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VALUE DISTRIBUTION OF A CLASS OF COMPLEX
q-DIFFERENCE-DIFFERENTIAL POLYNOMIALS

YINGTONG PAN AND JUNFENG XU *

Abstract. In this paper, by employing Nevanlinna theory, we investigate the Borel exceptional
values of a class of g-difference-differential polynomials of meromorphic functions. Our results
generalize the results obtained by X. M. Zheng and M. L. Zhan.

1. Introduction and results

In this paper, we shall assume that the reader is familiar with fundamental results
and the standard notation of the value distribution theory of meromorphic functions or
Nevanlinna theory (see [4, 6]). A meromorphic function a(z)(# 0) is called a small
function of f if T(r,a) = S(r,f), where S(r, f) = o(T(r,f)) as r — o outside a possi-
ble exceptional set of finite linear measure.

The zero distribution of complex differential-difference polynomials of meromor-
phic functions is one of the core research directions in complex analysis. The origin of
this problem can be traced back to a conjecture proposed by Hayman in 1959.

Hayman [5] posed the following famous conjecture.

CONJECTURE. If f is a transcendental meromorphic function and n > 1, then
ff takes every finite nonzero value b € C infinitely often.

This conjecture has been solved by Hayman [4] for n > 3, by Mues [&] for n =2,
by Bergweiler and Eremenko [1] for n = 1.
Hayman [5] also proved the following famous result.

THEOREM 1. If f(z) is a transcendental meromorphic function, n = 5 is an inte-
ger, and a(#0) is a constant, then f'(z) —af"(z) assumes all finite values b infinitely
often.

He also conjectured in [4] that the same result holds for n = 3 and 4. How-
ever, Mues [8] proved that the result is not true by providing a counterexample (see [8,
pp. 240-241]).
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DEFINITION 1. Let f(z) be a meromorphic function in the complex plane. Then
the order o(f) of f(z) and the exponent of convergence of zeros of f(z) are defined
by

. logT(r, f) . logN(r,1/f)
o(f)= fim sup ogr Alf) = lim sup ogr

In recent years, significant progress has been made in Nevanlinna theory involving
q-differences, which provides important tools for the study of g-difference equations
and g-difference polynomials. Consequently, a large number of research works have
focused on complex difference problems, enriching the theory of value distribution of
meromorphic functions (see [2, 3]).

In 2011, Liu and Qi proved that the ¢-difference polynomial of the form f"(z) f(qz
+¢) assumes every nonzero complex value b infinitely often, where f(z) is a zero-
order transcendental meromorphic function and ¢ is a nonzero complex constant (see
[7D). In 2014, Xu and Cao studied the value distribution of the g-difference-differential
polynomial of the form (f”(z)f(gz+c¢))*¥), where f(z) is a transcendental entire func-
tion of finite positive order (see [9]).

In 2021, Zheng and Zhan further generalized the results of Xu and Cao by investi-
gating the value distribution of g-difference-differential polynomials in a more general
form, where f(z) is extended to a polynomial in f(z), and obtained the following re-
sults (see [11]).

Let a nonzero polynomial P(z) be

P(z) = apd" +an12" '+ +aiz+ap, neNg,

where ag,ay,...,a,(# 0) are complex constants. Let m € N, denote the number of
distinct zeros of P(z). Then P(z) can be written as

P(2) =an(z— o)™ - (z— o)™,

where 0,00, ..., 0, € C are the distinct zeros of P(z), and ny,ny,...,n, € Ny satisfy

THEOREM 2. Let f(z) be a transcendental entire function with 0 < o(f) < oo,
let a be a finite Borel exceptional value of f(z), let n € C, andlet g € C\ {0, 1} sarisfy
q°f) £ —1,-2,...,—n. Define

Hi(z) = [P(N)flgz+ )P, keN..

Then H,(z) has no nonzero finite Borel exceptional values, i.e., H|(z) takes every value
¢ € C\ {0} infinitely often, and satisfies A (Hy —c¢) = o(f).

THEOREM 3. Let f(z) be a transcendental entire function with 0 < o(f) < oo,
let a be a finite Borel exceptional value of f(z), let n € C, andlet g € C\ {0, 1} satisfy
G0 £ “1,-2,...,—n and flqz+n) % f(2). Define

Hy(2) = [P(f) (flgz+n) — f@)N%, keN.
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Then the following conclusions hold:

(1)If ¢ =1, m=1 and a = oy, then 0 is also a Borel exceptional value of
Hy(z), i.e., Hy(2) has no nonzero finite Borel exceptional values.

R)Ifgd#,org®=1landm+#1,0r ¢ =1, m=1 and a # oy, then Hy(z) has
no finite Borel exceptional values.

(3) Hy(z) takes every value ¢ € C\ {0} infinitely often, and satisfies A (H, —¢) =
o(f).

In this paper, based on the work of Zheng and Zhan, we further extend the function
f(z) to the class of transcendental meromorphic functions and obtain the following
results.

THEOREM 4. Let f(z) be a transcendental meromorphic function with 0 < o (f) <

oo, and suppose that f(z) has two Borel exceptional values a € C and . Let n € C
and q € C\ {0,1} satisfy ¢°V@) £ —1,-2,.... —n. Define

Hi(z) = (P(f)f(az+n)®, keN;.

Then H,\(z) has no nonzero finite Borel exceptional values, i.e., Hi(z) takes every value
c € C\ {0} infinitely often, and satisfies A (Hy(z) —c) = o (f).

The following example illustrates that the condition ¢°f) % —1,—2,...,—n in
Theorem 4 cannot be omitted.

EXAMPLE 1. Let 1
7—

Z = eZ_

1@ z+1

be a meromorphic function. Take the polynomial P(z) = z of the degree n = 1, the
constants g = —1, n =0, and set k = 1. Define

/

Hi(2) = (P() fgz+m) Y = (FR)f(~2) -

Since T(r,f) = T(r,e*) + O(logr), we have o(f) =1 satisfying 0 < 6(f) < c°. As
e*#0, f(z) =0 holds only at z= 1, and the zero counting function satisfies N(r,1/f) =

O(logr), so 0 is a Borel exceptional value. Furthermore, the unique pole of f is z=—1
with the pole counting function N(r, f) = O(logr); thus e is also a Borel exceptional
value. That is, f has two Borel exceptional values 0 and . Since g = —1, we ob-
tain ¢°/) = (—1)" = —1, which does not satisfy the condition g°/) # —1,-2,...,—n
(here n = 1, the corresponding setis {—1}).
Since | 1
—z— z
—z)=¢° =e* ,
1(=2) —z+1 z—1
we get
z—1 z+1
)f(—z)=¢ée " — —— =1,
R

and therefore
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Hence, for any nonzero constant ¢ € C\ {0}, the equation H;(z) = ¢ has no so-
lutions, so every nonzero constant ¢ is a Borel exceptional value. In particular, the
exponent of convergence of zeros A(H; —¢) = 0, which contradicts the assertion of
Theorem 4 that “H, takes every nonzero value infinitely often and A (H; —¢) = o (f)”.

THEOREM 5. Let f(z) be a transcendental meromorphic function with 0 < o (f)
< oo, and suppose that f(z) has two Borel exceptional values a € C and . Let n € C

and q € C\ {0,1} satisfy ¢°V ) £ —1,-2,....—n and f(qz+1n) # f(z). Define

Hy(2) = (P(f)(flaz+n)— f)¥Y, keN..

Then the following conclusions hold:

(1)If ¢ =1, m=1 and a = ay, then 0 is also a Borel exceptional value of
Hy(z), i.e., Hy(2) has no nonzero finite Borel exceptional values.

R)Ifgd# L, org =1landm+#1,0r ¢ =1, m=1 but a# oy, then Hy(z) has
no finite Borel exceptional values.

(3) Hy(z) has no nonzero finite Borel exceptional values, i.e., Hy(z) takes every
value ¢ € C\ {0} infinitely often, and satisfies A (Hy(z) —c) = o (f).

The following example shows that the condition q"(f ) # —1,-2,...,—n in The-
orem 5 cannot be removed.

EXAMPLE 2. Let the meromorphic function

z—1
= 62—7
/@) z+1

the polynomial P(z) = z of the degree n = 1, the constants g = —1, 1 = 0, and take
k =1. Define
k
Hy(2) = (P(F) (Flgz+ 1) — ()
Since €* # 0, f(z) =0 holds only at z = 1, so the zero counting function satisfies
N(r,1/f) =0O(logr). The only pole of f(z) is z=—1, hence N(r, f) = O(logr). Then

1
both 0 and e~ are Borel exceptional values of f(z). From T'(r, f) ~ i we obtain the

order o(f) = 1. Since g = —1, we have ¢°/) = (—1)!

the condition ¢g®/) £ —1. Note that

= —1, which does not satisfy

o—z—1 z+1

—z)=¢ =e ,
f(=2) —z+1 z—1
z—1 z+1
)f(—z)=¢ée* — — =1,
Ff(=) R
which yields
1

F) =Ty
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Since P(f) = f, we have

PU)(flaz+ 1)~ £2)) = £&) (F(=3) - £)) = (2 (% —f<z>) - R

Taking k=1, we get
/

Hy(z) = (1-f()?) = =2/ () f'(2).

-1
Set R(z) = ;_—1, then f(z) = ¢°R(z). Differentiating gives

f'(z2) =€ (R(z) +R (2)),
and substitution leads to
Hy(z) = —2¢%R(z)(R(z) + R (2)).

Since R(z) and R'(z) are both rational functions, R(z) (R(z) +R'(z)) is a non-zero
rational function. Thus H;(z) has only finitely many zeros, and

A(Hy) =0 < 1=0(f).

Therefore, 0 is a finite Borel exceptional value of H(z).

Conclusion (2) of Theorem 5 asserts that if ¢* # 1 (here s =1, ¢° = —1 # 1),
then H, possesses no finite Borel exceptional values. Nevertheless, O is exactly a Borel
exceptional value of H, in this example, so Conclusion (2) is invalid. This counterex-
ample shows that the condition ¢®/) £ —1,—2...., —n is necessary for the validity of
the statement “H, has no finite Borel exceptional values” in Theorem 5.

2. Some lemmas

To prove our theorems, we require the following lemmas.

LEMMA 1. ([12]) Let py,...,pm be polynomials in z with leading terms o, z9',
ooy O Z0m | respectively, where qy, . .., qn are positive integers. Let ¢ =min{qy,...,qn}
and qo = max{qi,...,qm}, where o,...,0, are nonzero complex numbers satisfying
oy, # o whenever q, = qi for 1 <h <k <m. Let

G(z) = Do(2) + D1 (2)e""@ + ... 4+ D, (2)ePn @)
where Dy,Dy,...,D,, are meromorphic functions of growth order less than q, and
D;#0 for j=1,...,m. Then:

(1) There exist two positive constants ay < ap such that

ar® <T(r,G) < apr®®, r— eo.
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(2) If Dy # 0, then

m(r,é) =o0(rf), r— oo,

(3)If Do =0 and m > 2, then there exist two positive constants by < by such that

1
biro <N (r, E) L bpr?,  r—eo,

LEMMA 2. Let n € N, and let P\(2),P>(z),...,Pu(z) be non-constant polynomi-
als with degrees d,d,...,d,, respectively, satisfying deg(P; — P;) = max{d;,d;} for
all i j. Let

) =Y B ()€1
=1

where B; ( )(#0), j=1,2,...,n, are meromorphic functions with c(B;) < d; for
Jj=1,2,....n. Then A(z) satisfies

Proof. Let the leading terms of Py(z),P3(2),...,P.(z) be aqz®,o0z®,. .., o4z,
respectively, where dy,ds,...,d, are positive integers. Let

d = max {d;}.

1<j<n

From the given condition that deg(P;, — P;) = max{d;,d;} for i # j, it follows that
0; # o; whenever i # j. By Lemma 1, there exist positive constants a; < a, such that

ar! <T(rA) <ay asr— oo,

By the definition of the order, we conclude that 6(A) =d. O

LEMMA 3. ([10]) Let n>2,let fi(z), f>(2),--.,fn(z) be meromorphic functions,
and g1(2),82(2),. .., gn( ) be entire functions satisfying the following conditions:

(1) Xy fi(z)ess® = 0;

(2) For 1 < j<k<n, gj(z)—gk(z) is not constant;

(For1<j<nand 1 <h<k<n, T(r,fj)=0(T (r,e8h78)) as r — oo, r ¢ E,
where E C (1,4e0) is a set of finite linear measure or finite logarithmic measure. Then
filx) =0 for j=1,2,...,n
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3. Proof of Theorem 4

Proof. Since f(z) has two Borel exceptional values a and oo, by the Hadamard
factorization theorem, there exist s > 1 with o(f(z)) = s and a nonzero complex con-
stant ¢ such that
8(2) oz
—e
p(2)

where p(z) is the canonical product of the poles of f(z) with ,0( (z)) <s,and g(z) is
the canonical product of the zeros of f(z) with p(g(z)) <
For g-difference of f(z), we have

flz)=a+ , (3.1)

+ g(qz+ 77) e(x(qurn)S.

flgz+n)= D)

By the binomial theorem,
(6]Z+TI)S:C]SZS +qu—1nzs—l+ (2) S— 2n22s 2+"'+nS:quS+R(Z)7

where R(z) =s¢* 'nz" ' + (5)¢* 1?22 +---4+n°. Clearly, R(z) is a polynomial of
degree at most s — 1.

Then
s R R
ea(qz n = eaq z eaR(Z) = eaq z h(Z),

where h(z) = ¢k,
Thus,

BN agerny _ 89T a5 )
rlgz+n) plgz+m)

Substituting (3.1) into P(f), we obtain

P(f) ZGnﬁ (a—a,-Jr %ew)m.

flgz+m) =

By the binomial theorem,

“Sla 3 () wr (43) oo - Sewe

Jj=0 Jl“" +Jm Ji=l1
0<ji<
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cirme, 5 fif5)-ars(2)

Jite +jm =ji=1 p Z)
0<ji<n

where

Multiplying (3.2) and (3.3), we get

Y i o B s
P(f)f(gz+n) a%cje +j§)c,p(qz+n)h(z)e : (3.4)

When m =1 and a = o = 0, the equation (3.4) reduces to

—u 8(z) "glgz+n) Jnta)a
PU)flaz+n) = "(p(z)) p(qz+n)h(z) o (3

Since the coefficients in (3.5) are not identically zero, g®/@) £ —1, -2, ... —n,

a¢za¢m¢nmq%#(waa¢m¢0qumPuwmvwnima(ﬂﬁ)

p(2)
<s,0 (m> < s and o(h(z)) <s—1, it follows from (3.4), (3.5) and Lemma
plgz+m)

2 that P(f)f(qz+ n) is a transcendental meromorphic function satisfying

o(H))=o(P(f)f(qz+n)) =

Therefore, H,(z) can be expressed as

2n+1
H(2) = (PN f(gz+n)Y = Y gi(2)ehe. (3.6)
=1
where
B = la, 1=1,2,...,n,
' (l—-n—14¢", l=n+1,n+2,....2n+1,

and g(z) for 1 =1,2,...,2n+ 1 are differential polynomialsin g(z), p(z), g(gz+n),
p(gz+mn),and h(z) with p(g;(z)) <s forall [ =1,2,...,2n+1.
Define the set

B={a,2¢a,...,no}U{q¢'e,(1+¢°)a,...,(n+q")a}.

Since ¢° may be an integer, the two sets above may have a non-empty intersection, so
that |B| <2n+1.
By combining like terms in (3.6), the proof is divided into the following two cases.

Case 1. There exists exactly one B, € {a,2a, ..., na}U{q’a,(1+¢")o,...,(n+
¢*)a} such that

Hi(z) = g1, (2)eM7
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where g, (z) is the sum of the coefficients corresponding to the term Po? in (3.6).
Clearly, B, #0, g;,(z) #0, and o(g;,(z)) < s. It follows that 0 is a Borel exceptional
value of H;(z), i.e., Hi(z) has no non-zero finite Borel exceptional values.

Case 2. For the remaining cases, without loss of generality, let
H(2) = (P(F)f gz )Y = ¥ g, ()7 (3.7)
j=1

where r € {2,...,2n+ 1}, and B,,Bs,,....B;, € {o,20,...,na} U{g’a, (1 +¢°)a,
., (n+¢*)a} satisfy B, # Py, for i+ jand g;,(z) #0 fori=1,2,....r.
Let a* be a finite Borel exceptional value of H;(z). Then H;(z) can be expressed
as
Hi(z2) = d" +g"(z)e", (3.8)
where 8 # 0 is a complex constant, and g*(z) #Z 0 is a meromorphic function with

o(g"(2)) <s.
From (3.7) and (3.8), we obtain

D 8i; (Z)eﬁ’izs —a" —g* ()P = 0. (3.9
J=1

If B # By, forall j=1,2,...,r, then by Lemma 3 and (3.9), we have
g,(2)=0, j=12,...,n, g()=0, a =0. (3.10)

Since g*(z) # 0, this contradicts equation (3.10).
If = Bl, for some j=1,2,...,r, then the equation (3.9) can be rewritten as

o r s
(81,(2) — 8" (2))eP" = Y g, (2)ePi* —a” = 0. (3.11)
i=1
2]
By Lemma 3 and (3.11), we obtain

81,;(2) —8"(2) =0, g,(z) =0, i#j, a" =0. (3.12)

Since g*(z) # 0, this contradicts equation (3.12).

Therefore, H|(z) has no finite Borel exceptional values.

From Case 1 and Case 2, H;(z) takes every value ¢ € C\ {0} infinitely often, and
satisfies A (H|(z) —c¢) = o(f).

This completes the proof of Theorem 4. [

4. Proof of Theorem 5

Proof. Since f(z) has two Borel exceptional values a and oo, by the Hadamard
factorization theorem, there exist s > 1 with o(f(z)) = s and a nonzero complex con-
stant ¢ such that

f(z) =a+ %e‘“i 4.1)
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where p(z) is the canonical product of the poles of f(z) with p(p(z)) <s, and g(z) is
the canonical product of the zeros of f(z) with p(g(z)) <.
For the shift, we have

8(92+1M) a(gn)

flgztn) =a+ p(gz+n)

By the binomial theorem,
s . -
(gz+1n)* = ¢’ +s¢ 'nz*™ 1+<2) S22 = ¢+ R(2),

where R(z) =sq¢* "0z ' + (5)¢* 1?22 +---4+n°. Clearly, R(z) is a polynomial of
degree at most s — 1.

Then
5 R R
ea(qz+n) — 04T eaR(z) — 04T h(z),

where h(z) = ¢k
Thus,

a—+
plgz+m) plgz+mn)

From (4.1) and (4.2), we obtain

flgz+n)=a+ mea(qun)x — mh(z)eaqw_ (4.2)

_ g(qz+ n) %4’ @eoczY _ 04T i
flaz+n)—f(z) = p(an)h(Z) 7 e U(z)e™* —V(z)e™, (4.3)

where U (2) = 8550 n(z), V(z) = £ and p(U(2)) <5, p(V(2)) <.

Substituting (4.1) into P(f), we obtain

= anﬁ (a e %eaz‘)ni N a"-lj[ (a — +V(z)eazs>ni .

i=1
By the binomial theorem,

i

(a — i+ V(z)eaz‘v>ni =Y (n,) (a— o) (V ()i el

ji=0 i

and thus

P=3 e 3 H() VIV @) | = zc oo

Jj=0 Jit- +./m =ji=1
0<jisn

4.4)
where

c=ar 3 TI(")@-ar ey

Jitetim=ji=1
0<ji<n;
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Multiplying (4.3) and (4.4) yields
n
P(f)(flgz+m) = f(z)) = (2 Cj(z)e!* ) ( U(z)e%T? — V(z)eaf‘)

(4.5)
Ci()V (R)el %

I
Mx
O
~—
a
o
S~
—
a
T
Q
<
JF
LN
~
=
Rg

Define the index sets:

I ={¢a,1+¢)a,...,n+4¢)a}, Tn={a,2a,....,(n+1)a}.

We now classify the cases according to whether ¢* = 1, whether m = 1, and
whether a = o . These classifications are mutually exclusive and cover all possible
scenarios.

Case 1. When ¢ =1 and m= 1, we have I'y =T, = {a,2¢c,...,(n+ 1)a}, ie.,
the two index sets are identical.
At this point,
P(z) =ay(z—oun)".

Since m = 1, we have n; = n, and Cj(z) simplifies to

. Ji . . .
C@=am Y HC" (&> = a,Cila—oa)" V().
Jitetjm=ji= p(z)
0<ji<n;

Substituting the above into (4.5), we obtain

P(f)(flgz+n) = f(2) = 2 Ci(2)U(z)el 1) — 2 Cj(2)V (z)el+1e
j=0 =0
—a 20 (1) (a— o) IV () (U() — V()% (46)
Jj=

Since f(qz+n) # f(z), we have U(z) # V(z). Moreover, since o £ 20 % -+ #
(n+ Do, V(z) £0, U(z) 20, o(V(z)) <s, o(U(z)) <s, and o(h(z)) <s—1,
it follows from (4.6) and Lemma 2 that P(f)(f(gz+ 1) — f(z)) is a transcendental
meromorphic function satisfying

o(P(f)(flaz+n)—f(2)) =s,

and hence

o(Hx() = o () (Flaz+m) — £@) ™) =s.

Therefore, H,(z) can be expressed as

Hy(2) = h1(2)e™ + hp(2)e*% + -+ + hypy (7)1 4.7



400 Y. PAN AND J. XU

where each h;(z) is a differential polynomial in U(z) and V(z) with o(h;(z)) <, for
i=1,2,...,n+1.
We now consider two subcases depending on whether a equals some ¢;.

Subcase 1.1. When a = o , it follows from (4.6) and (4.7) that Hy (z)=h, ;"<
Since P(f)(f(gz+n)— f(z)) #0, we have hy+1(z) Z0. Thus, when ¢* =1, m=1,
and a = oy, 0 is a Borel exceptional value of H(z).

Subcase 1.2. When a # o, we have P(z) = an(z— o)". Set

n

Ai(z) = ay (i— 1) (a—oy)" LV () ! (U(z) —V(z)), i=12,....n+1.

Then (4.6) can be rewritten as
P(f)(f(gz+n) = £(2)) = A1(2)e™ +A2(2)e** + -+ App(2)e" D

Clearly, A;(z) #0 and o(Ai(z)) <s.

Since h;(z)e® = (Ai(z)eiazx)(k) fori=1,2,...,n+1, we have h;(z) # 0 for all
i=1,2,...,n+1. By an argument similar to that in Case 2 of Theorem 4, it follows
that when ¢* =1, m =1, and a # o, H,(z) has no finite Borel exceptional values.

Case 2. When ¢°* =1 and m # 1, we have
P(Z) = an(Z— O(l)nl cee (Z— am)"m’
with m > 2.
From (4.5), we obtain
m

P (flaz+1) ~ £(2) = an] ] (a— i+ V(2)e™ )

i=1

n; s

(U(z)=V(z))e™. (4.8)

We now consider two subcases according to whether a equals some ;.

Subcase 2.1. If there exists i € {1,2,...,m} such that a = ¢, without loss of
generality, let a = ¢ . From (4.8), we have

P(f)(f(gz+n) — f(2))
= a(V(2))" (U(Z) _ V(z))e(nl“)azx H (a — o4+ V(z)eoczs>m

= 4 (V)" (U~ V() I (ﬁ(a—af>"f+---+<v<z>>""le<""'>°‘f‘>

=B (Z)e(n1+1)az°' +B2(Z)e(n1+2)azs T +Bn—n1+l (Z)e(n-&-l)azx’ (4.9)
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where

Bi(2) = an ] J(a— )" (V()" (U(2) — V().

i=2
Byn+1(2) = an(V(2))" (U (z) = V().

Since V(z) 20, U(z) 20, o(V(z)) <s, o(U(z)) <s, o(h(z)) <s—1, and
U(z) #V(z), we have Bi(z) Z0, By_n,+1(z) #0, and o(Bj(z)) <s for i=1,2,...,
n—n;+1.

Moreover, since (n; + 1)o # (ny +2)o # -+ # (n+ 1), it follows from (4.9)
and Lemma 2 that P(f)(f(gz+n) — f(z)) is a transcendental meromorphic function
with o (P(f)(f(gz+1) — f(2))) =>s.

Thus,

o(H)(z)) =0 ((P(f) (f(gz+m) —f(Z)))(k)> =35

Therefore, H,(z) can be expressed as
Hz(Z) _ htl (Z)e(n1+l)06zs —|—h[2 (Z)e(n1+2)az°' 4o +hln—nl+1 (Z)e(n-&-l)otzx’

where 1, (z) is a differential polynomial in U(z) and V(z) satisfying o (h,(z)) <s.
Moreover, since Bi(z) 0, By_n,+1(z) #0, and o(Bi(z)) <s for i=1,2,...,
n—ni+1,wehave hy (z) #0 and hy,_, ., (z) #0.
By an argument similar to that in Case 2 of Theorem 4, it follows that when ¢* =1,
m # 1, and there exists some i € {1,2,...,m} such that a = 0, H»(z) has no finite
Borel exceptional values.

Subcase 2.2. If a # o forall i =1,2,...,m, it follows from (4.8) that

P(f)(f(gz+n)— f(2))
:anlm—[(a_ai>n,-<g(qz+n) _@ o

i=1 plgz+mn) z)
LN o) 8(z) (glgz+m) 8(2) o
;Cn_,(a 1;[ v(2) 71]2-1-7))]1(2) p(Z))
i#)
& (qz+n _ﬁ (n+1)oc
o (55) (S 55

— C1(2)e% 4 Cr(2)R e Gy ()
(4.10)
where
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#0, o(V(z)) <s, o(U(z)) <s, o(h(z)) <s—1, and
#0, Cyy1(z) #0,and 0(Ci(z)) <sfori=1,2,...,n+1.
o # - # (n+1)a, it follows from (4.10) and Lemma 2
is a transcendental meromorphic function with

Since V(z) #0, U(z)
U(z) £V(z), we have Ci(z)
Moreover, since o # 2

)

that P(f)(f(gz+ 1) — f(2)
o (P(f)(flgz+n) = f(2)) =s.
Thus,
o(Hx(2) = o (P (flaz+ 1)~ 1)) =s.

Therefore, Hy(z) can be expressed as

Hy(2) = I, (2)e% + 1, ()% 44 Iy, (2)e Do

Tnt1

where 7;(z) is a differential polynomial in U(z) and V(z) satisfying (4} (z)) <.
Since Ci(z) #0, Cyy1(z) #0, and o(Ci(z)) < s for i=1,2,...,n+1, we have

hy (z) #0 and htH( z) £0.
By an argument similar to that in Case 2 of Theorem 4, it follows that when ¢* =1,

m# 1, and a # o; forall i, Hy(z) has no finite Borel exceptional values.

Case 3. When ¢* # 1 and m = 1, we have P(z) = a,(z— oy)". From (4.5), we
obtain

P(f)(flgz+n) — f(2)) = an (a —a+ V(z)eazs)" (U(z)eW - V(z)e‘””) . @4.11)

We now consider two subcases according to whether a equals some ;.
Subcase 3.1. When a = o, from (4.11) we have

s

P(f) (f(CIZ‘f' n)-— f(Z)) =a,(V(2))" (U(Z)etxqszx _ V(Z)eaz“> 107 .
= an(V(Z))”U(Z)e(rHrtf)OczY _ an(V(Z))n+1e(n+1)az

Since ¢* # 1,—1,-2,...,—n, V(2)U(z) £0, o(V ( )) < s, and o(U(z)) < s,
it follows from (4. 12) and Lemma 2 that P(f)(f(gz+mn)— f(z)) is a transcendental
meromorphic function satisfying

o(P(f)(f(gz+n) - f(2)) =s.

Thus,
o(H:(2) = o (P (flaz+m) — F@) ") =

Therefore, H,(z) can be expressed as
H, (Z) _ hv1 (Z)e(n+q°')az°' + hvz (Z)e(n+1)otz°'7

where each hy,(z) is a differential polynomial in U(z) and V(z) satisfying o (hy,(z)) <
s fori=1,2.
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Clearly, hy,(z) #0 for i = 1,2. By an argument similar to that in Case 2 of
Theorem 4, it follows that when ¢* # 1, m = 1, and a = 0;, H>(z) has no finite Borel
exceptional values.

Subcase 3.2. If a # o forall i =1,2,...,m, it follows from (4.11) that

P(f)(f(gz+n) - f(2))
=a, ((a—al)’ﬂ—C,i (a—al)"_lv(z)eaf} ... +(V(Z))"enazs> (U(z)eaqszx—V(z)eaZ?
=ap(a— Oﬂl)nU(z)eo“M + a,,C,i (a— al)"‘lv(Z)U(Z)e(HqS)ocz

t ot ay(V(2)"U ()™ 1% — gy (a— 04)"V (2)e™

_ anC,E (a _ 061)"71 (V(Z))2e2azs o an(V(Z>)n+le(n+l)az
(4.13)
We now discuss two cases depending on whether ¢° — 1 is an integer.

Subcase 3.2.1. If ¢* — 1 is not an integer, then it # (j + ¢*)o for i =1,2,...,
n+1and j=0,1,...,n. Since V(z) 20, U(z) 20, 0(V(z)) < s, o(U(z)) < s, and
o(h(z)) < s—1, it follows from (4.13) and Lemma 2 that P(f)(f(gz+1n) — f(z)) isa
transcendental meromorphic function satisfying

o (P(f)(f(gz+n)—f(2)) =s.
Thus,
o(Ha(2)) = o ((P()(flaz+m) — F)Y) =.

Subcase 3.2.2. If ¢° — 1 is an integer, since ¢° — 1 # 0,—1, we consider the fol-
lowing two situations.
() If ¢ — 1 > 1, rearranging (4.13) gives

P(A)(flaz+n) = £(2) = —an(a— 1)V (2)e™ + - +an(V(2))"U (2)e" )%

Since o # (n+¢q*)o i fori=2.3,....n+1, a# (n+q¢°)a # (j+q*)o for
Jj=0,1,....n—1,V(2) £0,U(z) 20, 6(V(z)) <s, c(U(z)) <s,and a(h(z)) <s—
1, it follows from (4.13) and Lemma 2 that P(f)(f(gqz+ 1) — f(z)) is a transcendental
meromorphic function satisfying

o (P(N)(flgz+1) = f(2)) =s.

Thus,
o(H(2) = o (P (flaz+m) ~ 1)) =s.

) If ¢* — 1 < -2, rearranging (4.13) gives
P(F)(flaz+n) = f(2) = an(a— 01)"U(2)e™" < +--- = an(V (2))" el

Since ¢*ar # (n+ 1) #io for i =2.3,....n, ¢’ # (n+ 1) # (j+¢*)o for
j=0,1,....n,V(2) £0,U(z) £0, 6(V(z)) <s, o(U(z)) < s, and o(h(z)) <s—1,
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it follows from (4.13) and Lemma 2 that P(f)(f(gz+n) — f(z)) is a transcendental
meromorphic function satisfying

o (P(f)(f(gz+mn)—f(z)) =>s.

Thus,
o(H:(2)) = o ((P()(flaz+m) ~ F)Y) =.

Therefore, combining Subcases 3.2.1 and 3.2.2, we see that H,(z) can be ex-
pressed as

Ho(2) = hy (2)€17 + hyy ()€ -y, ()77,

where r € {2,3,...,2n+ 2}, and y1,72,....1 € {@,20,...,(n+ a} U{¢a, (1 +
q°)a,...,(n+q')oc} are all distinet, Ay (z) # 0, and o(hy, (z)) <s. By an argument
similar to that in Case 2 of Theorem 4, it follows that when ¢* # 1, m=1, and a # oy,
H>(z) has no finite Borel exceptional values.

Case 4. When ¢* # 1 and m # 1, we have P(z) = an(z—oy)™ -+ (z— )" with
m > 2. From (4.5), we obtain

m

P(f)(flgz+n) - f(2) = ang (a — Oc,-—l—V(z)eO‘Zx)ni (U(Z)emfzs _ V(z)eazx) )

(4.14)
We now consider two subcases according to whether a equals some ;.

Case 4.1. If there exists some i € {1,2,...,m} such that a = ¢, without loss of
generality, assume a = ¢ . From (4.14), we have

P(f)(flgz+ 1)~ f(2)
DT (a— ot v(@e™)” e (U(@)eld Ve~ (3))

i=2

=anﬁ<a— @) (V@) U @)en )
i=2

+an | Y | [Tl | Crla—ay)=" | (V)" U (z)elm 1)
=N\B
T +a"(V(Z))HU(Z)e(nJrqS)azs —ap H(a — O(i)"i(V(Z))nl+le("1+1)az
i=2
—an | X | [Ta—o)" | Cila— )" | (V(z))"F2elmt2)es
j=2\ i=2
i#]

o an(v(z))n+le(n+l)az



CLASS OF COMPLEX ¢ -DIFFERENCE-DIFFERENTIAL POLYNOMIALS 405

By an argument similar to that in Case 3.2 of Theorem 5, it follows that when
q¢° # 1, m# 1, and there exists some i € {1,2,...,m} such that a = o, Ha(z) has no
finite Borel exceptional values.

Case4.2.1If a# o; forall i=1,2,...,m, from (4.14) we have

P(f)(f(gz+n) = f(2))

+an | Y | [Tla—o)™ | Gy la—oy)i! V(2)U(z)el1He)e=
j=11\i=1 :
i#]j

m

4k an(V(Z))"U(z)e("ﬂs)azx —ay H(a —04)"V (z)e**
i=1

s

m

A3 ﬁa—al | @yt | (v URES
1 |

Jj=1

J
- —a, ( ( ))n+le(n+l)ocz

By an argument similar to that in Case 3.2 of Theorem 5, it follows that when
q¢° # 1, m# 1, and there exists some i € {1,2,...,m} such that a = o, Ha(z) has no
finite Borel exceptional values.

From Cases 1 to 4, it follows that Ha(z) takes every value ¢ € C\ {0} infinitely
often, and satisfies A (Hz(z) —c¢) = o(f).

This completes the proof of Theorem 5. [
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