bessel functions satisfy the following properties
in A.

(i) If Rex > co+2, then Reuy,p, (z) =20 in A;
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(ii) If Rek = co+ 1 and ¢ # 0, then u,p, .(2) is univalent in A;
(iii) If Rex > c1 and ¢ # 0, then up, -(2) is convex in A;
(iv) If Rexk > ¢ +1 and ¢ # 0, then zu,,\ p(z) is starlike in A.
Our primary motivation for writing this paper is to provide improvements on these

results for the normalized form of generalized Bessel functions.

2. Main results

Our first main result is the following theorem, which gives the univalency for the
function w5 -(z):

THEOREM 1. Let p,b,c € C. If Rex > ri(c), where ri(c) is the unique positive
root of the equation E.(k) =0, where

EC(K):2—eXp< |Ce| ) )

then Reu,p (z) >0 in A. Moreover, up ) (z) is univalent in A for all k such that
Rex > ri(c)—1, ¢c#0.

Proof. To prove first part, it is enough to establish that |up7b7c(z) — l} <l,zeA
Using the inequality (x), > x" (n € Np:= NU{0}), and the inequality

n—1 n—1
[l = [T+ 7| =TT Rex+j)| =[(Rex),[, neN, (6)
Jj=0 j=0

we obtain for all z € A, and Rek > 0,
}up7b7c(z) — 1} =

o (el \"1 <
< 1= —1<1,
Z <4ReK nl P\ IRex

if E.(x) >0, where E.(k) is given by (5). Now, we prove that (5) has exactly one root
for each fixed value of ¢. Let Rex :=x > 0, then

/ ] ney - lellle[+8%) lel
El(x) = e ep<4>>0 and E](x) = TR U <0,

for each fixed value of ¢ and x > 0, showing that E, is increasing and concave down-
ward for x > 0. In addition, limy_.. E.(x) = 1 and lim,_,+ E.(x) = —eo, showing that
x=0 and y =1 are asymptotes to the curve y = E.(x). Therefore, E.(x) must have an
unique root r1(c) = |c|/(41n2) in the interval (0,e0) and E.(x) > 0 in (ri(c),o).
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Further, using the differentiation formula (4), we obtain Re (u; be(2)/9), b,c(Z)> =
Reu, 1 p0(2). Since ¢pp(z) = —(c/4K)z is convex, we get the result. [

‘We now enhance the above result for certain values of ¢ in the following manner,

using a different inequality:

THEOREM 2. Let p,b,c € C. If Rek > ry(c), where ry(c) is the unique root of
the equation F.(x) =0, where

ol <
FC(K)_I 4ReK<l+2(4(ReK+1)—C))’ 7

then Reupyp (z) > 0 in A. Moreover, u,p .(z) is univalent in A for all k such that
Rex =2 r(c)—1, ¢ #0.

Proof. Using the inequality (6) and inequality (x+1),_jn! >2(x+1)""1 (x>
0, n>2), we obtain for all z€ A, and Rek > 0,

|n—1

RS e
—1| <
|up7b7C(Z) } 4Rek n;l g4n—1 (R6K+ l)n—ln!

] I ] !
< 1+ T PSRN
4Re K +ZZ‘2 4(Rex+1)
kel (I
4Rek 2(4(Rek + 1

<1, Rek >d;:=max{0,c},
)— C))

if F.(x) >0, where F(x) is given by (7). Now, we prove that (7) has exactly one root.
Let Rek :=x > dj, then

8x—|c|+4
F!(x) = Il >0
ol T I
and
() = el fel* = 4lel(3x+2) +16(3x* 4 3x + 1)
¢ 4x2 43 (4(x+1)—|c])3
le|  12x% + (6x+ |c| —4)?

=4 _ 0
22 AOE ) e

for every fixed value of c¢. This shows that F, is increasing and concave downward in
(di,°°). In addition lim,_. Fz(x) =1 and lim__ dt F.(x) = —oo (Jc| < 8) are showing
that the asymptotes to the curve y = F,(x) are x =d; and y = 1. This implies that

F.(x) = 0 must have a unique root in the interval (d;,). Further, we can obtain the
second part of the result by using (4). U
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REMARK 1. (i) If Rex > %,then
e ¢ c|In2
F.(x)=1-— 1 >1—In2— >0,
() 4Rex \ | 2@Rex+1)—|d) n

]
2 —— 4
<1n2 el +

for all ¢ such that |c| < o, where a; & 5.82453 is the root of the equation

2(1—1n2) (% — | +4> —le[In2=0.
This shows that ri(c) > ry(c) for all ¢ such that |c| < ;. Therefore, Theorem 2

provides an improvement in Theorem 1 for all ¢ such that |c| < o;.

(i) If Re k > |Z—|+1,then

|| <
E(x)=2— >2—exp( ——— ) >0,
(1) eXp<4ReK P\ Jel+4a

if |¢| < op & 9.03557. This shows that, ¢o+2 > ri(c) for all ¢ such that |c| < .
Therefore, Theorem 1 significantly improves Lemma 4(i)—(ii) for all ¢ such that |c¢| <
o . Similarly,

¢ 4Rek 2(4(Rek+1)—Ic|)
|c| |c| 64— |c|?
1— 1+ ) =———_ >0,
4\ 16 )~ 16(c[+4)

if |c| < 8. This shows that ¢y +2 > rp(c) for all ¢ such that |c| < 8. Therefore,
Theorem 2 improves Lemma 2.5(i)—(ii) for all ¢ such that |c| < 8.

=

The next result provides inequalities for normalized Bessel functions u,; . and
Vp.bc:

THEOREM 3. Let p,b,c € C. If Rek > d, := max{0,co}, then u,y . satisfies
the following inequalities for all z € A:

€] €] le|
" 4Rex ( 2(4(Rek+1)— |c|)) < luppe@] <e p<4ReK) - ®
/ 4o ()
zvp’bﬁc(z) C1l< 4Rek 4(Rek+1) , ©)
Vpbe(2) _ < |c| )
4Rex \ | 2(@Rex+1)—d))
’ZV;,b,C(Z>| <1 2|c|(Rek+1) (10)

Rek[4(Rek+1)—|c|]’
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Proof. Using the triangle inequality, the inequality (6), and (x), = x" (n > 0), we
obtain for all z€ A and Rex > 0,

i@ < 3 o — =¥ T ()
rb. 47| (x) ] ! 47| (Re k), |n! 4Rex

n=0 n=0

Similarly, by using inequalities (6) and (x+1),_yn! = 2(x+1)""! (x> 0,n>2), we
obtain for all z € A and Rek > d; := max{0,c¢o},

’up,b,c(z)| = 1+§1 %
>1- 41LC!K§ 4n1 (ReCKn—_l—ll)nln!
1 (135 () )
B 41|zcix ( 2(4(ReK|i| 1)— ICI)> ' 1

Now, combining the inequalities (11) and (12), we obtain the result.

Further, using the triangle inequality, the inequality (6), and (x), > x" (n > 0), we
obtain for all z€ A and Rex > 0,

)— Vp.bc (z)

Vpoel2 Z

=

c] D c]
= 4Rek & 4" (Rek + 1), n!

el « ] i
g —
4Rean 4(Rex+1)/) n!

=0

el c|
~ 4Rex P (4(ReK+l))' (13)

Now, combining the inequalities (12) and (13), we obtain (9).

Moreover, using the triangle inequality, the inequality (6), and the inequality

2nl(x+ 1)1 2 (n+Dx+1)"" (neN), (14)
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we obtain for all z € A and Rex > dj,

n—|—1 (n+1)[c|"

|va,,C }<1+2 \n'
\C\ i (n+ 1"

4Rek & 41 (Rex+1), n!

<« < i
1
 oRex 2\ aRen 3 1)

2l (Rek +1)
Rek[4(Rek+1)—|c|]’

<1+

N

(15)
This proves the result. []

REMARK 2. Note that

¢ _ (=9 e ]
1 — 1=y " _>2- ,
+Zg4n\(x)n|nv 214"(R6K),,n! P\ IRex

for Rex > 0 and z € A. Now using this inequality, along with the inequality (11), we
obtain the following inequality for all z € A and Rex > 0,

_ < < .
2exp <4Re1< < |uppe(@)] <exp 4Re Kk (16)

Now in view of Remark 1(i), we observe that

Ic] | ||
_ >1-—
ex p<4ReK 1= TRex l+2(4(ReK+1)—\c\)

for all ¢ € C such that |c| < o, where o &~ 5.82453. Thus, the inequality (8) is
sharper than the inequality (16) for all |c| < ¢, and the reverse case will happen if
|C| > o .

}”p7b7c (Z) | =

THEOREM 4. Let p,b,c € C, and o be root of the equation
2(1—1n2)<m—x—|—4>—x1n220. (17)

If |c| € (0,04] and Re k > ra(c), where r4(c) is greatest root of the equation G.(K) =
0, where

B | <
6.0 =1~ ey | omen e o (amen )| 9

orif |c] € (ay,%0) and Rek > rs(c ) where rs(c) is the greatest root of the equation
H.(x) =0, where

_ ¢ e ||
He(K) =2 —exp (4(ReK+ 1)) T 4Rex+ )P (4(ReK+2)> - 19

Then upp o(z) is convex in A. Moreover, zu, 1 .(2) is starlike in A.
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Proof. (i) To prove the convexity of u, ., it is enough to establish that )zugﬁ pe(2)/

u;.’bﬁc(z)) < 1, z € A. First suppose that |c| € (0,04], then the inequality (8) is sharper
than the inequality (16). Now, using the differentiation formula (4) and inequality (8),
we obtain for z € A and Rex > d := max{—1,co— 1},

@) | 2Up1pe() 1= '_ el upi2pe(2)

”;,h,c(z) Upi1,b.e(2) 4Rek +1) upr1p,c(2)
Ic| 4(Rek+2) 0,

4Rex+1) |c] 14+ |c|

4(Rek+1) 2(4(Rek+2)—|cl)
If
€] c]

1-— 1 0 21
dRex+ D) ' T 2GamRent 2~ ) @

and G.(k) > 0, then ‘zu;bﬁ(z)/u;’bﬂc(z)‘ < 1. Note that G.(x) > 0 implies the in-

equality (21). Now, we need to show that the equation G.(x) = 0 has at least one root
in (dp,0) for every c. Suppose that Rex := x > d,, then

| N lc[*(8x+12—c])
4x+1)2  8(x+1)2(4(x+2)—|c|)?

le|[e](x+ 1) +4(x+2)?) ||
160t 12(x+22 P <4(x—|—2)> >0

Ge(x) =

shows that G, is increasing. Further,

|| |c|? [|e> — 4]c|(3x+5) + 16(3x*+9x +7)]

C2(x+1)3 4(x+1)3(4(x+2) —[c])?

le| [Je]?(x+ 1) + 8c|(2x® + 9x% + 13x + 6) + 32(x + 1)*] 1
- 64(x+ 193(x+2)* °xp (4(x—|—2)>
B || |c|? [48x% 4 (12x +20) (4 — |c]) + 96x + 32]
S 2017 A(x+1)3(4(x+2) = [c])?

le| [Je]?(x+ 1) + 8c|(2x® + 9x% + 13x + 6) + 32(x + 1)*]

64(x+1)3(x+2)*

1
“"P(m) <0

and limy . Ge(x) = 1, lim,_, it G.(x) = —oo, are showing that x = d, y =1 are
asymptotes to the curve y = G.(x). Therefore, G, is concave downward in (d,c°).
This implies that G. must have a unique root in the interval (d;,o0). Further, we can
prove the starlikeness of zu, 1 () by using (4).

Gl(x) =
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Next, suppose that |c| € (c,°), then we obtain for Rek > —1,

2 b (2)
6y ,c(2)

[c] )
exp <7
|c| 4(Rek+2) . 22)
4(Rek+1) |c|

2‘6"P(W)

If

||
2—exp< (K+1)>>o, (23)

and H.(x) > 0, then up . is convex in A. Note that H.(k) > 0 implies the inequality
(23), and as above, we can show that the lines x = —1 and y = 1 are asymptotes to the
curve y = H,(x). Therefore, H, is concave downward in (—1,c). This implies that H,
must have a unique root in the interval (—1,0). Further, the starlikeness of zu},, 1 (2)
follows by (4). O

REMARK 3. (i). Note that Rek > |c|/4 + 1/2 implies that

64 =1~ g1y | e 13 o e 3|
B _CC+6<I+%+ p(lclilo)>>0’

if |c| < o3, where oz & 3.93845 is root of the equation

(Ll ap (LYY Z
lc|+6 20 lc|+ 10

Therefore, for all ¢ such that |c| < a3, we have ¢; > r4(c). Hence, first part of Theorem
4 improves Lemma 4(iii)—(iv) for all ¢ such that |c| < o3.

(i1) Note that for all p,b,c € C, Theorem 4 improves Lemma 4. In particular, if
p,b €R, ¢ € C, and suppose that k > ¢1\{0}, then

el . 2|c|
4(k+1) = 3|c| =4+ \/T|c]>+8]c| + 16
and
el . 2|c|
4(K+2) " 3lc|+4+/T|cP+8lc|+ 16
Therefore

2|c| ]
Go(x) > 1-
3lc| —4++/7|c]*+8|c| + 16 |c|+4+ V7\c|?+8|c| + 16

ex 2|c|
P 3le|+4++/7|c]*+ 8|c| + 16
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for all ¢. Therefore, Theorem 4 improves Lemma 4.

(iii) For b=c=1 and b = —c = 1, Theorem 4 shows that the functions J,(/z)
and Z,(+/z) are convex in A and starlike of order 1/2 with respect to 1, if Rep >
pa\{—2,—3}, where ps ~ —1.433028 is the greatest root of the equation

1 1
Y ikepr 2y | T 20w p 13 =) TP (4(Rep+3))] =0

Moreover, the functions 7,4 1(1/z) and Z,,{(/z) are starlike in A.

THEOREM 5. Let p,b,c € C, and o be the root of the equation (17). If |c| €
(0,01] and Rek > r¢(c), where r¢(c) is the greatest root of the equation I.(k) =0,
where

] ]

- €]
K0 =1~ re [ sy o 20 () @

or if || € (ay,0) and Rek > r1(c), where ry(c) is the greatest root of the equation
Je(K) =0, where

_ lc| < <
Je(i) =2 eXp<4ReK 2Rex P\ 4Rex+ 1)) 25)

Then the function zu,p (z) is starlike of order 1/2 in A and consequently the function
2P w0 (2) is starlike in A.

Proof. Let f(z) = zupp(z%), then

2
f(Z) — LC‘(Z) = 217 F(K)Zl_prJLC(Z)

z
and
f'(2) 2V p(2) 2 (2
ST ) [ A [
f(Z) Vp.b,c (Z ) up,b,c(z )
This implies that f is starlike in A if |22 u;ﬁ?c(zz)/up’bﬁc(zzﬂ <1/2 forall z€ A. Hence

Vp e is starlike of order 1/2 if f is starlike in A. First suppose that |c| € (0, ], then
using (4) and inequality (8), we obtain for Rex > d5 := max{0,c},

Zitpe@)| el |Pitprine()
pe(@) | ARCK |t ()
oo ()
] 4(Rek+1) . (26)

4ReK1_ |c] |c]
4Rek 2(4(Rek+1)—|c|)
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If

|| [
1™ IRex <1+2(4(R6K+1)—|C|)> >0 7)

and I.(k) > 0, then |2 u), , .(2%) /uppc(2*)| < 1/2 for all z € A. Note that I.(k) >0
implies that the inequality (27) holds. Let Rek := x > d, then

sy el leP@xtd—le]) | le[(4x® 4 (Je| +8)x+4) ||
S A R T P 82(x+1)2 xp (4(x+1)> >9,

lel  [e]?(le|* —4]e] (3x+2) + 16(3x*+3x + 1))
23 43 (4(x+ 1) — |c])3

le|(32x* 4+ 16(|c| + 8)x> + (|c|> + 24|c| + 192)x* + 8(|c| + 16)x + 32)
a 3203 (4x+3)2

I} (x) =

e
exp (4(x+ 1))
e [e*[(le] =2(3x+2)) + 1227 [e[(32x* + 16(|c| + 8)x°)
2x3 43 (4(x+1)—|c|)3 32x3(4x+3)?

°"p<4<xc+1>)

lc|[(|c|? +24]c| + 192)x* + 8(|c| + 16)x +32] |c]
— ex <0
32x3(4x+3)? 4(x+1)

and lim,_.o I.(x) = 1, lim,_,4, I.(x) = —eo. Therefore I.(x) is increasing and concave
downward in (dp,e). This implies that I. must have a unique root in the interval
(da,e0). Thus, the proof is complete.

Next, suppose that |c| € [cr,o0), then we obtain for Rek > d»,

¢
Z2u;77b7c(z2) |c] eXp<4(ReK—|—1) (28)
Uppe(2?) 4Rek 2—exp< |c| ) '
4Rek
If
2 —ex 4 0 29
P 4Rek - (29

and J.(x) > 0, then |7? u;.bic(zz)/unb’c(zz)\ < 1/2 forall z € A. Note that J.(k) >0
implies that the inequality (29) holds, we can show that the lines x = d»,y = 1 are
asymptotes to the curve y = J.(x). Therefore, J. is concave downward in (d;,e°). This
implies that J. must have a unique root in the interval (dp,e). O

Finally, we conclude this section by providing an improved version of Lemma 2.3.
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THEOREM 6. Let p,q,b e R, kK, =p+(b+1)/2,xK,=q+ (b+1)/2, and o be
the root of equation (17). If |c| € (0,0 and Rek, > Rek, > max{0,r4(c)}, where
r4(c) is the greatest root of the equation (18), and if |c| € [ay,%°), Rek, > Rek, >
max{0,rs(c)}, where rs(c) is the greatest root of the equation (19). Then

Up (D) Cugp(A).

Moreover,
Apbe(B) S Agpe(A).

Proof. If we use (2) to represent u, .(tz) and multiply both sides of (2) by
t%a=1(1 —¢)% %=1 and integrating on [0, 1], we obtain

oo _ 4 n 1 1
2( c/4) Zn/O thJrnfl(l_t)Kprqfldt:/O umh?C(l‘Z)tK"il(l—t)KP*inldt.

= n! (Kp),

Since Rek), > Rek, > 0, the integral on the right-hand side of the above equation is
the beta function B(ky,k)), we have

= (_c/4)n 1 L
}Zbﬁzn :/0 “abelid) B(’(QNKP)_ Ky) a
which implies that
2@ = [ tgpeli)au(yar,
where

I'(xp)

—thfl (1 _ t)Kprqfl
['(xq) T (Kp — k)

du(t) =

is a probability measure on [0,1]. The above integral implies that u, j .(A) contained
in hull of
{ugp (D) 1 €[0,1]} = {ugp(tz) : 1 € [0,1],z € A}.

By Theorem 4, u,; . is a convex function, hence u,.(A) C uyp(A), and conse-
quently 4,5 (A) C Aype(A). O
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