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SOME IMPROVEMENTS OF GRUSS TYPE INEQUALITY
N. ELEZOVIC, Li. MARANGUNIC AND J. PECARIC

(communicated by A. Cizmesija)

Abstract. In this paper some inequalities related to Chebyshev’s functional are proved. The
underlying function spaces are L spaces with weight function and exponents which need not
be conjugate. Various bounds obtained in this and previous papers are compared.

1. Introduction

Several papers on various improvements of Griiss type inequalities appeared in
recent time.
For two measurable functions f,g : [a,b] — R denote by T(f,g) Chebyshev’s

functional:
T, g): dx——/f dx—/ (1)

S. S. Dragomir ([1]) proved the following result:

THEOREM A. Let f, g : [a,b] — R be two mappings, differentiable on (a,b). If
1 1
f' € Lo(a,b) and g' € Lg(a,b), with o« > 1 and o + = =1, then we have the

B
1 1 borb @
|T(fvg)<§<m/a/a|x dXdY> X
1 b b B
x(m/a/apc dxdy)
b—a,,, ,

J. Pecari¢ and B. Tepes ([4]) improved this result and showed that

7,91 < Z5 27 el ()

inequality

()| *dt

"(t)|Pdr
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We shall further generalize this improvement by considering weighted version of this
Griiss type inequality.

Let p(x) be nonnegative integrable function defined on [a,b]. It is well known
that Chebyshev’s functional

T(f,g:p) = / X)dx / £ (g p(x)dx - / fx / P (4)

can be written in the Korkine’s form

T(F.8:p) / / %) = £ ()]l (x) — g(v)]dxdy (5)

The following theorem is proved in [1].

THEOREM B. Let f, g : [a,b] — R be two mappings, differentiable on (a,b) and
p:[a,b] — [0,00) is integrable on [a,b]. If f' € Ly(a,b), g’ € Lg(a,b) with ov > 1

1 1
and p + — =1, then we have the inequality

B

IT(f,g:p)l %(// y)|x — dxdy)

(// )l — dxdy)E
%(//H—yp )dxdy> 1 lecll8"llg- (6)

0= | [

Further improvements can be obtained by analyzing this integral. We have

i) =2 s / -y) / 1%t pp(y)dy
= o ar / s JCRe ®)

b t
F(1) = 2/t dX/ (x = y)p(x)p(y)dy )

This function can be written in the following form:

F(i) =2 [bxp<x>dx [ pras =2 [ ptwjax / o)y (10)

1

1)|*dt

X

(0)|Pdr

Let us denote

(2)|*dt| dxdy (7)

Let us denote
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From (8) and (9) it follows immediately:

. 7o
Jalf)] < max F(0) - ) (11)

Hence, we may state the following theorem.

THEOREM 1. Let f,g : [a,b] — R be two mappings, absolutely continuous and
differentiable on (a,b) and p : [a,b] — [0, 00) isintegrable on [a,b]. If f' € Lg(a,b),

g € Lg(a,b) with oo > 1 and p + = =1, then we have the inequality

p
T 85)| < 317V p2)]

<3 (may F ) Nl (12

a<i<b

Therefore, we shall search for the maximum of F. From

t b
P = =2 [ (= 0pptds+2 [ (= 0plp(ds

= 2p(1) { / bxp(x)dx 1 / ’ p(x)dx}

it follows that the extremum of this function is obtained at the first moment of weight
function:

i) " xp(x)dx
fh = “H——.
[ p(x)dx
From the sign of the first derivative it is obvious that this extremum is the local maximum.

(13)

2. Symmetric case

Let us suppose that the weight function is symmetric, i.e.
p(x) =pla+b—x), Vx € [a,b]. (14)

Then we have
/abxp(x)dx = /ab(a +b—u)p(a+b—u)du
=(a+Db) /abp(x)dx — /abxp(x)dx.

/abxp(x)dx _4 ; b /abp(x)dx

Hence, it follows that
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and therefore, the abscissa (13) of the point of maximum of function F(z) is

a+b
th = > (15)

In this case, using (10), it is easy to obtain:

atb

Flio) = ( / bp(x)dx) ( /; xp(x)dx — / 2 xp(x)dx> (16)

2

In the special case p(x) = 1/(b — a), it follows from (16):
1 B> (a+b)? (a+b)* a b—a
FUO)_ba([?_ 8 | | 8 T 2f) 4

and (3) follows.

3. General case

We shall improve Theorem 1 by removing the assumption that o and f are
conjugate exponents.

In this section we assume only o > 1, > 1 and ¥ > 1. Let us denote by o,
P’ and v’ the corresponding conjugate exponents. From Holder’s inequality it follows

’ / ()

1/a

If (x) = f )] < [x =y

b

J1 1/B
609 — g0 < k=2 | [ g/ 0P (1)
y
Therefore, we have the following estimation for Chebyshev’s functional:
T(f,&:p)] // —fO)llg(x) — 8(y)|dxdy
1 7
<[ [ e \a'*'/v ) /|g (0)Pai)" dvay
1 Ly
5 // |x—y\’ ’/V )| *dt dxdy X
, L
r v
B

dxdy

// ' / 80P
%(/ / POl — 3|71 *dxdy) 1 lallg’l- (18)
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In the special case p(x) = ;= , we have:

L 4L
(b—a)a ¥
R L G a— T
(y+y+1)(?+—+2)

3
—da ap I /
o . %)) ( _;_%) 17Nl (19

From (18) we can obtain, by taking an appropriate limit, some estimations which
are not covered earlier. Let us note only the following three

CORROLARY 1. In the case oo = 3 = 1 we have

b 2
7, 8:)| < 31 ||g||1</ <x>dx>.

(20)
If @ = = oo, then
T 85)| < 1ol ( / / y>2dxdy> @)
and, in the case o0 = 1, B = 00 we have
T 85)| < 118" / / )b — sl drdy. 22)

COROLLARY 2. Let p(x) = ﬁ Then in the case of oo = = 1 we have

T(f,8) < —Hf I1llg' (-

(23)
If o = B = oo, then
1
T(f,g) < E(b—a)zlb"\loo\lg'l\om (24)
and, in the case o0 = 1, § = oo, we have
1
T(fag) < -

< gb=a)llf I8 oo (25)
Let us note that the bound in (18) is not so accurate as in (12). We can improve it
in the case when 1 + % < 1. Assume first that p(x)

= bL . We have:
—a
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THEOREM 2. Let f,g : [a,b] — R be two mappings, absolutely continuous and
differentiable on (a,b). If f' € Ly(a,b) and g’ € Lg(a,b), with oo > 1, B > 1 and
é + % < 1, then the following inequality holds:

1

BT el 26)

(b—a) @ P |

._
|

)
S

IT(f,8)| < (3_

Q=
|
=l
N——
Yy
N
|
Q=
|
==
N———

Proof. Let us denote by o, B’ and y’ the conjugate values of o,  and 7.
From (18) we have:

6.9 < 55 //|x— =
[ fr

If y, vy’ are conjugate values such that 1 <y < o, 1 <y’ < f then é é <

+ % = 1. Thus, the condition é + 3 < 1 can be realized by setting such values for
/

1
¥
Y, v" which satisfy 1 — £ >0, 1— % > 0. In this case, let us consider:

L L
1_/ / v —y|@ B (/ (¢ |°‘dt> dxdy
Y Y
L L 75 L+L o
/ / T @ [Coan” aay
y
1-r Y
4 N A a4 [ *
//PH\, Faty| | [ [ s [ aay
a a Ja y

Y

\<\><
=
/—:
=
R
X
=<

N———
U
S
S

=
<
X

~

_ ey (28)

where we denote

b b D
=/ / x = y[ P dxdy,
b L 1
Jzz//\x— of ﬁ/[f n|%dr - dxdy.
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We have for J; and J5:

b X 0 2(b D‘/JF'B/
n=2 [ ax [(woy Fay- 2= (29)
a a ?""F"‘Fl)(a/"—ﬁ/"‘rz)
b X 0, X
L=2[ dx <xfy)a'“"dy/ I (0)|*dr
a a y
b b t SEY
—2 [ ol [ dx [ (-7 Ty
a t a
2
- 1 1 1 1 x
(y+y+l)(a/+y+2)

+2

1
2@ T an

By computing extremal values of the function ¢(t) = (b—a) — (t—a)"— (b—1)",
€labl,r=4+ ﬁ + 2 we obtain:

a<i<b 2

maX(P—(P(to—aer) :(bfa)r—uz(bfa)r[lffﬂ]

and so we have:

)
2b—a)? ¥ e
= ——— 2@ s (30)
(?+y+1)(?+y+2)

Thus we obtain the following estimate for /:

Jo <

IR
D=

I1<J 4

2(b )0‘/ 5'
< [
1 1
(_/+_,+1) (_/+_,+2)

Using (27) we finally obtain:

Y
_ 1 _ 1 _ o
=27 @ .

<I~

Y
o

T
1 2b—a)@ T

7(7.8)| < ; =277 " e
2(b—a) (%+ﬁ+1)(§+ﬁ+2>
1
+A v v
2(b — a’ B’ _L/__l_lf !
x b—q P

1 1 1 1
(y+y+1) (y+y+2)
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+2 L1
1 2(b— ) ty —L L _1naty
S2G—ap’ [1=277 777" P g1l
b=a? (L+g+1)(&+4+2)

wherefrom it follows (26).

REMARK 1. For comparison, the estimate (26) improves (19), since
L1
aﬁ<1for0<é+i<1. Inthecaseofé—k%:O,le

B
00, (19) and (26) coincide.

Q|—|

A better estimation is described in the following theorem.

THEOREM 3. Let f,g : [a,b] — R be two mapings, absolutely continuous and
differentiable on (a,b) and p : [a,b] — [0, ) isintegrable on [a,D]. If f' € Ly(a,b),
g € Lg(a,b) with o > 1, B> 1 and é + ﬁ < 1, then we have the inequality:

177, g5)] < M - max E@F*F 17l (1)
where
M= Vb /abp(X)p(y)(x—y)zdxdy]IEB,
Fo =2 [ poa [ vpo)ay (32)
Proof. Denote
s=l-5- % (33)

Then é + ﬁ =1- é +1-L=1+ g Using (17), it is easy to obtain the following
estimate:

=
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Applying again Holder’s inequality, we obtain as before:

s [monn([0)' ([ rora)’

( / ¢/ (r IBdt> dxdy
S INARL, e —slar)” (tptyie o /yx{f’(t)o‘dt>é><
><(P(%)p(y)x—yl /y |g’(t)|ﬁdt) dxdy

b b %
<3 ( [/ p<x>p<y)<xy)2dxdy> Ual))

Using (11) we finally obtain:

==

==

Bl

(Jp(2)) " .

1

==

1
¢l < 3 | mas PO 171l |, 7)) 1
= Lot | max F@)= B | 1F]1allg’
= oM | max F(O)* 7 | |If[[llg'llp-

In the case p(x) = ;- we have:

max F(t) = —(b— a),

1
a<i<b 4

1—L_ 1
a B
m=g-ar] 7

2 —L-1 AT /
Poa”@ B (b—a)" Bf']all¢lp

1,1
a’p o Ll_ 1
)" 6= Rl

I
sl-
A~
)

Thus we showed:

RI=

COROLLARY 3. For . > 1, B > 1, +% 1 we have:

+

el <5 (3) - FH el (3)

=™

Bl
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REMARK 2. By elementary calculus we can show that & (3)" <
x € (0,1], thus the estimate (35) improves (19). In the case x =
o= f =00, (19) and (35) coincide.

REMARK 3. The estimate (35) is better than (26), since it holds that:

1 /3\" (1—23)>
—| = —_— 0,1).
12(2) SGw@-y FEOD
On the following picture graphs of functions appearing on the left-hand and the
right-hand side of this inequality are plotted.

1102

o =arctan 0.0338
By=arctan 0.0375
oy =arctan 0.0507

{3, =arctan 0.0393

Incases a =B =00 and @ =1, B = 0o (26) and (35) coincide.

4. Comparison with previous results

We shall compare estimate (3) from [4] with the following one which was proved
much earlier in [3]:

_a a _ 1/a B _ 1/B
i< 0 s | (apen] Wl o
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THEOREM 4. It holds
1 [o2e—1 |Verop—1 VP
— < X
1< |awrn) s

Therefore, inequality (3) is stronger than (36).

Proof. Let us calculate first the following integral

: ! a—1 1 : o o 2% 1
I, = - B - 1 2. oo .
a /1 dx/o (x—y)*dy /1 [x (x )¥dx ( )

In particular, for o¢ = 2 it follows that

2 1
12:/ dx/ (x —y)dy = 1.
1 0
By using Hélder’s inequality, we obtain
2 1
1:12:/ dx/ (x — y)dy
1 0

:/lz/ol(x—y)(x—y))%ydydx

1/a

< (/lz/ol(x—y)“x;ydydg (/lz/ol(x—y)ﬁ)%ydydxy/ﬁ

— (1) (15)""
o _ /o _ 1/B
- [awvn] 7]

which proves the theorem.

Acknowledgement. We wish to thanks to the referee for his observations and
suggestions.
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