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AN INEQUALITY FOR ,;;¢, AND ITS APPLICATIONS

MINGIIN WANG

(communicated by A. Laforgia)

Abstract. In this paper, we use the g-binomial formula to establish an inequality for the basic
hypergeometric series ,.1¢,. As applications of the inequality, we derive a sufficient condition
for convergence of a g -series and two other inequalities.

1. Introduction and main result

q -series, which are also called basic hypergeometric series, plays a very important
role in many fields, such as affine root systems, Lie algebras and groups, number
theory, orthogonal polynomials and physics, etc. Inequality technique is one of the
useful tools in the study of special functions. In [1], the authors gave some inequalities
for hypergeometric functions. In this paper, we derive an inequality for the basic
hypergeometric series ,.;¢,. Some applications of the inequality are also given.

The main result of this paper is the following inequality.

THEOREM 1.1.  Suppose a;, b; and z be any real numbers such that |z| <
(H::ll M)~', bi <1 withi=1,2,---,r. Then we have

ay,d, -, dry] 1
r+l¢r( ;CI7Z> ‘ < T N (11)
bi,bay,- by (2| T Mis @)oo

where b,,1 =0, Mi:max{l,%}fori: 1,2,---,r+1.

Before the proof of the theorem, we recall some definitions, notations and known
results which will be used in this paper. Throughout the whole paper, it is supposed that
0 < g < 1. The g-shifted factorials are defined as

n—1

@aqo=1, (@qh=][[01-ad"), (aq)w=

k=0

(1 — aq"). (1.2)
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We also adopt the following compact notation for multiple g -shifted factorial:

(al,az, -~-aam;q)n = (al;q)n((h;q)n-"(am;q)na (13)

where n is an integer or co.
The g-binomial theorem [2][3]

Z (a; qkz _ az;q)f’o7 lz] < 1. (1.4)
— q)k (Zq) oo
When a =0,
00 k
Z 1
= , |zl < 1. 1.5
;%@wh (z:9)o0 & (13)

The g-Gauss sum [2][3]

i a,b; q)x J— (¢/a,c/b;q) oo

- Il VAN Pl 1.6
p (g, ¢ 9 (c,c/ab; q)oo ‘ab‘ (16)

Heine introduced the ,. ¢, basic hypergeometric series, which is defined by[2][3]

ap,az, ..., dryl - (a17a27 "'7ar+l;q)nzn
r+19r < > ,Z> = : 1.7
1 b17b27...,b 4 ; (q,b17b27-~-7br;q)n ( )

2. The proof of the theorem

In this section, we use the g-binomial formula to prove the theorem. In order to
prove (1.1), we need the following lemma:

LEMMA 2.1. Let a,b be given real numbers suchthat b < 1. Thenfor 0 <t <1,

we have | |
1—at 1—a
< 1, 2.1
’1m m“{ 1b} 2.1)
Proof. Let
1—at
H)=——, 0<1<1,
) = =5
then
b—a

So f(t ) is a monotone function with respect to 0 < 7 < 1. Because of f(0) = 1 and
f(1) = 1=%.(2.1) holds. O

Now, we give the proof of theorem 1.1.

Proof. From the lemma 2.1, we know

(ai;CI)n ! Mn
(bizq)n

i

(2.2)

o l—a,-
Tl = by

I —aq
1 —biq

I —aq
1-— biq"71
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whereb,H:O,M,-:max{l - “"}f0r1—12 r+1.
Hence,
r+1
((117(12,“' ,ar+1;q)n ((117(127“- ar+1549 ﬁM
(b1,ba, - b q)n (b1, b2y -+ br+1,
It is obvious that
"o a1,
(4:9)n
Multiplying both sides of (2.3) by (J;t‘]) gives
(alaa2a cc ey, )nz (|Z‘ Hr+1 M)
(b17b2>"'>br’Q)" (q q)
So, we have
¢ al,a27-..7ar+1.qz
"\ bi by 0T
’Z ap,az, - - 7ar+l;q)nzn‘ i ap,az,: - 7ar+l;q)nzn
0 Q7b1>b2>"'7br;Q)n =0 Q7b1>b2>"'7br;Q)n

0 r+1M
ZHH r

n=0 q q n
Using the g-binomial theorem (1.5) obtains

i (|2 \HrHM) 1
n=0 q 61 (‘Z| Hr+le’Q)oo

Substituting (2.6) into (2.5) gets (1.1). Thus, we complete the proof. [

3. Some applications of the inequality

341

(2.3)

(2.4)

(2.5)

Convergence is an important problem in the study of g-series. There are some
results about it. For example, Ito used inequality technique to give a sufficient condition
for convergence of a special g-series called Jackson integral [4]. In this section, we use
the inequality obtained in the paper to give a sufficient condition for convergence of a

q -series and two other inequalities.

THEOREM 3.1.  Suppose a;, b;, t be any real numbers such that |t| < 1 and

b <1 withi=1,2,--- r. Let {c,} be any number series. If
lim |SH = p <1,
n—oo | Cp
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then the q-series

- ag,az, -+ ,dryl
n'r r 5 g, " 3.1
;c +1¢(b17b27“_7br qq) (3.1)
converges absolutely.
Proof. Since
lim ¢" =0, (3.2)

there exists a integer Ny such that, when n > Ny,

r+1
tlg" < (JT M)~ (3.3)

i=1

Whereb,H:O,M,-:max{l 1= ”"}forz—12 r+1.
When n > Ny, letting z = tq” in (1.1) gives
ap,dz, - ,dryl 1

r r b >t 34
+l¢ < b17b2>' >br H 1 > ’ (‘t|q HrHMnC]) ( )

Multiplying both sides of (3.4) by |c,| gets

ap,az, - ,0r41 n ‘Cn|
Cnr410, ;q,tq)‘< . 3.5
nort ( bi,by, -+ b, (7" TIZ Mi3 q)oo (3:5)

The ratio test shows that the series

o0
Cﬂ

1
S (1t T M @)oo

is absolutely convergent. From (3.5), it is sufficient to establish that (3.1) is absolutely
convergent. [

THEOREM 3.2. Suppose a;, b;, t be any real numbers such that 0 < t < 1 and
bi <1 with i=1,2,--- ,r. Thenfor q < ([]/-; M;)~", we have

— " ap,az, - ,dry

TN | r s Y, 3.6
; (617C])n +1¢ ( b17b27' . ab 4 q ( )
(tHerrll Mi3q) _ 1

(0 ITE M@)o (T2 Mig)os

Proof. Using the theorem 3.1, we can easily know

> n
Z t 0 ap,az, - -+ ,0r41 4, q"
n=1 (q’q) i bl>b2>" 7b o

n

converges absolutely.
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Letting z = ¢" in (1.1) gives

ap,az, - ,0r41 1
10, )| € —— 3.7
+1¢ < bl>b2>" >br 44 ) ‘ ( nHrJrthq) ( )

where n = 1,2, - . Multiplying both sides of (3.7) by (quﬁn gets

ap,dz, - ,dryl n "
r+l¢r< ;6176]>’<
by, by, by (@:9)n(q" TT ) Mii @)oo

(3.8)

oo tn
<
nz:; (@ @)nlq" TTE Mis @)oo

& n 1
- (39)

=0 (4:9)n(q" Hi:1 Mi; q) oo (HrHMl"I)oo.

Employing the g-binomial theorem (1.4) obtains

o0

tﬂ
1
n— (q q)n(q" Hr+ M;; q) o

1 Z (I Mis q)ut” (sz:llMi;‘I)"". (3.10)

(I Mig)ee = (@ (t T2 Mii @)oo
Substituting (3.10) into (3.9), we get (3.6). O

COROLLARY 1. Suppose a;, b;, t be any real numbers such that |t| < 1 and
b <1 withi=1,2,--- r. Then for q < (HrHMl) , we have

e n
Z ? 0 ay,az, - ,04ryl a0, 4"
(q;q)nr+l r b17b27"' b s,

n=1 ’

o [T Mis q)os 1

— — . (3.11)
( H i Mh‘l) (H i Mi;q) oo
Proof. Because of
[oe] tn ¢ <a1,a2’... 7(1r+1'q qn) ‘
=1 (q;q)nr+l ' b17b2>"' >br o
S |t‘n ap,az, - ,0r41
10, ; 3.12
Z Ak O AT (3.12)

n=1

the result follows immediately from (3.6). O
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THEOREM 3.3. Suppose a;, b;, a, b be any real numbers such that b; < 1 with
i=1,2,--,rand 0 <b < a5 M; < 1. Then for q < ([T.*} M;)~", we have
b
Z )y

ap,az, - 0y n
2 q’b O aHrHM r+1¢r( by b b, 44 >’
(b/a,b/all ) Mizq) 1
T M b, b/a Tl Moo (TT2 M 9o
Proof. Using the theorem 3.1, we can easily know

- (GCI) b ap,az, - ,4ry] n
Z (q7b q)ﬂ(aHrJrlM) r+l¢r b17b2,"' ,br 34,4

oo

(3.13)

converges absolutely.
Letting z = ¢" in (1.1) gives

ai,az, - ar 1
T T 9 b \—7 314
19 ( b, by, by ] ")‘ (¢TI Mis @)oo 14

where n=1,2,---
It is obvious that, under the conditions of the theorem,

(@:q)n b ’
- — >0, n=1,2,---.
(@.5:0)n \ a ]2 M;

Multiplying both sides of (3.14) by

(@:q)n b ’
(q:b;9)n HrH M;

(a;q)” b 1¢ (alaaZa"' s A1 24, q ) ‘
(q>b7q)n HFHM e bl>b2>" 7b o

< (“;q)"ﬂ ( ﬁl ) (3.15)
(405 @)n(q" TTi2) Miz @)oo \aITis) Mi

gets

Hence,

i (Cl, )” b ¢ ap,az, -, 4r+l
( >b q) Hr+1M T bl>b2>" 7b ’q7q

(@:q)n ( b )
(q:5:9)n(q" TTIE) Miz @)oo \ a1} M;

N
INgt EM8

) ( b ) (a9
(%b Q)n(qnn M,,q) H M; (H M,,q)
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Employing the g-Gauss sum (1.6) obtains

r+1 r 1
= (q,b:9)n H S Miq)eo \allZ M

1 Z( HHIM:’C]) b
(IT“M,,q)oo —~  (q:b:q)n allt) M;

(b b/ Hf+1 M;; q)
(Hr+l M,,b b/a Hr+l Mn‘])oo

Substituting (3.17) into (3.16), we get (3.13). O

(3.17)
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