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INTEGRAL EXPRESSIONS OF EXTENDED APPELL’S
DOUBLE F; AND SRIVASTAVA’S TRIPLE H,
HYPERGEOMETRIC FUNCTIONS WITH APPLICATIONS

S. PIRIVINA

Abstract. Motivated by recent extensions of the Euler’s beta integral form B(s,7), Gauss’s hy-
pergeometric function 2F; and confluent hypergeometric function ;F; with a Macdonald func-
tion Ky (z) in the integrand, we extend and systematically introduce and investigate Appell’s first
F; and Srivastava’s triple hypergeometric function H, and its various properties, among others
numerous integral representations of Euler and Laplace type, including integral representations
involving Bessel J, (z) and modified Bessel functions I, (z) of the first kind. Several functional
bounding inequalities are derived by virtue of bounds of Luke, von Lommel, Minakshisundaram
and Szdsz, and Olenko upon the Bessel functions appearing in the kernels of the newly estab-
lished integral representations for the extended Appell’s double Fl)fp‘ 4v and Srivastava’s triple
hypergeometric Hj‘ P functions. Further, certain contiguous relations and recursive formulae
are also presented as an applications.

1. Introduction and motivation

The Beta function’s integral form or Euler’s integral of the first kind [4]
1
B(s,t)z/ X (1 —x) " dx, min{s,z} >0, (1)
0

for generalizations by exponential, Kummer’s hypergeometric function, Mittag—Leffler
class functions, Macdonald function, and other functions of a suitably defined argument
h(x), the integral form of the beta function, or Euler’s integral of the first kind B(s, 7),
becomes the parent function. By incorporating the kernel X(x) into a parametric inte-
gral [20]
1
Bu(s, 1) = B(s,)[h] = / P71 =) Th(x)dx,  min{s,} >0,
0

we arrive at the so-called Beta transform of the suitable /(x).

In fact, this Beta function transform maps a suitable input function /4 into a multi-
parameter function [7]

0 — /le"*l(l —x)" " Lo(x)dx.
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In defining integral (2) we have @(x) = \/hg(x) Kv+% (ho(x)), being +/hg(x) the
necessarily implemented correcting factor function (up to the multiplicative constant
\/2/m), compare with the relation (4) along with constraint min{s,#} > % > 0 follows
immediately by re-writing +/hg(x) in (2) into a convenient form.

The latest articles of several authors provide a comprehensive summary of the
ancestry and presentation of the Beta-transforms obtaining B,, B, 4, Bp.v, Bpgm»
and others. Therefore, rather than needlessly restating the established facts and gen-
eralizations, we refer to these publications and the other pertinent references therein
[1,2,3,9, 13,18, 19, 20, 21, 22].

The Macdonald function (modified Bessel function of the second kind) whose
definition reads [16, p. 251, Eq. 10.27.4]

Ko@) = 5 ese(nv) (I-v(2) ~ 1v(2)),

where [16, p. 249, Eq. 10.25.2]

v (g)Zn
Iv(z) = (E) > (v +21—|—n)n!’

n=0

is the modified Bessel function of the first kind. Next, the extended Beta function [19]
is a Beta transform integral with the Macdonald function K, for the building block
containing the defining kernel /(x). The resulting integral expression turns out to be
[19, p. 2, Definition 1]

B,’gw(s,t)::B(s,a@):@Alf—l(l—x)f—l ho()K, . 1 (ho(x)dx,  (2)

where © = (p,q,Vv,A) stands for the four dimensional parameter vector with the pa-
rameter space A > 0, min{R(p),R(g)} > 0; 2min{s,z} > A > 0, whilst v € R. The
modified argument

p q

he(x):x_/l—’_mv ez(pqu)t)v (3)

possesses singularities and the endpoints of the unit integration interval. The modified
Bessel I, (x) is real for all v € R and arg(z) = 0 and because

K, 1()= \/zzze‘z(lw(z‘l)), z— oo, (4)

is the reason for including the multiplication factor for K|, 1 in the definition (2). In

the same paper, Parmar and Pogany used generalized Beta function (2) to extend the
Gaussian and the Kummer’s confluent hypergeometric functions in the form [19, p. 3,
Definition 2, Eq. (4)]

B, (b+k c—Db) ¢
B(b,c—b) k!’

F,ff%v(a, b;c;z) :=2F(a,b;¢;2,0) = (a) (%)

k=0
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in which the parameters A > 0, min{p,q} > 0; c € C\Z;, R(c) > R(b) > 0 and
|z] < 1; also the extension of the Kummer function reads [19, p. 3, Definition 2, Eq.

(%]

b+k,c—b) *
biciz) = 1F(b;c;2,0) =), MV( )z

ot Al
&, B(bc—b) kI’

Py

(6)

where A >0, min{p,q} > 0; R(c) > R(b) > 0. They establish their functional bound-
ing inequalities, Turdn inequalities and studied their raw moments and moment in-
equalities by defining a novel probability Beta distribution. Specifying the values of
parameters p,g,A and v, the generalized Beta function B% ba v(s,7) (2) covers a whole
spectrum of various well-known form of extended Beta functions.

Setting the values of the parameters p,q,V,A in (2) we get various known and
frequently studied members of the Beta functions’ family. So, when A =1 and ¢ = p
we arrive at the so-called (p,v)-extended Beta function introduced by Parmar er al.
[17,p. 93, Eq. (13)]:

2p (Vs _3 P
Buv(s.) =\ L [ -0 ik, (x(l_x))dx7

where R(p) > 0; 2min{R(s),R(r)} > 1 and ,/p takes its principal value. This type
of Beta function is recently considered by Milovanovi¢ et al. in [13] for establish-
ing Gautschi—Pinelis type upper bounds for the Macdonald function and the (p,Vv)-
extended Beta function. For complete details of numerous other special cases, we refer
to the recent articles [20, 21]. Finally, if use the fact (4) and set v =0 and p,q \, 0,

then Bg q.v(s:1) approaches B(s, ?) giving Euler’s integral (1).

The research conduction in this paper will be carried out through the following
plans:

1. introducing the four parametric ® = (p,q, v,A)-extension of Appell’s double
F[x,y,®] and Srivastava’s triple hypergeometric Hj[x,y,z,0] functions by considering
the definition of extended Beta function B* t) :=B(s,7,0) in (2) involving the
Macdonald kernel K

P9, V(
ntdo

2. the related integral representations, such as Euler’s and Laplace-Mellin type,
as well as some integral representations involving Bessel Jy(z) and Modified Bessel
functions 1,(z) are established;

3. anumber of functional upper bounds are derived either by series representations
or integral representations for extended Appell’s double FY’ ’1 ., and Srivastava’s triple
hypergeometric Hj i p.q,v Tunctions by using Luke’s, von Lommel s, Minakshisundaram
and Szdsz and Olenko bounds given in the literature;

4. in the final section some conclusions and observations are mentioned with ap-
plications to certain contiguous relations and recursive formulae.
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2. Extended Appell’s F*

Lp.a,v [x,y,z] functions

[x,y] and Srivastava’s H} D
In this section, we first introduce generalized extended first Appell’s hypergeo-
metric function of two variables F}* [x,y] and extended Srivastava’s triple hyperge-

1.,p.q,v
ometric function H} pqv,2]. Next, we derive their various integral representations
of Euler’s and Laplace—Mellin type, as well as integral representations involving Bessel
Jv(z) and modified Bessel functions I, (z) of the first kind.

In terms of the extended beta function B% 7 v(s,7) defined by (2) we introduce the
generalized extended first Appell function for o, 8, B’ € C and y € C\ Z, by the
following double power series

BA, J(a+m+ny—a)xmy

F)L (04 /; 5 = m ' n e ’ —

CiaslonBBrixsl = 3 (BB =G

provided A > 0, min{R(p),R(g)} > 0; R(y) > R(a) > 0, max{|x|,|y|} <1 and
veR.

The special case F11707070[x, y] = Fi[x,y] reduces to first Appell’s hypergeometric
function of two variables F[x,y] [5, 20]

(N

Fl[a,ﬁ,ﬁ/;'y;x7y]: Z (ﬁ)m(ﬁ/)n B(Ot+m+n,)/—oc)ﬂy_”

B(o,y— o) m! n!

m,n=0
m-+n ﬁ B/" xmy"
= 3 ol S5 (i bl < 1
m,n=0 ')/m+n e

Next, we introduce in terms of the extended beta function Bg v (s,7) defined by (2) the

extended Srivastava’s triple hypergeometric function for all o, 8,8’ € C and y,v €
C\Z;, as
HY , oolos BBy, Yy, d)
. (0)kin(B)iim Bhgy(B'+mtny — ') xk ym 21 ®
k,m,n=>0 (Y)k (ﬁ/ay _ﬁ ) k! m! n! ’

where A > 0, min{R(p),R(q)} > 0; R(y )>9{(B)>0 x| <r, |y <s, |z <t;
r=(1-s)(1—1) and v € R, which special case Hy o = Ha reduces to Srivastava’s
triple hypergeometric function Hy, viz. [23, 24, 25]

HA[O(7B7B/;')/,'}/;X7)}71}: 2 ( )k"zn( )k+1n (B +m-+n, ’}/ ﬁ)xky

k,mn=0 Y>k (B/,Y - ﬁ ) k!'m!n!
( )k-‘rn (B)k+rn( )1n+n xk y’" "
= e 9
k,m%;O (Y)k(y/)rn+n k!'m!n!’ ©)

where |x| <r, [y| <s, |z| <t; r=(1—15)(1—1),compare also [26, p. 43, Eq. (11)].
Now, we establish various categories of results upon the newly defined special

functions F paV and H v which are integral representations, a set of bounding

inequalities via series and 1ntegral representations and we close the presentation with

the contiguous relations, recursive formulae.
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2.1. Integral representations

We begin the main results exposition with presenting a set of integral representa-
tions of Euler and Laplace type for F} A P.aV and H} A . We also obtain certain integral
representations involving Bessel and modlﬁed Bessel functlons Firstly, we establish an
integral representation for Appell’s function.

THEOREM 1. Forall A >0, min{R(p),R(q)} >0, v€R we have
Flpqvaﬁ ﬁ sty

1211 =)= g (1)
\/7/ Bay o) (L= (1—yr)F Kvey(holt)d, (10)

provided max{|arg(1 —x)|,|arg(1 —y)|} <7; R(y) > R(ct) >0

Proof. Consider right-hand-side integral (10) and assume that max{|x|, |[y|} < 1.
Then, upon expanding both binomials (1 —xt)#, (1 —yt)™P" in the integrand into
Maclaurin series, inverting the order of summation and integration (which can be justi-
fied by absolute and uniform convergence) we find that for all R(y) > R(a) >0

2 m 7
R <7 YT M

B(a,y—a) 5% m! n!

1
[ = g0,y (o)

Ax,y,0) =

which, in view of the definitions (2) and (7) yields (10). [

THEOREM 2. Forall A >0, min{R(p),R(q)} >0, v € R and for all R(y') >
R(B’) > 0, we have

V3 / R () V)

H} LyYixye =
A,p,q,v[a’ﬁ’ﬁ 1434 xyz} B(ﬁ’,)//—ﬁ/) 0 (l—vy)ﬁ(l—vz)o‘

2F) <O‘aB§Y; Kv+%(h9(v))dv. (1)

provided |y| < 1, |z] < 1, |x| < |[(1 =y)(1 —2z)| < 1.

Proof. The definition of extended Srivastava’s triple hypergeometric functions (8)
can be expressed as a single series of the extended Appell function (7) as:

Hy panls BBV sxmd = Y (@)i(B)i

xf
PRy L
S0 (M FipqvlB'.B+kotkyiyz] 7. (12)
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Application of the integral representation (10) in (12) yields

\/2 T L, /
Hj,p,q,v[a7ﬁ7ﬁ/;)/7Y/;x7y7z] = W/_B/)];)‘/O VB 71(1 - V)yliﬁ 71(1 — Vy)iﬁ

. (@)(B x
(1—vz) hg(v)Ker%(he(V)) (7)ik! {(1—vy)(1—vz)} v

Changing the order of summation and integration we obtain the formula (11). [

Now, we expose two equivalent double integral expressions related to H| /’} PV

THEOREM 3. Forall A >0, min{R(p),R(q)} >0, v € R and for all R(y) >
R(B) >0, R(Y) >R(B") >0, we have

. — V2/m p—1,p'~1
HiparlonP Bovvoond = grg e =gy (g v = p) / /
.(1_,/!)}’—!3—1(1_\;)}’ -B'- (l—vy)a B\/— dudv (13)

(1 —ux—vy—vz+viz)®

Moreover, for the same parameter space there holds

HY pglon BBy, v yd = o BBy ﬁ)Z/(Z/y ) // potypo
(1—u) P11 =) B =1 (1 —yy)P uvxy o
' (I —ux—vz)® (1_(1—vy)(l—ux—vz)>
. \/he(v)Ker%(he(v))dudv. (14)

Proof. Using the integral representation [16, p. 388, Eq. 15.6.1]

1 L e ,a
2F1(a,b;c;z):m/0 A1 =) (1 — ) e,

when there holds R(c) > R(b) >0; |arg(l —z)| <m—¢€, 0< e <1 in (11), we are
led to the asserted integral (13). Finally, after some algebraic manipulations in (13), we
arrive at the last statement (14). [

REMARK 1. If p =g =0, then (14) follows under the identical conditions upon
the other involved parameters, that is, when R(y) > R(B) > 0 and R(y") > R(B') >0
Indeed, the case v =0, and p = g = 0 holds asymptotically because then the kernel
(3) hg(z) =0 controls the asymptotic behaviour of K, 1 (z) when z — 0+.

THEOREM 4. Let A >0, v € R, min{R(p),R(q)} > 0 and x > 0, max{R(y),
R(z)} < 1 and min{R(a),R(P)} > 0, we have

Hquv[OC ﬁ ﬁ Y7y Xy, = / / e % ! ﬁ 1()F]( ,')/,XSZ)

pqv(B Yiys+zt)dsde. (15)
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Proof. Using the integral form of the Pochhammer symbols (o), and (B)iim
and the elementary series identity [26, p. 52, Eq. 1.6(2)]:

mj mz
X x1—|—x2)
Y o Q(m+ —1 2 =% Q(m
(my +my) Tomal . ,

my,my >0 m=>0

in (8) and afterward applying definition of the extended confluent hypergeometric func-
tion (6), we complete the proof. [

The Bessel function Jy(z) and the modified Bessel function I, (z) of the first kind
of the order v are expressible in terms of hypergeometric functions oF; as follows [16,
p. 228, Entries 10.16.9, 10.39.9] (see e.g. [29])

2 \%

oFi (—;erl;—%) =T(v+1) (%) Jv(2), (16)
2 \%

oFi (—;v+ l;%) =I(v+1) (%) Iy(z), a7

where —v € N in both cases. Now, using (16) and (17) in (15), we yield integral

expressions for extended Srivastava’s triple hypergeometric functions H j v

COROLLARY 1. Let A >0, veR, min{R(p),R(q)} >0 and x>0, max{R(y),
R2)} <1, R(y) > 1 and min{R(x),R(B)} > 0, we have

—Y
T I y—1_
Hquv[aBﬁ V.Y Fx,y,27) = // Tt lsﬁ 7 !

Jy—1(2v/xst ,
><{Izl/_ll((z\/%))}q);q’v(ﬁ;)/;ys—l—zt)dsdt. (18)

3. Functional bounds for F.

lpqv[ ]andH

4 p.q.v[¥,¥,2] functions

This section explores bounding inequalities for the extended Appell’s double hy-
pergeometric function F; ﬁ,ﬁ Y [x,y] and Srivastava’s triple hypergeometric H, i DV [x,¥,2].
Our main aim in this section is to find bounding inequalities for the above considered
cases of these function.

3.1. Functional bounds established via series representations

In this introductory part of this subsection we present sharp estimates for the ex-

tended Beta, hypergeometric and confluent hypergeometric functions B* pave b 1?., 4,v and
q)l
Pav

The first auxiliary lemma describes an estimate for B%  defined in 2).

p.q,v
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LEMMA 1. [19, p.5, Theorem 2, Eq. (8)] Let p,g >0, A € (0,1)U(1,%), v € R.
Then for all 2min{s,t} > A > 0 we have

1 1
/—ZPwa% ((pm +qm)k+1>
<

)
—0L(p.9)Bs— 4. 4), 1)

where

The second auxiliary lemma gives an estimate for Fp v and %
(5) and (6)

’.q,v bresented in

LEMMA 2. [21, p. 7, Theorem 3.2] For all p,g >0 and A € (0,1)U (1,00),
vEeR and R(r) > R(s) >0, we have

B(s—4,r—s-%

|y vla,sits 2)] < Q5 (p,q) (SB(z”_j) )2F1( 2it—Asl),
B(s—4,1—s—%

(@}, o(5:8:2)| < Q5 (p,9) (SB(ZM_;V) 2)d>(s—%;r—/l;|z\), (20)

provided 2min{s,t —s} > A and »F; and ® denote the Gauss hypergeometric function
and the Kummer confluent hypergeometric function, respectively.

The following theorem provides bounding inequalities for extended Appell’s F; 1 DV
and extended Srivastava’s triple hypergeometric H? 4 We present now the inferred

results concerning these functional bounds.

Pyq;V

THEOREM 5. Assume that p,q >0 and A € (0,1)U(1,%), v € R and the con-
straints

min{a,y — o} > ;min{B’,y — B} > =

Then we have the following functional boundsfor max{| arg(l —x)|,|arg(1—y)|} <7,
R(y) > R(er) >0, R(B) > 0, ir follows

Bl by-a )
B(a,y—a)
Fi(a—5,B,B"y—Aslx, ) 2D
while for x| <r, |y| <s, |z| <t and r = (1—5)(1—1), there holds
BE g
B(B'. v~ p')
X Halop.B' =537 = sl L el 22)

‘F&p,q,v[a,ﬁ,ﬁ’;v;x,y}‘ <Q(p.q)

‘Hﬁ,pm[a,ﬁ,ﬁ’;%V’;x,y,Z]) <Qi(p.q
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Proof. Applying the bound of B%7q7v(s,t) in Lemma 1 to the extended Appell’s

function (7) and simplification, we get

z (ﬁ)m(ﬁ/)n B%,q,v(a—l—m—knm— o) ¥ y

‘Fl)fp,q,v[a,ﬁ,ﬁ’;y;my]’ =

20 B(o,y — ) m! n!
Bla+mtn—4y—o—2%) |x" |y
ggl m /n — 22
Hpa) 3 (BIn(B) R T
B a—&,y—a—&
= Q% (p,q) ( B(é =) 2) Fila—%,B,B' sy —Aslxl,yl].

This proves the inequality (21). Moreover, by similar arguments as in this proof verify
(22). The details are omitted here. [

3.2. Bounds obtained via integral representations

In the previous section simple integral representation (Theorem 1 and Theorem
2 in terms of ,F] ), two double-integral representations (Theorem 3), while two dou-
ble improper integral representations (Theorem 4 and Corollary | in terms of Bessel
function of the first kind J,, and with the modified Bessel function of the first kind
I, respectively) have been obtained. Since the integrands of the integral expressions
consist either @(x) = \/hg(x)K,, ! (ho(x)) extension or extended Kummer’s (I)§7q7v
together with the modified Bessel functions (Corollary 1), we need certain auxiliary
tools in bounding these special functions including Lemma | and Lemma 2.

e For B; > 0j >0, j=1,r and 7 > 0, there exist Luke’s bilateral functional in-
equalities for the generalized hypergeometric function ,F, [12, Theorem 16, Eq.

(5.6)]
e < Fo(on,.. . o Br,. . Brit) < 1—w(1—¢),
where
max Otj
_ IS
—— ,
min i
1</<rﬁ*’

and the equality holds for + = 0. In the case when r = 1 we have the Kummer
confluent hypergeometric function ®(cr; ;1) = 1Fi(o;85¢) in that case when
B > o >0 we have

o
eﬁ’<q>(a;ﬁ;z)<1—%(1—ef), 1>0. (23)

e The set of bounding inequalities for J, and I, read as
(i) von Lommel’s bounds [29, pp. 31 and 406], [10], [1 1, pp. 548-549]

1
V2

|Jy(1)] <1, [Jyi1(2)] < veR,, teR; (24)
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(i) Minakshisundaram and Szdsz bound [6, Eq. (1.8)], [14, pp. 36-37]; cf.
[29, p. 16]

1 1\
IJV(t)lém ('7) , v>0, teR; (25)

(iii)) For v > 0 and t € R there are the bounds by Landau [8]

@) <brv™'3, by =2supAi(r), (26)
>0
()] <ele| '3, ep = supr'Uo(r), 27)
=0

where Ai(-) stands for the Airy function

Ai(—z):;r\[[11/3{2(3)3/2}“_1/3{2(%)3/2}]. (28)

(iv) Olenko’s bound [15, Theorem 2.1]

3
supﬁJv(r>|<bL\/v1/3+1—/3+i=-do7 v>0, (29
>0 10

where 7 is the smallest positive zero of the Airy-function Ai in (28) and
by, is the Landau’s constant in (26). This bound is asymptotically precise
and the constant by, is the best possible.

(v) Luke [12, p. 55, Eq. (6.25)] obtained the following result

t \%
Iv(t)<icosht, t>0, v>—1. (30)

r(v+1)

Now we are ready to state and prove our second set of bounding inequality results.

THEOREM 6. Assume min{R(p),R(q)} > 0 and in the case p = q =0 there
holds R(y) >0, R(z) >0, min{R(ax),R(B)} > 0. Then under 2min{o,,f}+1 >0,
y =2 and min{p’,y — B’} > % we have

HA,pqv[aBB ’}/7’)/ —X, 02 ]’
B(B' — 5.y B~ %) D(nTe— 5)T(B - 15)
VI (6.7 P) P(e)T(B) x|

x{l—%(l—(l—)mZ(l—z) yz)} 31)

<Qh(p.q)
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In the same parameter range for all x > 0 there holds true

Hj,p,q,v[avﬁvﬁ/;’y”}/;_x7y7z]‘
B(B'~ 3.7 ' ~3) I(nIle— 0T (B-5)h
SQé : 2 2 2 z
R T/ TR R e O
2p A B () gyl
x{l—m(l—(l—y) B (1—g)—oF )} (32)

Next, for all min{c,3,y} > 0 and for x > 0; y,z < 1 we have

B 47 -/ —4)

Hj’pm[aﬁﬁ’;%y’;—x,y,z]) <Q(p.g) BBy — P
Zﬁ/—)t _ —a

When min{a,f} > 0; v > 2 and for x > 0; y,z < 1 it follows

B(f'—4.Y—-B-%) I
H/l (04 /; XY, g Q/l ) 2 2
A7p.,q,v[ ?B?B ’}/?)/ X)’Z]' V(p q) B(ﬁ/,'}//—B/) F(O()F(ﬁ)
~3+y 2B'—2. 2213,_/%)
eLx _ryl _ryl _ 2B Y=
7 Fla=5+3)C(B-3+3) (1 A7) (l_y)ﬁ,%+%(1_z)a,%+%>
X ;
dox 34 28"—A 22(B/_/)1L)
ox 274 _y_ 1 Yy (1o 2= i
S T(a—f+3)F(B-5+3) (1 WA+ (17y)[37%+%(171)a7721+%>

here the bound above holds if 60 —3y+2 > 0, while the expression below appears for
4o —2y+1>0.
Moreover, for all min{c,B,y} >0 and forall y,z € (0,1 —+/x), 0 <x <1 there

holds
BF 4y p )

2B'—2 2B'—2

2(Y'=2) 2(Y'=2)
+ . (34
(l—ﬁ—y)ﬁ(l—\/?c—z)“} oY

-

(1 yx)eth



418 S. PIRIVINA

Proof. Considering the double integral representation (18), we conclude by the
second estimate in Lemma 2, we obtain

A /. /. A F(Y)B(B/_ %’Y/_B/_ %) IT
|HA,p7q7v[a7ﬁ7ﬁ Y ,—x,y,z]| < Qv(p’q) F(O()F(B)B(B/, y,_ﬁ/) ‘X‘
T[T st o gt ) [y (2t
></0 /0 e sy 1B 1{|I;_i(2\/ﬁ)|}
x O(B' — ’%;y’—/l‘ys-i—zt)dsdt
:Qé(p,q)F(Y)B(B/ 57— f'—3) W2 =3 39

[(o)0(B)B (ﬁ’, Y —B)

Next, Luke’s upper bound (23) transforms again the integral, therefore we arrive at the
following important estimate

e[ [l R)

28" A
. [“z(w—x)(

Now, we can apply in getting final results the bounding inequalities for the modulus of
the Bessel functions in the integrand of J,. So, by the von Lommel’s uniform bound
(24), valid for all y > 0, from (35) and (36), we arrive at (31). In similar manner, (32)
is established by virtue of the first Landau’s result (26), (35) and (36).

The bound (25) by Minakshisundaram and Szdsz is of the magnitude |J,_ ()| <
€% where € € {[2"'I'(y)] !, c1,do} and k € {y—1,—1,— 1}, respectively and so
do the second Landau’s (27) and Olenko’s (29) inequalities, where & >0, k € {y —
1, —%7 — %} respectively. Thus, by these three inequalities we get

oo poo ’
3o < elxf / / S G e P e e {1 L2 ’1) (1 —ey””)} dsdr
0
— ¢[x|? { (1— ) / / O Ca S P SRS PR
2(y = A
! oo o
LA / / e~ (15— (121 a4 =g
2(y'=2) Jo Jo
2 2
28" — 28" — 1
, {1 A B
Now, choosing (&,k) € {(1/[2"'I'(y)],y — 1),(cz,—1),(do,—3)} we realize the
bounds affiliated to the Minakshisundaram and Szasz, the second Landau’s, whilst

2(y'— A
K K—y+1 K—y+1
=¢x2T'fo+—— T (B+—
/ + / K—y+1 K— y+1 :
20 =A) 20V =A) (1—y)BHEE (1 -t
Olenko’s estimates, respectively.

1— eyS“‘)]dsdt — % (36)
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As to the use of the bound (30) to J,, we remark that coshu < ", u > 0, therefore
by the arithmetic mean—geometric mean inequality we deduce

s

el 2B~
J2 < xy) / / e-"’”mt“lsﬁl{l— )(1—e»‘“‘“’)}dsdz
0 Jo

T )
1
Nl (1= yE)s—(1—y/®1 a1 f—1 28" -4 e
< %)s X - _ aystaz
\F(y)/o/oe P gy (1)  asar
=:J3.

Finally, we have

o) T(B) T [ 1— 7 =
(NG AR -

which proves the upper bound (34). [

4. Concluding remarks and further observations

We introduced the four parametric extension of Appell’s first ] and Srivastava’s
triple hypergeometric function H4 by making use of the definition of extended Beta
function Bf; %V(s,t) in (2) which involves the Macdonald function K, , 1 in the kernel
of integral. We systematically studied the Euler’s and Laplace type associated integral
representations with other integral representations involving Bessel Jy,(z) and Modi-
fied Bessel functions I (z). Further applying several functional upper bounds such as
Luke’s, von Lommel’s, Minakshisundaram and Szasz and Olenko bounds, we derived
several bounds for defined extended hypergeometric functions. Moreover certain con-
tiguous and recursion formulas are also presented of defined extended hypergeometric
functions. Particular choices of parameters of obtained findings below reduces to the
results studied in [28].

A. Contiguous relations and recursion formulae

We first present the contiguous relations recursion formulae for extended Appell’s

function F{lp_ 4vl%:y]. Next, contiguous recursion formulae for the extended Srivas-

tava’s triple hypergeometric function Hj’ N W[x, ¥,7] are exposed with respect to both
numerator and denominator parameters. By the definition of F, fp. q.v[x, y] taking into
account the Pochhammer symbol’s and the Beta function’s transformations:

B+ D= (B <1+%); B(b,c—b) = %B(b—i—l,c—b),
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we infer the following contiguous relations, where for the second relation we employ
B’ viz.

Flgulo B+ 1,85 yvixy = Fl, o o BBy, ]

oL
+ %Ffp,q,v[wr LB+1,B5v+Lixy, (37

Fy gl BB + Liyixy] = Bl o Lo BB v,y

o
+ %Ffp,q,v[wr LB.B + 1;y+ Lix,y].

The Beta function transformation results in the formulae
F, ol B+rBlyixyl =Fl, [ BB y:x,y]
oX < A ,
+ S avla+1L,B+0B5 v+ 1xy],  (38)
(=1
Fl ool BB +riyixyl = Fl, o BB yix, ]
a r
+7y S F aulo+1LB B + Ly +1ix,
(=1
Fl, golaB—rByixyl = Fl, , o BB vix,y]
ox
——ZFlpquH-l B—¢.By+1:x,y],
Y =0
Flaola BB —rivixyl = Fl, o BB yix,y)

r—1

ay

7 zFl)fp,q,v[a"i_ l?BvB/_&’}/"" l;xvy]'
=0

Indeed, by replacing B — B + I in the contiguous relation (37) we conclude

Fl),tp,q,v[a76 + Z,ﬁ/;y;X,y]
ox
= F&p,q,v[a76 + l,ﬁ';y;)my] + TFI)EP’%V[OC—'— 1,B +27B/;’y—|— 1;)6,)1},

ox
=Fl,  vle BBy + 7{Fffp,q,v[06 + 1B+ 1,87+ Lix,y]
+F g ule+ 1L, B+2,5 7+ Ly}, (39)

where (37) was used in the second equality. Iterating this method r times for the pa-
rameter 3 + r, we get the desired result (38). A similar argument gives other results.

Further, by the definition of H i p.qv[X:):2] and using the Pochhammer symbol’s
identities:

(04 Din = (@ )k+n<1+k+ ) B+ Dism = (B)em <1+B+ﬁ>
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and using the similar arguments as above, we arrive at the following below given con-
tiguous relations for H j’ » q’v[x7 »2].

Hy ol + 18,85y, y,2 = HY o Lo, BBy, Y ix, 3,2

X
+ %Hip,q,v[wr LB+ 1,857+ 1,7:x,y.2]

/
+ B—ij_p7q7v[a+ LB.B' + L,y + Lix,y,2],
7oA
Hip’q,v[a»ﬁ + l,ﬁ/;%)/;X,y,Z] = H;}’Paqav[a’B7B/;’}/7’yl;x7y7z]

ox
+ 7H§,p,q,v[0¢+ LB+1,B8 v+ 1,7:x,y.4]

By, ..
+5 SEHS  gulo B LB + Ly Y + Lix,y, 2,
Hil”q,v[a7ﬁaﬁ/;y_I’V;xJ’Z] :H;}’P:%V[a’B’B/;Y’V;x’y’z]
an A /
4P g a+1,B+ 1,857+ 1,7:x,y,7).
y(y—l) AJMLV[ ]

Iterating this method r times for the parameter o+ r, B+ r and y — r, we get below
given the desired set of recursion formulae for H} g X:,2] which can be useful in
further research and applications.

HY ,  ole+r BBy xy2 =Hy o BBy, x, 2]

x r
— Z HY oo+ 0B+ 1,7+ 1,7Y5x,3,2]

ﬁ/
ZHAMV[OHE BB + 17,7+ 1ix,y,2,

HY o lo—nB. B,y y.d =HE . V[Oc B.B':v.Y:x,y,2]

X

_ Bs ZHquV[OC 0B+1,857+ 1,Y5x,3,7)
/’rl

,y ZHquv[a KBB‘FIY;Y‘FIX}% ]7
(=0

H,i;p’q’\/[a?ﬁ+r7B/;y7y/;x7y7Z] :Hzé’pqv[a B B/”}/7’y/"x y? ]

,y ZHquv[a+1 B"’e B/Y+1 )/xya]
(=1

By
— ZHﬁ,p,q,v[a,ﬁ +0,B"+ Ly, Y + Lix,y,2],
/=1
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Hy oo B—rBly,Y oy =Hy o BBy, Y ix, .2

r—1
ox
- 7 ZHj,p,q,v[a—’_ 17B _€7B/;Y+ 17)/§X,y»Z]
=0

1y, r—1

- T/y zHimq?v[a;ﬁ —E,ﬁ/—k 1’)/’)/"_ l;x,y,z],
=0

Hy oo BBy =y oy =Hy o BBy, Yy,

r H} a+1,B+1,87—0+2,7;x,y,2
+Ofﬁxz A,p,q,v[ B ﬁ Y Y y }
=1 (y=0(y—1£+1)

B. Refined bilateral functional bounds

In our present investigation, with the help of the extended beta function Bf; v (x,y),

we have introduced the extended Appell’s double hypergeometric function Ff_tp v and

Srivastava triple hypergeometric function H j’ pav and investigated their diverse prop-
erties such mainly as various integral representations involving integral representations
involving Bessel J, (z) and modified Bessel functions Iy (z) of the first kind along with
contiguous relations and recursive formulae. The special cases of given in section 2 and

section 3 presented here when using the fact K 1 (z) =4/2-e “in(4) and set v =0 and

P,q "\, 0 would reduce to the corresponding well-known results for the Appell’s double
hypergeometric function Fj[x,y] and Srivastava’s triple hypergeometric function (see,
for details, [18, 23, 24, 25, 26, 27]).

Further observations for our results derived in section 4 can be refine the bounds
presented above, we can apply Luke’s companion estimate to (23) [12, p. 57, Theorem
16, Eq. (5.8)]

L+ 0xe¥* < Fy(abrix) <1+ 0x(1- 2 + 2, (40)
where we use the same shorthand notation for 6 as w in (23) and
1+ max a;
B 1<j<r
VST min b
1<j<r

which reduces (40) to

L+b b 1+b
<Dbycx)<l+—-x(1-— 1—¢e9) ).
i) <2 <t i1y 1)
Now, following the method of derivation in the proof of Theorem 5 now with this upper
bound, we can easily establish a novel set of similar inequalities. By obvious reasons
their derivation we leave to the interested reader.

ol
14 —xexp
c
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