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(communicated by V. D. Stepanov)

Abstract. We consider the operator

where

Dipf (1) i { (1) d:,{ngt)}, <Dz)*f(l) = ddt_z {P(l) df (t)}, k+m=n

Tk dik

Our main aim is to prove some spectral properties of a natural extension of this operator. In order
to prove this we need to prove some properties of a function space, connected to the operator
Dg , and some embedding theorems of independent interest.

1. Introduction

Let I = (0,00), k,m,l € N, n = k+m, u(-), v(-), and p(-) be infinite
differentiable and positive weight functions on /. Moreover, || - ||, denotes the usual
norm of the Lebesgue space L, ,(I) = L, :

T

1l = e 1y = / W Pdr| L 1<p <o

For a function f : I — R introduce the following two differential operators:

D 1) 4 i=0,....m—1,
t) = difm d’”f(f) .
ai—m |: (t) drn :| , L=m, ) 1y
and .
(0 £ 0 0N i=0,...k—1,
t) = i—k & .
. ;ﬂ'*k |:p(t) j;lst):| , L= k> PR
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where all derivatives are understood in the generalized sense.
In L,(I) we consider the operator

o = 1t ) ecomg (H )]

defined on the set C5° (1) of all infinitely differentiable and finitely supported functions
on .

The operator A( is non—negative and symmetric in L,. Therefore, it has the
Friedrichs self-adjoint extension in L, (see e.g. [14]). Denote this extension by A.

The main aim of this paper is to establish necessary and sufficient conditions
for positive definiteness, discreteness of the spectrum and resolvent nuclearity of the
operator A in dependence on the behaviour of the weight functions u#, v, and p in
neighbourhoods of the boundary points of 1.

The theory of spectral analysis of differential operators, in particular, the spectral
characteristics pointed out above, is very important in mathematics, which can be seen
from a great number of works on this theme. When p(-) = 1 the operator A has
attracted a lot of interest for various reasons and been studied in a number of works,
see e.g. [2], [3], and the references given their. A special method to study spectral
properties presented in this paper can be found, for example, in [1], [11], and [12]. In
the monographs [8], [13] a complete presentation of this method is given and applied.
The method is based on embedding theorems of some function spaces. The results
concerning properties of these function spaces have independent interest and, in turn,
are based on Hardy type inequalities (see [7]). In particular, in [1] the spectral properties
of the operator A with p(-) = 1 were obtained due to the well-known Muchenhoupt’s
result on the Hardy inequality with weights [9]. When the conditions on the weight u is
that there are traces in one of the endpoints of the interval (0, 0o), the spectral properties
of A with p(-) = 1 were studied in [15], and these results were obtained due to a Hardy
type inequality for the Riemann—Liouville integral operator [16]. Moreover, the results
from [16] gave a new impulse to study Hardy type inequalities for different kinds of
integral operators because of the usefulness of such estimates in spectral theory. The
scheme of connection between estimates for integral operators and spectral properties
of differential operators such as A is given in [10].

The paper is organized as follows: In Section 2 the new results concerning a special
function space, connected to the operator D? , are described and discussed. In order not
to disturb our presentation all proofs of the results in Section 2 are collected in Section
3. Finally, our main results concerning the spectral properties of the operator A can be
found in Section 4.

2. Properties of function spaces connected to the operator D

Let wj(u, p;I) = wy, be a set of functions f : I — R, for which Djf has sense
and the following seminorm is finite:

1l = lluDpf llpy 1 < p < oo
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Now the first aim is to define the behaviour of f € wj at the endpoints of / in
dependence on the behaviour of « and p at the endpoints of /, and obtain for f € wy,

an integral representation provided the following conditions

Jlim Dif (1) = Df (0) =0, i=0,....1~ 1,

lim Dif (1) = Djf (00) =0, j=1,...,n—1,

—00

hold, where 1 <I<n—1.
In order to be able to reach this aim we weaken the conditions on the weight
functions u and p, namely, we suppose that p € Lloc o= % €L and u € L;,"C s

wl= % GLLQC,Where ;—,Jr[% =1.

REMARK 1. The notation A < B means A < c¢B, where the constant ¢ > 0 may
depend on unessential parameters. We write A ~ B instead of A < B < A.

The studying of this problem divides into three cases depending on the relation
between m and I: (1) m <1, (2) m>1,and (3) m=1.

THEOREM 1. (I)Let 1 <m<I<n—1,n>3.

Suppose that ¥t > 0 and ¥z > 0 the following conditions hold:

N

u ()"t /p_l(x)xl_mdx € Ly(0,1), (1)

0
z
u(s)s"! /p_l(x)xl_m_ldx € L,(0,1), (2)
u(s)s" 7t € Ly(t, 00). (3)
Then Vf € wy there exist traces Dij (0), i =m,...,1 — 1, and numbers c;,

i=1...,n—1,and a;, i = 0,...,m — 1, which are uniquely defined from the
relations:

_ . 0)

n—1 il
. ; r .
tlir&(Dpf(t)Zc,(l_l)> =0,j=0,....n—1—1, (4)

-1 r _sm—l s
lim f(t)—ZD;)f(O)/(zm)l)! p_l(s)(iim)!ds =a,j=0,....,m— 1.

In addition, Nf € wy, the following representation holds:

vV—m

m—1 l—S) -1 » s
Zav '—I-ZDpf / )!p (s)mds

v=m
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min{z,s}

i § — Z)n—l—l ! (l _ x)m—l B ()C _ Z)l—m—l .
XO/ / nflfl)!/ m—1)! o l(x)mdxdz Dif (s)ds. (6)

Z

(2)Let 1 <l<m<n—1,n2>3.
Suppose that ¥t > 0 the following conditions hold:

s

u=t(s) /pfl(x)x'"*l(s —x)*ldx € Ly(0,1), (7)
0
w6) [ 0w s -0 e Ly (o). (8)
t
Then Nf € wy, there exist numbers ¢;, i =m,...,n—1,and a;, i=0,...m—1,

which are uniquely defined from the relations:

)
tl_l)I'élQ( Zc, > =0,j=0,....,n—m—1, 9)

i=m

r—s)" ! s r B
zl—l>r<£1<> Zc,/ (s) = m)!ds - ;aiﬁ =0, (10)

. s .
lim ( Zc/ _1 (s)(i_m)!ds =a;, j=0,...,— 1. (11)

=m

In addition, Nf € wy, the following representation holds:

m—1 n—1

Zav +Zc\,/ (t=9)" - (s)ﬁds+(—l)”4

min{z,s}

[eS) l—Z)l 1 S (S_x)k_l B (x_Z)m—l—l .
XO/ / (- / G0 WO e | Df (9)ds. (12)

z
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(3)Let 1l <m=I1<n—-1,n>2.
Suppose that ¥t > 0 the following conditions hold:

s

u=l(s) /pfl(x)(s —x)ldx e Ly(0,1), (13)
0
u ' (s)s* 7 € Ly(t,00). (14)
Then Vf € w; there exist traces D;)f(O), i=0,...,m— 1, and numbers c;,
i=m,...,n— 1, which are uniquely defined from the relation (9).

In addition, Nf € wy, the following representation holds:

m—1 .
(t—s)" st
7= Y DO+ / )

> 0 e =

. < mln{ts} m 1 | (S 7x)k71
Y- / ) Sk (x)mdx Dif (s)ds.  (15)

0

From (6 ), and (15) it easily follows

COROLLARY 1. Let f € wy. Suppose that the conditions of Theorem 1 for

the case (1) m < I hold. Then D’gf(oo) =0,j=1...,n—1, if and only if
¢=0,j=1...,n—1;andif Dif (0) =0, i =m,....[— 1, then Djpf (0) =
j=0,....m—1,ifandonlyif a; =0, j=0,...,m—1.

Suppose that the conditions of Theorem 1 for the case (2) m > 1 hold. Then
Dif(00) =0, j=1,....,n— 1, and Dhf (0) =0, j =0,..., — 1, if and only if
a;=0,i=0,....m—1,and ¢;=0, i=m,...,n— 1.

Suppose that the conditions of Theorem 1 for the case (3) m = [ hold. Then
ngf(oo):0,j:m,...,n—1,ifandonlyifcjzo,j:m,...,n—1.

In each of the representations (6), (12), and (15) there are n constants: in the
case (1) m < [ they are a;, j =0,...,m — 1, UJ(O), j=m,...,1—1,and ¢,
j=1...,n—1; in the case (2) m > [ they are aj, j=0,....m—1, and ¢,
j:m,...,nfl;inthecase(3)m:ltheyareD’éf(O),j:O,...,mfl,and ¢,
j=m,...,n—1. Denote them by o = 04(f), i =0,...,n— 1. Then on w), the
following functional can be defined:

n—1

I g = NuDif llp + D lew(F)], (16)
v=0

which turns w) into a normalized space W;’(M, p;I) = W, . By standard methods we
can prove that W) is a Banach space.

Let Wi ={f :f € W', a(f) =0,v=0,...,n— 1}. Notice that o (f) = 0,
v=0,...,n—1,isequivalentto that D;')f(O) :0,i:O,...,l—1,andD;)f(oo) =0,
i=1...,n—1.
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From the definition of a,(f) it follows that o, (f) =0, v=0,1,...,n— 1, for
feced.

Denote by W4(u, p,I) = W the closure of the set C5°(I) with respect to the
norm (16).

THEOREM 2. Suppose that (1), (2), and (3) hold in the case (1) m < 1, (7) and (8)
hold in the case (2) m > 1, and (13) and (14) hold in the case (3) m = 1. Moreover,
assume that for t > 0 the following conditions hold:

for the case (1) m <1:

_l(s) ¢ Ll(t7oo)> (17)
ul(s)s" 7 ¢ Ly (0,1), (18)
ul(s)s"! ¢ Ly (t,00), (19)
for the case (2) m > 1:
p_l(s)sm_l_l ¢ L1(07t)7 (20)
ul(s)sk71 ¢ Ly(0,1), (21)
/ P (s — X ¢ Ly (1, 00), (22)
0

for the case (3) m=1: (17), (21), and

s

ut(s)sk! /pfl(x)dx ¢ Ly (t,00). (23)

0

Then W3 = W™,

Thus, if the conditions of Theorem 2 hold, then we have

={f:f €W, D,f(0)=0,i=0,...,1— 1,D}f (00) =0,i=1,...,n— 1},

Now we shall consider the problem of continuousness and compactness of the
embedding W’; — Lyy,,when 1 <p <g<oo.

Z—msn—l—l7 X < s,

—1 -1
X X" s x<s
Let @;(s,x) = ; ’ ’
—m—1n—I
P

and (pz(S,X) = { xmflfl [

s, xX>8.
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1 2
We define 7, ,(¢) and T, (1) by

_Q=

a4
7

Tv‘f(y) (fl u"’l(s) (j o (x)(y — x)m_l(pl(s,x)dx) ds) dy| ,m<]|,
t 0 0

Furr'o) (fyae) (o0 x)k-lms,x)dx)qu) ’ dy ' m 1

1

[0 (fu""(s) (_jp-%r)(yr)m-l(sr)k-ldr) ds> dy| m=1

%\lﬁ

)

and

1
t q 7
(f (fp Yx)x=m (s — x)’”ldx> ds) (fu ” (n—t— 1>dy) ym <l
0

oo P P’
(qu(y)y‘f"”dy) (fu” (fp ()" (s x)kldx> ds) m > 1,
t
il P
q

Jur o) (fwe (Jor @0 1<sf>m1df>qu) o) me

respectively. Moreover, let

e

T, =supT, (1), i=1,2; T,, = max{T,

T2 1.
>0 ’q}

pq’

THEOREM 3. Let 1 <p < g< oo, n 23 form# 1 and n > 2 for m = [.
Suppose that u and p satisfy the conditions of Theorem 2 concerning the relations
between | and m. Then the embedding W' — Ly,

(a) is continuous if and only

P
a norm of the embedding operator E : W; — Ly
(b) is compact if and only if T, , < oo and

T, 4, where ||E|| is

lim T, (1) = lim T, (1) =0, i =1,2.

Since D;)f(O) =0,i=0,...,0—1,and D;)f(oo) =0,i=1...,n—1, for
f € W2, in the integral representations of f € W] (see Theorem 1) it follows that
fe VOVZ can be expressed by

= "I/Ktstf )ds, Yf € Wi, (24)
0
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where

mm{“} n -1 m 1 (xfz)l m—1

5 nll'f mlvplx)(lexdz,m<l
z
min{z,s} 171 s . ,C X
Kits) = / ( )! f(( x)((m =0T
0 z
min{z,s} ot

—x)nt s—X
J (t(mzl)! P l(x)((kfl)! dx, m=1

>mll

dxdz, m > 1, (25)

Further we need the following Lemma:

LEMMA 1. Let 1 < p < oo. Suppose that u and p satisfy the conditions of
Theorem I concerning the relations between | and m. Then Vt € I the relation

»’

J(t) = sup /Kp t,8)u p (s)ds (26)
fEWn H sz”
holds, where K(t,s) is defined by (25).
3. Proofs

Proof of Theorem 1. Let us begin with the case (1) m < [.
Put
Dyf (1) =

Then Dif (1) = @"~(1) and ¢ € L', where L' is Kudryavcev’s class [6]
with the following seminorm:

= o]
Il = [juo ")

From the condition (3) and Kudryavcev’s theorem [6] there exist numbers c;,
i=1,...,n— 1, which are defined by ¢ from the relation:

_ . )]

n—1 il
. 4 . g
tl1m ((p(t) E C,(l l) ) —0,]—0,...,11 l 1,

i=l
which is equivalent to (4), and the following representation holds:

o0

n—1 i—1 §— n—I—1
= ZC" (it— ot (*1)}171/ En —tl)— ! o (s)ds,

=

—~

t

i.e.,

i o n — 1
ngf(t) = Zci (it_ ) l/ n—l—l of (s)ds. (27)
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Let us show that from (1) and (2) we get the finiteness of the expression:

/tfx /s x)”fl*l\fo(sﬂdsdx
0 X

for0<i<!I—m—1and Vt > 0.
Indeed,

t t

i) = [ (0= [(s =20 (o)

0 X
+ / (r—x) 7(s — )" |Dyf (s)|dsdx
0 t
:/sz(s)|/s(t—x)i(s )y ldxds+/|Dpf |/ t—x) )"~ Ldxds

0 0
t

~ 1 / "D (5)|ds + 7! / "N DLf (s)|ds. (28)

0 1
For 7 > 1, in view of (28), (2), and (3) we have

t
) <oyl | ( [l as
0

1

Y

oo
/|u_l(s)s"_l_l\plds < 0.
t

For 0 <t < 1, according to (28), (2), and (3) we have
t 1 e
vi(t) < /s"_l|DZf (s)|ds + ti/s"_l\sz (s)|ds + 1! /s”_l_1|DZf (s)|ds
0 i 1

o

1 ,% 00
< Al|uDif ||, / w(s)s"Pds |+t / = (s)s" P ds < o0.
0 1
Therefore, the equality (27) can be integrated / — m times on (0,7):

+ZDJ

n—1 tl m

DIf (1) = ZC,

i=l
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t

—m g el
+(f1)"_l/ g—nz— oI / ((n—l)— 1)!D:’)f(s)dsdx.
0

X

Let us rewrite the obtained equality in the form:

an S)m 1 . S.i
dtm ZDpf / )' p (S) . .dS

i=m

| n—1 tifm
f) Z Ci (i—m)!
i=l

(I—m—1)1) (n—1-1)!

Now we shall prove that the right—hand side of the last equality can be integrated
m times on (0,7). From (1) V¢ > 0 it follows that p~!(s)s'""dx € L{(0,7). This
yields that the first summand of the right-hand side of (29) can be integrated m times.

To show that the second summand can be integrated m times we need to prove that
vt > 0:

(=1 () / Ut / G g (ydsax. (29)

X

t

I(r) = /(t — )" o X)W1 (x)dx < 0. (30)
0
From (28) we get

/ m 1 71 )17’7171/S’17I|D2f(s)‘dsdx
0

0

+/(t—x)m71p71(x)xlfm/ i 1\D"éf )|dsdx

0 x
t t
<! /|DZf(s)|s"71/pfl(x)xlfmfldxds
0 s
t s
+/|DZf(s)\s”7[71/pfl(x)xlfmdxds
0 0
o0 t
-l-/|DZf(s)|s"_l_l/p_l(x)xl_mdxds

t 0
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t t p/
<o iyl | | [t ot taxas )|+
0 s

1

N ]7’

/|u s 1/p_l(x))cl_'”a’x|‘”/a’s
t o0
-l-/p_l(x)xl_mdx /|u_1(s)s"_l_1\plds
t

0

|

Now, by using (1), (2), and (3) we obtain that (30) holds. Hence, we can integrate
(29) m times on (0,7):

m—1 l—S) -1 ) gvm
Zav 'JrZDpf / — ) —0p (s)mds

v=m

vV—m

§ — m 1 B s
+ZCV/ 2 l(s)(vim)!a’s
0

_ a\m—1 P —x l—m—1 < s —x n—I[—1
+(—1)n_Z/P_1(T) (t(m T)l)! /((ﬂl[m) 1 /((nl) 1)!D:;f(s)a’sa’)cd‘t,
0 0 x
(31)

where a;, i=0,...,m— 1, are from (5).
By changing the order of integration in the last summand of (31), we get (6).
Letus turn to the case (2) m > [. Asin the first case supposing that DJ'f (1) = ¢(t)
we have @ € L}, . From the condition (8) Vr > 0 we get u™'(s)s*~! € L (z, 00) and,
hence, by Kudryavcev’s theorem [6] there exist numbers ¢;, i = 0,...,k — 1, which
are defined by @ from the relation (9), and the following relation holds:

i—m 5 — k—1
ch ! l)k/((kit)l)!DZf(s)ds,

i=m

or

n—1

(m) _ -1 k ,—1 (Sit)kil n
1) = Y ap™ 0 Gy + (0070 [ Dy s ()

i=m
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=t [ S0

In the same way as in the first case it is easy to show that from (8) it follows that the
right-hand side of the last equality can be integrated m — [ times on (¢, 00).
Put

v =f@) =) / (Em S)mf! P (s) (.S ds.
1

i—m)!

After integration of the both sides of the last equality on (#,00) we can conclude that
there exists "~V (c0) = Jim y"=1(t) = a,,_, , and the following equality is true:

WD) — 4y = (1) / / =0 o (s)dsd

or
_ (m—1) 0 o0
" ! _ k+1 —1 (S B x n
<l[/(l) —Clm_lm) = (—1) /p (.X) / ( Dpf dsdx
t X
where (1)
] [m71 m—
Jim (‘W) - mm) =0
If we continue to integrate till m — [ times we find numbers a;, i = [,...,m — 1,

which are defined from the relations:

m—1 -\ O)
tlirng( Z“’ '> =0,j=1...,m—1,

i.e., from (10). Moreover, the following equality is true:

i—l X — m—I—1 < S—)C
"’m(t):.za"(itl)z”‘l)nl/émt?1)zpl(x)/( sz s

t X

Again from (7) and (8) it follows that the right-hand side of the last equality can be
integrated [ times on (0,7). Hence, [ times integration of the both sides of the last
equality yields:

m—1 i
E a,. -

t oo oo

XO/(I(Z—Z)II)!l/((;—l’iIII / k—l DZf s)ds dx dz,

z
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or (12) after changing of the order of integration in the last summand, where

a; =limy9(r), 0=1,...,1—1,

t—0

which is the same as (11).
The correctness of the case (3) m = [ is obvious from (32) because, due to (13)
and (14), we can integrate the right-hand side of (32) on (0,7) and get (15) and (9).
]

Proof of Theorem 2. Since C3°(I) C W, it yields that W3 C W,

Let us prove the reversed inclusion ﬁ/g D V.Vl’,’.

Due to (16) the space W, is isomorphic to the space L,, X R". Hence, for 1 <
p < oo we have that the space W), isreflexiveand (L, , xR")* = L,y ,—1 X R" = (W})*
up to isometry. Therefore, VF € (W)* there exist a unique function g € L ,— and
aset B = (Bo,Br,--.,Bui—1) €R",suchthat Vf € W :

0 n—1
F(f) = /g(s)Dgf(s)ds +) B, o= a(f), B = Big). (33)
0

i=0

Let B={F:F e (W) F(f) =0,f € C5°(I)} . From the reflexivity of W}
and the denseness of C3°(I) in W} we get Wi = {f : f € W), F(f)=0,VF € B}.

Hence, it is obvious that ﬁ/g D W; is equivalent to the condition: F(f) = 0,

Vf € W, holds VF € B.
From (33) V¢ € C5°(I) and VF € B we have

oo

Flp) = / $(D(1)di = 0.

0
Therefore, g is a solution of the equation
(Dp)"g(t) =0,

i.e.,

ar dk

—p(t)==7g(t) = 0. 34

() S8 (34

Hence, there exist constants ¥; = ;(g), i =0,...,n — 1, such that

n—1

g(t) = vio0), (35)
i=0

where w;(-), i =0,...,n— 1, is a fundamental system of solutions of (34).

Now the aim is to prove that g(-) = 0. We now point out a scheme for the proof
of this crucial fact. Firstly, we prove that (35) can be divided into two groups of sums.
The first group consists of functions @;(-) such that u~"'(-)w;(-) belong to L, (0,7),



368 A. A. KALYBAY, R. OINAROV AND L.-E. PERSSON

t > 0, but do not belong to L, (t,00), t > 0, and the second one consists of functions
;(-) suchthat u='(-)a;(-) belongto L, (,00), t > 0, but donotbelong to L, (0,1),
t > 0. Secondly, we prove that the functions w;(-) inside of each of the groups do not
have a same order in neighbourhoods of the appropriate endpoints. This yields that we
can present g(-) in the following form:

g§=0+Vy,

where Vi > 0:
u'o € Ly(0,1), u='@ ¢ Ly(t,00),

uty € Ly (t,00), uly ¢ Ly(0,1).

But by the assumption it yields that u~'g € L, (0, c0). Hence, since u~'¢ € L,(0,1)
we should have u='y € L,(0,1), but we have u~'y ¢ L,(0,7). This contradiction
gives that y(¢) = 0, V¢ > 0. The same arguments for the interval (¢, 00) imples that
@(t) =0, Vt > 0. Therefore, g(t) =0, Vt € 1.

To use this scheme we need to construct different fundamental systems of solutions
of (34) suitable for each of the cases (1) m <1, (2) m >1,and (3) m=1.

Let us begin from the case (1) m < [. The following functions

wi(t)=1,i=0,....k—1, (36)

t
w,-(t) — /(l _x)(m—l)+i—1 /p—l(s)(x _ S)(kH_m)_i_lsi_kdsdx,
0

1

i=k.. . k+l—m—1,

t

wi(t) = /p_l(s)(t — s s, i=k+1—m,...,.n—1,
0
form a fundamental system of solutions of (34).

Estimate w;, i =k,...,n — 1, from above in a right neighbourhood of zero. For
i=k,....k+1—m—1, wehave
‘CO,'(I)‘ — / Sk / (m—1)+i— 1( )<k+l*m>7"71dxds
0

t
+/p—l § k/ (m—1)+i— l( )(kJrl—m)—i—ldxds

t

' 1
~ t(m—l)+i—1 /p—l(s)sl—mds + l<m_l>+i/p_l(s)sl_m_lds, (37)
0 [
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andfori=k+1—m,...,n— 1 we have
‘
wi(t) <71 /p_l(s)si_kds. (38)
0
Estimate w;, i = k,...,n — 1, from below in a neighbourhood of infinity. For
i=k,...,k+1—m—1, and for some ¢ > 1, changing order of integration and

integrating by parts, we have

s

1
(Di(t) — (71)k+lfm7i/pfl(s)si7k /(t 7x)(mfl)+i71(s —x)<k+l*m>*"*ldxds
0

0

t

+c(m, Lk, i) /pfl(s)s’;k(t — )k 1ds. (39)
1
If k+1—m — i is an even number, then from (39) for some ¢ > 2 we get

2

2
;(1) = c(m, 1k, i /p — ) lds > (1 — 2)F! /pfl(s)s’;kds. (40)
1

1

If k41— m — i is an odd number, then from (39) for some ¢ > 2 we obtain

2 1
COi(t m l k i /p S)k_lds _ t(m_l>+i_1 /p—l(s)sl—nlds
1 0
=1 (1+0(1)), 1 — oo. (41)
Fori=k+1—m,...,n—1,and for some ¢ > 1, we have:

1 1
wi(t) > /pfl(s)(t — s s hds > (1 — D! /pfl(s)s’;kds. (42)
0 0

When i = n—1,...,n— 1, from (37), (38), (1), and (2) for 7 > 0 we have
u~'w; € Ly(0,1), but from (40), (41), (42), and (19) we have u~'w; ¢ Ly (t,00).
Using the L’Hospital rule and taking (17) into account it is easy to see that for i =
n—Il+1,...,.n—1:

| wi_l(t) _
t—oo (W t) ’
ie, wi_1(t) =o(wi(t)), i=n—1+1,...,n—1,when 1t — co.

When i =0,...,n—[— 1, from (3) it obviously follows that u~'w; € L, (t,00),
and from (18) it follows that u~'w; ¢ Ly(0,7). Moreover, w;(r) = o(wi—(1)),
i=1,...,n—1—1,when t — 0. Therefore, g(r) =0, Vt €.
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Let us turn to the case (2) m > [. This case we divide into two cases: m—1I > k—1
and m — 1 <k—1.

In its turn, the case m — [ > k — 1 we divide into two cases: k=1 and k > 1.

Suppose k = 1. Then the system (36),

t

(1) = /p_l(s)(t — )ik ds, i =k, ... om—1, (43)
1

and
t

(1) = /pfl(s)(t — s s, i=n—1,...,n—1, (44)
0
is a fundamental system of solutions of (34). Notice that the system consists of n
functions because here m — I+ 1=n—1[.

When i =n—1,...,n—1,according to (7) for > 0 we have u~'w; € L,(0,1),
but in view of (22) we have u~'w; ¢ L, (f,00). Moreover, w;_(t) = 0( wi(1)),
j=n—-1+1,...,n—1,when t — o0.

When i =0,...,m—I=n—1—1,by (8)for r > 0 wehave u~'w; € L, (,00),
but by (21) we have u~'®; ¢ L, (0,7). Using the L’Hospital rule and taking (20) into
account, we get }51(1)|w1(t)| =o0,i=1,....m—l=n—1—1,and w;(t) = o(w;— (7)),
i=2,....m—Il=n—1—1,when t — 0. Therefore, g(t) =0, Vr € I.

Suppose k > 1. Then to get a fundamental system of solutions of (34) we add to
(36), (43), and (44) the following functions:

t X

;1) = /(t — x)m =0t /p_l(s)(x — 5) === K g, (45)

0 1

i=m—I1+1,....n—1-1.

Let us notice that for i = n —1[,...,n — 1, we have the same situation as in the
case k = 1. Hence we need to consider the case when i =0,...,n — 1 — 1.
Estimate (45) from above for # > 1:

1 1
|w1 / r— )C z (m—1)—1 /p—l(s)(s _ x)(n—l)—i—lsi—kdsdx
0 X

X

t
+‘/ z (m—1)— /pfl(s)(x7S)(nfl)7iflsifkdsdx
1 1

t

1
< =Dt /p_l(s)sm_lds+ /p_l(s)(x— )k st =kds. (46)
0

1



SPECTRAL PROPERTIES OF A CLASS OF SINGULAR DIFFERENTIAL OPERATORS 371

In the same way as in the case (1) m < [ we estimate (45) for 0 <z < 1:
’ 1
\w,-(t)| ~ ti—(m—l)—l /p_l(s)sm_lds—i-ti_(m_l) /p_l(s)sm_l_lds. (47)
0 ‘

When i =m—1+1,...,n—1—1, from (46) and (8) for # > 0 it follows that
u~'w; € Ly(t,00), but from (47) and (21) it follows that u~'®w; ¢ L,(0,7). Thus,

when i =0,...,n—1—1,wehave u='w; € L,(t,00) and u~'w; ¢ L,(0,1).
Arguing as in the case k = 1, we have limo\a),-(t)\ =00, i=k....m—1,
—

and o;(r) = o(wi—1(t)), i = k+1,...,m — [, when r — 0. At the same time
liné|wi(t)| =0fori=1,...,k—l,andi=m—1+1,....n—1—1, and it is
1—

obvious that w;(¢#) = o(wi—1(?)), i = 1,...,k— 1, when t — 0, and due to (20)

(1) = o0(wi—1 (1)), i=m—1+2,...,n—1—1,when t — 0. However, again due to
(20) for ¢t — 0 there are no functions ;, when i = 0,... k — 1, which have a same
order as the functions @;, when i =m — 1+ 1,...,n — 1 — 1. Therefore, g(t) =0,
Veel.

Let us turn to the case m — [ < k — 1. Since still (2) m > [, then k > 1. In
this case the functions from (36), (45) with i = k,...,n —1— 1, and (44) form a
fundamental system of solutions of (34). By arguing in the same way as above we find
that g(r) =0, Vr € 1.

Now we shall turn to the case (3) m = [. The system of functions (36) and

t

(1) = /(t —x) o )X rdx, i=k,...,n—1,
0
is a fundamental system of solution of (34).

When i =0,...,k—1, from (14) for > 0 it follows that u~'; € L,(t,00), and
from (21) it follows that u~'@; ¢ L,(0,7). But w;(t) = o(w—(z)), i=1,...,k—1,
when t — 0.

When i = k,...,n— 1, from (13) for ¢ > 0 it follows that u~'w; € L,(0,1),
and from (23) it follows that u™'®; ¢ L, (,00). But due to (17) we have w;_(f) =
o(wi(t)), i=k+1,...,n—1,when t — oco. Thus, again g(t) =0, Vr € 1.

For all three cases (1) m < [, (2) m > [ and (3) m = [ we obtain g(¢) = 0 and

n—1

F(f)=>_alf)Bi, VF € B.
i=0

By the definition o;(f) =0,i=0,1,...,n—1,forany f € W; Hence VF € B

and Vf € V'VZ we get F(f) =0, 1ie., WiD VVZ. This gives W2 = VVZ , and the proof
is complete. |

Proof of Theorem 3. From (24) and (25) the problems of continuousness and com-

pactness of the embedding VV; — Ly, are equivalent to the problems of continuousness
and compactness of the operator K from L, , to L, , respectively.
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A criterion for the boundedness of the operator K from L,, to L,, in the case
1 < p < g < 0o was established in [4] and in the case 1 < ¢ < p < oo in [5].

The validity of (a) follows directly from the results of [4].

From the proofs of the results in [4] we can conclude that ||K|| ~ T, since K
can be presented in the form

K~ K+ K, + K5 + Ky,

where K; are integral operators with non-negative kernels. This implies that ||K||
max{||K;||,i = 1,2,3,4}. Therefore, it is obvious that the operator K is compact from
Ly, to Lg, if and only if all K;, i = 1,2, 3,4, are compact from L,, to L,,. Thus,
the validity of (b) again follows from the results of [4]. O

Proof of Lemma 1. Using Holder’s inequality in the right—hand side of (24), we
get

1

!

(1) < / K7 (t,5)u™ (s)ds | |[uDlf |-
0

Hence,

oo pl

J(t) < / K (t,5)u ™ (s)ds | . (48)
0
Let 0 < € <t <N < oo and f; be the solution of the problem

Dif (s) =
D;)}‘(O):O7 i=0,...,l—1,
D;)f(oo):O, i=1...,n—1,

where F; has the form:

Fi(s) = 2w (8)u™ ()K" =\ (1, 5).

Then
N
filx) = (—1)”_Z/K(x7 s)Kpl_l(t7 s)u_pl (s)ds, ¥x €1,
and 1
N P
0t = | [ &7 @5 s
£
Therefore,

J(t) > ——~—

HMD” tllp
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By letting € — 0 and N — oo, we obtain the inequality

1

o0 p/
J(t) = /K”/(t, s)bf”,(s)ds ,
0
which together with (48) yields (26). O

4. Some spectral characteristics of the operator A

THEOREM 4. Suppose that u and p satisfy the conditions of Theorem 2 with
respect to relations between | and m for p = 2. Then:
(a) the operator A is positive defined if and only if T>, < 0o, and, in addition, if m(A)
is the greatest lower bound of A, then m(A) =~ (T22) ™2
(b) For the case T, < oo the spectrum of A is discrete if and only if }Lmo Té}z(t) =

lim T} ,(t) = 0.
—00 ’

Proof. The Friedrichs extension saves the greatest lower bound of Ay. Then A is
positive defined if and only if Ay is positive defined and m(A) = m(Ay) .
By definition

(Adf.f) = m(Ao)|If 113, Vf € D(Ao).

Since
(Adfof ) = [[uDlsf /v[[3, ¥f € D(Ao),

then the positive definedness of Ay is equivalent to the condition

H”DZsz m(Ao ||Vf||27 Vf € Coo(I).

Due to the denseness of C3°(I) in W’zl the last inequality is equivalent to the
embedding W’; < L, and, in addition, m(Ag) = ||E|| =2, where E is the embedding
operator Wg —Ly,.

Therefore, the validity of (a) of Theorem 4 follows from the validity of (a) of
Theorem 3.

By the condition of (b) we have T>, < oo. Then, according to (a), A is positive
defined. Hence, by Rellih’s lemma [8] the spectrum of A is discrete if and only if the
set {f € C3°, (Aof.f) < 1} is compactin L, , which is equivalent to the compactness
of the embedding Wg < Ly, . Therefore, the validity of (b) of Theorem 4 follows
from the validity of (b) of Theorem 3. O

THEOREM 5. Suppose that u and p satisfy the conditions of Theorem 2 with
respect to the relations between | and m for p = 2. Let A be positive defined and
assume that the spectrum be discrete. Then the following assertions hold:
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(a) If {An} is a system of eigenvalues of A, enumerated in non—decreasing order
with multiplicity, and {@y,} is a complete orthonormal system of the corresponding
eigenfunctions in Ly(I), then the equality

Zx o) = () [ K205 s)as, e 1 (49)
0

holds, where K(t,s) is defined by (25).
(b) The operator A" is nuclear if and only if

oo o0

M= //Kz(t, sV ()u?(s)dsdt < oo,

and, in addition,
M=]A" e =D A"
m=1

Proof. From the conditions on u and p of Theorem 1 it easily follows that

/Kzts s)ds < oo, Vt €1,

and, according to (24) f € W’zl is continuous on /.
Moreover, due to Lemma 1, we have

J(t) = sup / K2(t,9)u(s)ds | . (50)

IIMD,JHz

Denote by ﬁ/g the Hilbert space, which is obtained as the completion of C3°(I)
with respect to the norm (Af,f)? = |uD}pf /v]|2. In this space {4, q)m}
complete orthonormal system.

2 o _1 2
Let f € W5. Then f(f) = 3 cmAn >@u(f) in the sense of W}. Moreover, by

m=1

m=1 1s a

the Parseval equality we get

Hf“?&n = Z |Cm|2- (51)

2 m=1
Since % and f; belong to W%, we conclude that @,,(z) and f(¢) are continuous
k _1
on I. Hence, f (1) = klim > cmAm 2 @u(t) . Therefore, by also using the Cauchy —

m=1

Bunyakovskii inequality and (51), we obtain

FOl<Iifil, (Zlmllwm > el (52)

m=1
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Now, take any arbitrary integer N > 0 and ¢ € [ and consider the function

fni(x) = Z Ay @ (x) @ (r) . For this function we have

HfN,z”?ov Asz>th Zlmlkpm )

m=1

le‘ inl‘(pm

Hence,

\/
=

ol ol 1
G AT I (Z&” o0

m=1

1

= (Zz‘ml(pm(t”Z) )
m=1

which together with (52) yields

1

sup LOL _ (S~ 10,08 ) (53)
AL T\ &

fewr " wn
But, on the other hand

sup M = sup M — V(t) su lf(t)|

p ————.
B o ||\uD%f [v o ||uDj
o U, ™ 0 Tng e~ 2 Tubif T

Therefore, by combining (50) and (53) we have (49).
Further the integration of (49) on I and the fact that {¢,,} is orthonormalin L, (1)

give
= //Kz(t, sV ()u%(s)dsdt = M
00

The validity of (b) follows and the proof is complete. O
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