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CERTAIN GEOMETRIC PROPERTIES OF
GENERALIZED k-BESSEL FUNCTIONS

ERHAN DENIZ*, TAYFUN COBAN AND ADEM KIZILTEPE

Abstract. In this paper our aim is to establish some geometric properties (like starlikeness, con-
vexity and close-to-convexity) for the generalized k-Bessel functions. In order to prove our main
results, we use some inequalities for ratio of these functions in normalized form and classical re-
sult of Fejer [15].

1. Introduction and preliminaries

Let & be the class of functions of the from

fl@)=z+ i am?",

m=2

which are analytic in the open unit disk
U={z:|z] <1, zeC}.

We denote by .7 the subclass of <7 consisting of functions f(z) € &/ which are uni-
valentin U. A function f € . is said to be starlike of order 3(0 < 8 < 1) if and only

‘f ()0

We detone by .#* () the class of all such functions. Also, we note that .* (0) = ./*
is the usual class of starlike funtions in U. A function f € .7 is said to be convex of
order B(0 < f3 < 1) if and only if

{1 L)

We detone by %() the class of all such functions. Also, we note that €(0) = € is
the usual class of convex functions in U. A function f € . , g € .* is said to be
close-to-convex of order (0 < f8 < 1) if and only if

(21)-

Mathematics subject classification (2020): Primary 33C10; Secondary 30C45.

Keywords and phrases: Generalized k-Bessel functions, convex functions, starlike functions, close-
to-convex functions.

* Corresponding author.

© depay, Zagreb 445
Paper JCA-28-27


http://dx.doi.org/10.7153/jca-2026-28-27

446 E. DENIZ, T. COBAN AND A. KIZILTEPE

We detone by K () the class of all such functions. Also, we note that K (0) = K is the
usual close-to-convex functions in U .

In applied mathematics and engineering disciplines, Bessel functions of the first
kind are frequently utilised. Many academic publications and scientific investigations
have examined the properties of Bessel functions. It is particular solution of the differ-
ential equation

20" (z) +20/(2) + [ — v?] 0(z) =0,
and given by the following series representation

m

z ) 2m+v

2 v+m+1) (2 (e ©)

where I' denotes the Euler gamma function. The function J, is called the Bessel
function of the first kind of order v. The modified Bessel function of the first kind
of order v is solution of the differential equation

2. .1 / 2 2 o

Z0"(2)+20'(z) — [+ V] 0(z) =0

and it is represented by the series form as

> 1 7\ 2m+v
YO= X o ) €O

Another function j, is the spherical Bessel function of the first kind of order v defined
by

l)m z 2m+v
2 ( ) (ze ).
om!T(v —|— m+3,2)
The aforementioned functions’ inherent generalizations are another important feature.
There are some natural generalizations of the Bessel functions in the literature.
Let us consider the following second-order linear homogenaus differential equa-
tion [3, p. 159]:

20"(2) +az0'(z) + [dZ = v+ (1 —a)v]w(z) =0 (a,d,v €C). (1.1)

The function wy 4 4(z), whichis called the generalized Bessel function of the first kind
of order v, is defined as a particular solution of (1.1). We have the following familiar
series representation for the function @y 4 4(2)

2m+v
wv’“’d(z):Eom!l"(v+m+(a+l)/2) (%) (c€©) (1.2)

where I' stands for the Euler gamma function. The series (1.2) permits the study of
Bessel, modified Bessel and spherical Bessel functions in a unified manner. Each of
these particular cases of the function ®, ,4(z) is worthy of mention here. Another
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generalization of Bessel functions was obtained by Mondal and Akel [18, p. 217] given
by the following infinite-series represantation

—d)" Z

Wk (z) = ( <_

wa(?) mg'o Ti(mk+v+kT(m+1) \2

2m+g
) (ze ©), (1.3)
where k >0, v> —1, d € R and T stands for the k-gamma functions studied in [13]
defined by
oo k
T(z) = / e T ar,
0

where R(z) > 0 and k > 0. For more information about the k-gamma function, the
interested reader is referred to [12—14] and references therein. The function Wfd(z) is

called as k-Bessel function. Moreover for z € C and k € R" the k-gamma function
and the classical Gamma function have the following relation:

Ie(2) =k%*1r(£). (1.4)

We also note that for x € C, n€ N*, k € RT, the function T'(z) satisfies the following
relations:

Ti(z+k) = 2k (2), Ti(k) = 1,

l _ﬁ ; hnd -z
T & ¢ 1:[( ) e,
(x)n,k_%?_;lk)

with Euler’s constant y and (x)m « Stands for the Pochhammer k-symbol defined by
(V) =x(x+k) (x+2k)... (x+ (n— 1)k).

Note that (x), ; = (x),, is the classical Pochhammer symbol. In special case of d = k =
1in (1.3) we obtain the classical Bessel function defined with (1.1) (see, for details, [22,
Ch. II1]).

Very recently, Zayed [23] has defined generalized k-Bessel functions as follows

> (—d)m E 2m+%
Wia(z) = Eom!rk(mk+v+%k) (2) (zeC) (1.5)

for k>0 and v,a,d € C. The function vaa 4 1s the generalization of the Bessel-type
functions given in above:

W12 =Jv(z)  (classical Bessel function)
W)z ) =1,(z)  (modified Bessel function)
VEW) 1 (z) = jv(z)) (spherical Bessel function)
W), a2 = a)v7a7d(z) (generalized Bessel function)
WV7 14(@) = Wv’fd(z) (k-Bessel function).
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Note that Wv’_‘u_ 4(2) does not belongs to class <. In this paper, we define the

normalized forms of the generalized k-Bessel functions defined by

v a+1 oy
hk,v,a,d (Z) =2k <V+ Tk) Zl 2k Wv{{md(\/g)'
From the definition of /y,,, 4(z) we obtain series representation as

o (="
hivad(z) =2+ — "
e mg‘l 4mm! (x),,

)

where x:=v+ 4L ¢ 7.

Many authors have studied the some geometric properties such as univalency,
starlikeness, convexity and close-to-convexity of the hypergeometric functions, Bessel
functions and its generalizations (see, [1-11, 16, 19-21]).

To prove our main results we need the following Lemmas.

LEMMA 1.1. [15] If the function f(z) =Y _|AnZ", where A =1 and A, >
0 for all m > 2 is analytic in U, and the sequences {mA, — (m+1)Api1},,5, and
{mAn},~, both are decreasing, then f is starlike in U.

LEMMA 1.2. [17] If f € & satisfy ’@—1‘ <1 for each z € U, then f is
starlike in Uy = {z: |2 < 3 }.

LEMMA 1.3. [17] If f €  satisfy |f'(z) — 1] < 1 for each z € U, then f is
convexin Uy ={z:]z] < 3}.

LEMMA 1.4. [17] If f € o satisfy |f'(z) — 1] < % foreach z € U, then f is
starlike in U = {z 1 |z] < 1}.

LEMMA 1.5. [20] If0< B < 1, f € o satisfy |2f"(2)| < FE foreach z € U,
then Re f'(z) > # inU={z:]z] <1}.

Recently Zayed et al [23] studied the functional inequalities and properties of zeros
for the generalized k-Bessel functions.
In this paper, we study certain geometric properties of the function Ay ., 4(z).

2. Main results

Throughout our present investigation, we tacitly assume that x := v + %1 .
THEOREM 2.1. Let ke RT, a€ R, d€C, xe R—{Z U{0}}, B €10,1) and
ze€U. Ifthe inequality
(x+k)—|d| (x+6(x+k))
(x+k)—|d| (x+2(x+k))

8x
p< 8x

holds, then hy q4(z) € *(B).
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h
Proof. We use the inequality 'Z k‘”d((z)) - l' < 1 — B to prove the starlikeness of

order 3 for the function 7y, ,.4(z). So by using the well-known triangle inequality
|21 + 22| < |z |+ |z2]

and following inequalities

(m—1)1=2"2 (X)px = x(x+k)"", meN 2.1)
we obtain
hivad (Z) - (_d>m
hy v,a (Z) - = Z"
fuad z 2 T (s
< ‘d_| - 1 m—1

= qm—1pm- 2( —|—k)m_1‘ |

\dl [ a9t
S Emz [8(x+k)}
_ 4ld|(x+k)
x(8(x+k)—[d])

Furthermore, if we use reverse triangle inequality

lz1 + 22| = ||z1] — |z2]]

and the inequalities (2.1) then we get

hkw,a,d(z) >1— i (_d)m P
z oy A (X)
-1
Id\ 2 { |d| r
g m 1 x+k

x(8(x+k) —|d|)—=2|d|(x+k)
xX(8(x+k) —1d|) '

By combining the above inequalities, we obtain

th v,a,d ( )

hkw,a,d (Z)

Consequently, by the hypothesis of theorem we have

4d| (x+k)
8x(x + &) — |d| (x+ 2(x + k))

4|d| (x+k)
8x(x + &) — |d| (x+ 2(x 1 £))°

-B

that is,
th va,d (Z)
hk,v,u,d (Z)

S0, hgyq.a4(z) is starlike function of order . [J

—1|<1-p.
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THEOREM 2.2. Ifthe following inequality

8x(x+k)

d < ——2T8
4] 3V5(x+ k) +x

holds, then hy,q4(z) € %

Proof. To prove this teorem, we use Lemma 1.4. From the well-known triangle
inequality and the inequalities (2.1) we have

|h;c,v,a,d (Z) - 1} < i % |d‘m

m=1 m,k

& 1 & 1
mz='1 4m(m—1)! (x)m,k m2='1 4"m! (x)m,k
|d|

S 2_ i [ ﬂk rlJ’%; [8()|ccj—k)]ml

1

<

1

B 6|c;\(x+k)
 x(8(x+k)—ld])’

Therefore from hypothesis of theorem we obtain

6ld|(x+k 2
e vaa (2) = 1] < _6ldlx+k)

xB+k)—ld) 5

So, from Lemma 1.4 Ay, 4(z) is starlike function. [J

THEOREM 2.3. Let ke RT, a € R, d€C, xe R—{Z U{0}}, B €10,1) and
z e U. Ifthe inequality

10|d|* (x+k) — 64|d| (x + k)2 + (8 — |d|) (x(8(x+ k) — |d|))
6ld* (x+k) + (8 — |d) (x(8(x+ k) — |d]))

B <

holds, then h, 4 (z) € € (B).

Proof. To prove the convexity of order 8 of function 7y, 4 4(z), we have to show

Z A\ad()

h;nad(z)

that

1 — B. By using the well-known triangle inequality

|21 + 22| < |z1| + |z2]



GEOMETRIC PROPERTIES OF GENERALIZED k-BESSEL FUNCTIONS 451

and the inequalities (2.1), we have

2 o m(m+1)(=d)"
h va, = — (2.2)
S DY T
4] < m m— \dl 1
< = 2 1 m—1 ‘ | 1 z 1 m—1 |d‘
4x =41 (m—1)! (x+k) L 41 (m—1)! (x+k)
4] < ja| " \dl \dl -
<_
me2=‘1m 8 (x+k) Z
_ —AdP (k) + 1] 80+ )
xBth)—ld)?
Moreover, if we use reverse triangle inequality
21+ 22| = ||z1] — |22]|
and the inequalities (2.1), we have
b +1)(—d
W (2)] = Z%z’" (2.3)
m=1 m: m,k
- m+1 P
z S
|2 s M S g
2 A (m— 1) (), 4mm! (x),, 5
i d| r 1 \dl [ d| ]"“
2x &= 1 8(x+k) 8(x+k

——6[d|(x+k)+x(8(x+k)— |d|
- x(8(x+k)—|d])

Consequently, from (2.2), (2.3) and by the hypothesis of theorem we get

B (2) _ —4|d* (x+ k) +64|d| (x+ k)2
Mevaa @) |~ 6]d[* (x+k) + (8 — |d|) (x(8(x+ &) — |d]))

1-B

and so, /iy, q.4(2) is convex function of order . [

THEOREM 2.4. Let ke RT, aeR, d € C, xe R—{Z U{0}}, B €[0,1) and
ze€ U. Ifthe inequality
x(8(x+k))

d
lal < 2(x+k)+x

holds, then hy.4.q(2) is starlike in U, /5.
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Proof. By using the well-known triangle inequality and the second inequality in
(2.1) we get

hk,v,a,d (Z) _ ' i (_d)m m
z b m=1 4mm'(x)mk
_ ‘d_| i |d‘m 1
Ax o= dm=Im! (x + k)" !

dl & [_ld "
<=
4x . 2 8(x+k)
2 \d | (x+k)
xX(8(x+k)—d])’
Since the hypothesis of theorem we obtain

2|d| (x+k)

AEth)—jay "

Consequently, from Lemma 1.2 hyy,q.4(2) is starlike in U . O

THEOREM 2.5. Let ke R", a€R, d€ C, xe R—{Z U{0}} with B €[0,1)
and ze U. If
8 k
d| < x(8(x+k))
3V5(x+ k) +x

then Ry y.q.4(z) is convex in Uy ;.

Proof. By using the well-known triangle inequality and the inequalities (2.1) for
n € N, we have

Z (m+1)(=d)" ,
|hk vad (2) 1| S+ 21 4mml(x), . -1
m= m,
<i m 1 |d\m+im;| ™
A& Jd 1" ld s a1
g RS
zmel {8(x+k)} iy 2 8(x+k)
6d|(x+k)

(B (xtk)—d])’
Thus, from the hypothesis of theorem we obtain

6|d|(x+k)

TEato () <

and so we have required result by using Lemma 1.3. [
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THEOREM 2.6. Let ke RT, a€ R, d€C, xe R—{Z U{0}}, B €10,1) and

ze€U. Ifthe inequality
|d|
8(x+k)

<1

1+ﬁ

holds, then Reh), . ,(z) > ﬁ or hy, q.4(z2) is close-to-convexity of order where,

—|d|)(80(x+ k) +x) +x(8(x+k))

h< <@+ 0) )

Proof. By using the well-known triangle inequality and the inequalities (2.1) and
8(m— 1! (x+k)" 1 > m[2(x+k)]"", we have

i m(m+ 1) (_d)mzm

’th v7ad )’ <

m=1 4mm! (x)m,k
4 5 m

< — ||
A 24 (m— D)1 (x k)"

‘d| 24»1 Tm—)1(x+ k)
2d|2[ dlkr ld| Z[
8 (x+

20[d|8(x+ k)
C x(B(xtk)—ld)

s

Thus, from the hypothesis of theorem we obtain

20[d[8(r+k) _1-P
Xtk —|d) S 4

Consequently by using Lemma 1.5, we have required result. []

THEOREM 2.7. Let k€ R", a€ R, x>0 and d <0. If x+d >0, then
hk,v7a7d(z) € .7*.

Proof. From the definition of the function hy ,,, 4 we write

i y.a, a(z z An",

m=1

where
(—d)m71

4=t (m — 1)V X) o1k
Since d < 0 we have A,, >0 forall m > 1.

Ay =



454 E. DENIZ, T. COBAN AND A. KIZILTEPE

To prove the theorem we use Lemma 1.1. Namely we must prove that the se-
quences {mAy},~, and {mA,, — (m+1)Ay1},, are decreasing.
First we prove that the sequence {mA,,},, is decreasing. We have

_ m(—d)""! (m+1)(=d)"

mApy — (m+ 1A = 41— 1)!(x)m71,k - 4mm!(x)m7k
B (—d)™! (m+1)d
T4y — DY X)m—1k [m—f— dm(x+ (m— l)k)]

:Am

dm’k+4m*(x — k) +md +d
dm (x+ (m— 1)k)
Let Ty (m) = 4m3k +4m?* (x —k) +md +d. Since d <0, x+d > 0,k >0 and m> >
3m% —3m+1, m* >2m—1 for m > 1, we obtain
Ty (m) = 4m’k + 4m? (x — k) +md + d

> 4(3m® —3m+ Dk +4m*(x — k) +md +d

= m? (8k +4x) +m(d — 12k) + 4k +d

>m(8x+4k+d)—4x—4k+d

>2(2x+d) > 0.
Consequently we have shown that Tj(m) > 0. Therefore the sequence {mA,},,~ is
strictly decreasing.

Second, we prove that the sequence {mA,, — (m+ 1)A11},,> is decreasing. For
convenience we denote S,, = mA,, — (m+ 1)A,,+ for each m > 1. Thus we get

S —Spa1 = MAp —2(m+ 1) Aps1 + (m+2)Apsn

C mm 2m (A (m2)(—d)n

A (= 1)1 ()1 4 A (X) i 4 (m A+ D)X s 1.4
e 2d(m+1)

B (—a)ym! 4m(x+ (m—1)k)

A m = 1) ()1 (m+2)d>

16m(m+1)(x+mk)(x+ (m—1)k)
16m°k? 4 32m*kx + m? (16x% + 16kx — 16k> 4 8dk)
+m?(16x% — 16kx + 8dx + 16dk)
+m(16dx + 8dk + d?) + 8dx + 2d>

16m(m+ 1)(x+mk)(x+ (m — 1)k)

Let
To(m) = 16m°k* + 32m*kx + 8m> (2x* + 2kx — 2k* + dk)
+ 8m?(2x* — 2kx + dx + 2dk) + m(16dx + 8dk + d*) 4 8dx + 2d°.
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Our aim is to show that 7>(m) > 0. By using the inequality m* > 4m> — 6m?> +
4m — 1, we obtain

16m*k? + 32m>kx
+8m?(2x? + 2kx — 2k* + dk)
+8m(2x% — 2kx + dx + 2dk)
+16dx + 8dk + d*
[16(4m> — 6m? + 4m — 1)k + 32m’kx
+8m?(2x? + 2kx — 2k* + dk)
+8m(2x% — 2kx + dx + 2dk)
+16dx + 8dk + d*

32km? (x + 2k)
+8m?(2x% + 2kx + dk — 14k?)
+8m(2x? — 2xk + 2dk + dx + 8k?)
—16k* + 16dx + 8dk + d*

T(m)=m + 8dx +2d>

+ 8dx+2d>

+8dx+2d?

= Xl_(m).

Clearly, the coefficient of m3 in the above expression is nonnegative. Therefore using
that m3 > 3m? — 3m+ 1, we obtain

32km? (x + 2k)
+8m?(2x% + 2kx + dk — 14k?)
+8m(2x? — 2xk + 2dk + dx + 8k?)
—16k? + 16dx + 8dk + d>

32k(3m? — 3m+1)(x + 2k)
+8m?(2x7% + 2kx + dk — 14k?)
+8m(2x? — 2xk + 2dk + dx + 8k?)
—16k? + 16dx + 8dk + d>

8m? (2x* + 14kx + dk + 10k?)
=m | +8m(2x* +dx — 16k> — 14kx + 2dk) | + 8dx+2d>
+32kx + 48k> + 16dx + 8dk + d*

= XQ_(m).

X\ (m)=m +8dx 4 2d*

+8dx +2d?

WV
3

Since x+d > 0, the coefficient 2x> + 14kx + dk + 10k*> > 0. Therefore using that
m? >2m— 1, we obtain

8m?(2x% + 14kx + dk + 10k?)
Xo(m)=m | +8m(2x* + dx — 16k> — 14kx+ 2dk) | + 8dx+2d>
+32kx + 48k* + 16dx + 8dk + d*

8(2m —1)(2x* + 14kx + dk + 10k?)

> m | 4+8m(2x* 4 dx — 16k> — 14kx + 2dk) | + 8dx+2d>
+32kx + 48k* + 16dx + 8dk + d*
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- 8m(6x% + 4dk + 14kx + 4k> + dx)
— | +16dx — 32k* — 80kx — 16x% +d?

= X3(m)

+ 8dx+2d>

Since 6x2 + 4dk + 14kx + 4k*> + dx is also nonnegative, we have for m > 1

X3(m) > m[32 + 24dx + 32kx + 32dk + d%) + 8dx+2d”
= X4 (m)

Since x+d > 0, we have 32x% + 24dx + 32kx + 32dk+d? > 0. Thus we get for
m>1

Xy (m) > 32x% + 32dx + 32kx + 32dk + 3d°
= X5.

Consequently, we have proved a chain of inequalities

Tr(m) = X1 (m) > Xp(m) > X3(m) > X4(m) > X5 > 0.

This implies that the sequence {Su},, thatis, {mA, — (m+1)Aui1},>; is
strictly decreasing.
Consequently using Lemma 1.1, we obtain that i, ,4(z) € &*. O
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