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MEANS AND HERMITE INTERPOLATION
ALAN HORWITZ

(communicated by J. Matkowski)

Abstract. Let my < mj; be two given nonnegative integers with n = m; +mp + 1. For
suitably differentiable f , we let P,Q € m, be the Hermite polynomial interpolants to f which

satisfy PU)(a) :f(j)(a),j =0,1,...,m and P(j)(b) :f(j)(b),j =0,1,...,my, QU)(a) =
F9(a),j=0,1,...,my and QU (b) = f)(b),j =0,1,...,m; . Suppose that f € C"*2(I) with
f(”“)(x) # 0 for x € (a,b). If my — my is even, then there is a unique xp,a < x9 < b,
such that P(xp) = Q(xp). If m; —my is odd, then there is a unique xp,a < xo < b, such
that f(x0) = 1 (P(x0) + Q(x0)). xo defines a strict, symmetric mean, which we denote by

[ my ma (a,b). We prove various properties of these means. In particular, we show that

f(x) = FmFm+2 yields the arithmetic mean, f(x) = x~! yields the harmonic mean, and
£ (x) = x(m+m2+1)/2 yields the geometric mean.

1. Introduction

DEFINITION 1. A mean m(a,b) in two variables is a continuous function on
Ry = {(a,b) : a,b > 0} with min(a,b) < m(a,b) < max(a,b). m is called

(1) Strict if m(a,b) = min(a,b) or m(a,b) = max(a,b) if and only if a« = b for
all (a,b) e R .

(2) Symmetric if m(b,a) = m(a,b) forall (a,b) € R5 .

(3) Homogeneous if m(ka, kb) = km(a, b) forany k > 0 and forall (a,b) € R; .

Of course, in some cases a mean can be extended to all real numbers, such as with
the arithmetic mean m(a, b) = # . In this paper we define means in two variables using
intersections of Hermite polynomial interpolants to a given function, f . Throughout
we assume, unless stated otherwise, that m, < m; are two given nonnegative integers
with n = my +my + 1. If f®(a) and f* (b) each exist for k = 0,1,...,m; , we let
P, Q € m, be the Hermite polynomial interpolants to f which satisfy

PYa) = f9a), j=0,1,....m and PV(b) =fD(b), j=0,1,....ms, (1)
0a) = fY(a), j=0,1,....,my and QV(b) =f(b), j=0,1,...,mi.
Of course P and Q depend on m;, my, and f , but we supress that in our notation.

Under suitable conditions on f (see Theorem 2 below), if m; —my is even, then there is
aunique xg,a < xg < b, such that P(xo) = Q(xo). If m; —m; is odd (see Theorem 4
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below), then there is a unique xo,a < xo < b, such that f (xo) = 5 (P(xo) + O(x0)).
In either case, xo defines a strict, symmetric mean, which we denote by My ,,, i, (a,b).

The means defined in this paper are similar to a class of means defined in [2] and
[3], which were based on intersections of Taylor polynomials, each of order r. More
precisely, for f € C"*'(I),I = (a,b), let P, denote the Taylor polynomial to f of
order r at x = ¢, where r is odd. In [2] it was proved that if £V (x) # 0 on [a,b],
then there is a unique u,a < u < b, such that P,(u) = P,(u). This defines a mean
m(a,b) = u. These means were extended to the case when r is even in [3] by defining

. Lo . 1
m(a, b) to be the unique solution in (a,b) of the equation f (x) = 3 (P(x) +0(x)).
However, many of the proofs in this paper are more complex than those in [2] and [3]
because the means My ,,, ,,, depend on two nonnegative integers, m; and m; , rather
than just on the one nonnegative integer, r. In [2] the author also proved some minimal
results for means involving intersections of Hermite interpolants to a given function, f .

In particular we proved a version of Theorems 2, 6, and 7 below for the special case
when m; — my = 2. In this paper we prove much more along these lines.

2. Main Results

Our first result allows us to define a mean using intersections of Hermite inter-
polants when m; — m; is even.

THEOREM 2. Suppose that my, < m; are two given nonnegative integers with
my —my even. Let n =my +my + 1 andlet I = (a,b),0 < a < b be a given open
interval. Suppose that f € C"*2(I) with ") (x) # 0 for x € I, and let P and
Q satisfy the Hermite interpolation conditions given by (1). Then there is a unique
Xo,a < xg < b, such that P(xy) = Q(xo).

Proof. We may assume, without loss of generality, that £ **1)(x) > 0 on I. Let
Ep(x) = f(x) — P(x) and Eg(x) = f (x) — Q(x) denote the respective error functions
for P and Q, and let f[xo, X1, ...,x,] denote the n-th order divided difference of f
for distinct nodes xo, xi, ..., Xx,. In general, divided differences at distinct points are

defined inductively by f [xo,x1, ..., x;]] = Loty b ] with f[xo] = f (xo) . For

X0—X;j

sufficiently differentiable f, one can extend the definition of divided difference in a
continuous fashion when the nodes are not all distinct (see, for example, [4]). We let

flxg®, %", ..., x| denote the divided difference where x; appears my times. Using
one well-known form of the error in Hermite interpolation, one has

Ep(x) _ (x _ a)m1+1(x _ b)m2+lf [x7 Clml+1, bmz«H} (2)
and

Ep(x) = (x — a)" (x — bY" U [, @ oM.
Let
() = F a5, o) = f @ 5
Now P(x) = Q(x) <= Ep(x) = Eg(x) <=

(x —a)" " (x) = (x = b)" " ha(x). 3)
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By the Mean Value Theorem for divided differences (see [4]), f[x,a™ ! b™H1] =
f((':jl(ﬁl) and f[x,a™*! pmtl] = %, where §,{, € I if x € I. Thus
Fle @™ o™ > 0 and f[x, @™, 6™ > 0. Now A (x) = Lf [x,a™ !, b™H1] =
£, x, @™t bmFL] (see [4]), which implies that
g [ = @)™ ()]

= (x —a)™ ™K} (x) + (m1 —my)(x —a)" ' hy (x)

— (x o a)mlfmzfl [(X* a)f [x’x’ aml+1’bmz+1} 4 (ml o mz)f [x’ aml+1,me+1H )

Now (x —a)™~™~1 > 0 for x € I. Simplifying the term in brackets using properties
of divided differences yields

(x — Cl)f [_)(,'7)(:7 bm2+17am1+1] + (ml o mZ)f [x’ meH,am‘H}
:f[x,x7 meH,am‘} 7f[x’ bmz+1’aml+l} 4 (ml _ mz)f [x, meH,amlH

=flx,x, b™ @™ + (my —my — 1)f [x, ™ @™t >0
again by the Mean Value Theorem for divided differences. Thus

d
o [(x—a)"™"™hi(x)] > 0= (x —a)" "hy(x)

is increasing on /. Similarly,

d
2o [ =) ()]
— (X o b)ml*mzhlz(x) + (ml _ mz)(x o b)mlfmzflhz(x)
— (x _ b)ml—mz—l [(x _ b)f [x’x’ amﬁl,bm'Jrl] + (ml _ mz)f [x7 Clszrl,bmlJrlH

— (x _ b)nu—mz—l Cf[)@x’ amﬁl,bm'] + (ml —my — l)f [x7 am2+17bm1+1}) )

d
Since m; — my — 1 is odd, T [(x = b)™~™py(x)] < 0 on I, which implies that
x

(x—=b)™~™p,(x) is decreasingon I. Thus (x—a)™ " h;(x) is positive and increasing
on [ and vanishes at a, while (x — b)"™~™2h,(x) is positive and decreasing on I and
vanishes at b. Hence the equation in (3) has a unique solution xo € I. Since
Ep(x0) = Eg(x0), P(x0) = Q(x0), which finishes the proof of Theorem 2. O

REMARK 3. (1) Theorem 1 was proven in [2] using a different approach and only
for the case when m; —my = 2.

(2) Heuristically speaking, we may consider the means defined in [2] as a special
case of the means above, where m; = r and m, = —1. The latter value means that no
values of f or any of its derivatives are matched. However, the formulas we use do not
actually work if m, = —1.

The proof of the following theorem is almost identical to the proof of Theorem 2
and we omit it.

THEOREM 4. Suppose that my < m; are two given nonnegative integers with
my —my odd. Let n =my; +my+ 1 andlet I = (a,b),0 < a < b be a given open
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interval. Suppose that f € C"*2(I) with f"+)(x) # 0 for x € I, and let P and
Q satisfy the Hermite interpolation conditions given by (1). Then there is a unique
x0,a < xg < b, such that f (xo) = % (P(x0) + Q(x0))-

The unique x¢ from Theorems 2 and 4 defines a strict, symmetric mean, which
we denote by xo = My, m, (a,b). It is easy to unify the cases of m; — my even
or odd as follows: M; , m,(a,b) is the unique solution, in (a,b), of the equation
Ep(x) = (—1)™""™Ey(x). Equivalently, My ,, m,(a,b) is the unique solution, in
(a,b), of the equation

(x o a)mlfmzf [x’ aml+1’ bmz+1} — (b o x)mlfmzf [x7 am2+17 bm1+1]. (4)

Asin [2] and [3], we shall see that some of the familiar means, such as the arithmetic,
geometric, and harmonic means arise in certain special cases. For f(x) = x, we
denote My u, m,(a, b) by My m, m,(a,b) for any real number p with p ¢ {0,1,...,n}.
If p=kk € {0,1,...,n}, one can define M, ;n, m, using a limiting argument, or by
defining M, m, to be My, my, Where f(x) = x*logx. This gives a continuous
extension of M, ,,, m, to all real numbers p.

REMARK 5. For any polynomial R € 7,, M¢_gm, m,(a,b) = My, m,(a,b).

The following three theorems are the analogs of ([3], Theorems 1.3 and 1.4) and
([2], Theorem 1.8) for Hermite interpolation.

THEOREM 6. If p = my + my + 2, then My, my(a,b) = A(a,b) = 4L

Proof. If f(x) = x™*™*2 then by the Mean Value Theorem for divided dif-
ferences, f[x,a™ 1 bt = fx,a™ ! ™| = (m; + my + 2)!. Thus the unique
solution, xo, in I = (a,b) of the equation Ep(x) = (—1)"""™Ep(x) is the unique
solution of (x — a)™ =™ = (—1)™~"2(x — )™ =™  which implies that xo = 2.

0

THEOREM 7. If p = —1, then M, m,(a,b) = H(a,b) = % for any m; and
my.

Proof 1f f (x) = L, then f [0, x1, ..., x,] = WE;I)Z" (see [6], page 11, formula (4)].
It then follows easily that f [x,a™ !, b1 = LU and flx, gt pmtl) =

Thus the unique solution, xo, in I = (a,b), of the equation Ep(x
(—=1)ym~=mEq(x) is the unique solution of

aMm+ipmi+Iy «

my+m: my+m
( o )ml*mz (*1> 1 _ (71)}1117}712( o b)ml*mz (71) 171
X a ami+ipma+ly = X a2 +1pmi+lyo

which is equivalent to (x — a)™~™p™m " = (x — p)™m—MgMm M —p x =
d

2ab
a+b *

Theorems 6 and 7 show that the arithmetic and harmonic means arise as the x
coordinates of the intersection point of Hermite interpolants. Our next result shows that
the geometric mean arises as well, but the proof is considerably more difficult.

THEOREM 8. If p = %’”ﬁl, where my + my is even, then My, m,(a,b) =

G(a,b) = ab.
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REMARK 9. Theorem 8 does not hold if m; 4+ my is odd. In that case, p is a
positive integer strictly less than m; 4 m, + 1, which implies that f ("172+2) )(x) = 0.

Before proving Theorem 8, we need three lemmas.

LEMMA 10. Let m; > 0 be any integer. Then

my

SO 1F) (1= b = b S (A (1= b)b K b £ 0

k=0 k=0

(5)

Proof. We use induction in m; . First, it is trivial that (5) holds when m; = 0 or
my = 1. Now let G, (b) = kfj(—l)k("“k/z)(l — b)* and Hy, (b) = b™ - (M/)(1 -

b)*b~=* denote the left and right hand sides of (5), respectively. Then

my+2

Guia(b) = 3 (D™ (1 - b)f
k=0
— (_l)ml+l (n;,’l,l{?:il)(l _ b)m1+1 + ( m1+2 (m;]{i;l) _ ml+2

— (_l)n11+1(n11/2+1)(1 . )m1+1

m1+2 (m1/2+1) _ ml+2
my+1

my+2

+ G, (b) = (1 = b)G, (b) — >m1+2('",;{2)<1 byt

_ mel (b) + (_l)m1+1 (n;%%jl)(l _ b)nn+1 + (_1)n11+2 (mr;{%;l)(l _ b)m1+2

_ (_l)ml+l (m1/2)(1 _ b)”71+1_

m

+ %(_ ) (ml/Z)( ) Z k+1(m1/2) k+1
k=0 k=0
+ (=1
(-

Itis easy to show that ™ G,,, (1) = Hy, (b). Thus

Hp42(b) = bn11+2Gm1+2 (%)

— bm1+2(_l)ml+l (m;]{?:il)(l_l/b)m1+l+bm[+2(_l)m[+2(n;’]/l{i;l)(l_l/b)n11+2

+ bi?qule1 (%) _ berZ(il)erl (m,;1{2)(1 B l/b)m1+l
= bH,, (b) 4+ b(—1)™*! (ml/2+l) (b

my+1

my+1 (my /2 my+1
— (=1 () (b - 1),

Assuming that Gy, (b) = Hy, (b) , we have that

l)ml+1 + (71)m1+2(m1/2+1>(b o 1)m1+2

my+2

G +2(b) = Hp12(b) =
(71)ml+1 (mnz{%jl) (1ib)ml+l+(71)m1+2 (ml/2+l) (lib)n11+27(71)n11+1 (mnz{2) (1ib)m1+l

my+2

— b(*l)mlJrl (mnll{itl) (bil)n11+l+(71)ml+2 (mr:l{%rél) (bil)m1+2

_b(_l)ml+l (m1/2) (b_l)ml+1.

mi



80 ALAN HORWITZ

If m; is even, then the equality holds trivially since all terms involved are 0. So assume
now that m; is odd. Then

G, 42(b) = Hy12(b)
(m1/2+1)( )m1+1 o (ml/2+l)(1 . b)nquZ . (m1/2)(1 o b)m1+1

!

my+1 mi+2 m
= B b~ 1) — (b~ 1) b~ 1
i (= 21— b — (31— b =0
= (W0 =205 - () =0
= (mi) 205 =0
o GO () -3
o Bl e tnin)
= (m +2)mi(my —2)---(—my) — (my +2)my(my —2)---(—my) = 0.

That completes the proof of Lemma 10. ]

LEMMA 11. Let m; and my be any integers. Then if y > 0,

my
kz:“o (szrmnzlfk) ((mz+:11)/2)(_1)k(1 _ ) _ yml kz_: (szrmnzl k) ((;712+Z11)/2)(1 _ y)ky_k

Proof. 1Tt is not hard to show, using, for example, the methods in [8], that

my

by & (I = o (= b m =),
my k=0 .

where 2F ([a, b],[c],z) is the hypergeometric function Tb) %7 - Thus it suffices

k=0
to prove that

2y (—3my — gmy, —my; —my — my;1 — )
=y"F (-%ml —dmy,—mys —my —my; = 1) .
The latter equality follows from the identity (1—x)”F) (a, b; c¢; x) = »F) (¢ — a,b; c;
ﬁ) ,x ¢ (1,00) with a = —%ml — %mz,b =-my,c=-m —my,and x=1—y
That proves Lemma 11. (]

We now use Lemmas 10 and 11 to prove the following identity.

LEMMA 12. If my > 0 and my are any integers, if p = %”ZH, and if b # —1
and b # 0, then

§1 75" ) (k) (1 )R8 = 8 () (0) (1 (1)1
k=0 1=0 k=0 =0

REMARK 13. The lemma actually holds if m; is a negative integer if one interprets
both sides of the equality to be O in that case.
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Proof. We denote the left and right hand sides in Lemma 12 by

L) = 525 () Q1A= br )

Rum(®) = 07 3275 () ()1 = 01+ 5)

respectively. Here we used the identity (’"2”) = (™). Thus, to prove Lemma 12, it
suffices to prove

Lon, my (b) = Ry, my (). (6)
We shall first prove the recursion
Lml+1,m271(b) (7)
mi+
= 525 Lin o (b) + kzo (" (B) (1M1 = b)R(1 4 )ik

Throughout we use the identities ("Zl) = (4) + (,",) . which, in particular, implies
that (m”ll_l) = (”’21”) - (mzltll_ 1) . In addition we use the fact that (fl) = 0 for any
whole number, n. Now

Ln11+l,mz—1(b)

_ mlz+:1 mli—k (m2+llfl) (i)(—l)k(l o b)k(l + b)_z
k=0 =0
~ G BT @
= Gt BTSN pr
S ) ) (<R — B+ )
k=0 =0
= () (1P ) 52 () () (A1) (L)
k=0
S8 ) () (k1 — Bt 4 b
k=0 =0
e TAICH TR R
S ey @) (11— (1 4 b)
k=0 [=0
— "]zlz;il (mznzril;k) (Ili)(_l)k(l o b)k(l + b)_"“_Hk
my mp—k

+> g (mzl+l) (Z)(_l)k(l _ b)"(l —l—b)—l
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B ZZ (") @D = b1+ )
= "uzj:l (mznz'il;k) (z)(—l)k(l _ b)k(l + b)—nu—lJrk

F3E (N Q) 0H—  )

k=0 =0
—(1+ b)—1 % mlik (mzl+l) (Z)(_l)k(l . b)k(l +b)—l
k=0 =0
= () () (D 1D +B) Ly (0)=(145) L ()
k=0
= b%Lml,mZ(b) n mil (mz+n;2+1—k) (i)(fl)k(l _ b)k(l + b)—ml—l+k'
k=0

That proves (7). It is easy to show that

bmlel,mz (%) = leymz(b)' (8)
Thus by (8) and (7),

Rm1+l,mz—l(b) = bml+1Lm1+l,mz—l (%)

my+1
= pmt! (ﬁLml,mZ (1) + klgo (e (i)(l)k(l1/b)k(1+1/b)m11+k>

my+1
:bmlJrl (ﬁLmIJ/”Z (%) + kz_:o (mz+n:'tz+l—k) (i)(l 71))]{(1 +b)—m1—l+kbml+l—2k>

il

my+1
= (5L ()5 (7 Q0 =04yt

my+1
_ l,fi_lRmhmz(b)‘i’ ]{Z%) (m2+m1+17k) (i)(l7b)k(1+b)7mlfl+kb2m1+272k.

my
That yields the recursion

le+l,fﬂ2*1(b) (9)
my

= LRy () + ":Z::: (L) () (1 p)R(1 4 ) kR t2-2k,
In a similar fashion, one can also prove the recursions
L1 (b) = B Ly (b) = B5H(=1)"™ () (1 = )™ (10)
_;%1 iél(—l)k(mt’?ﬂkﬂ) (i)(l — DYk(1 4 b)~(m—H)
and
Riy—tmy+1(0) = 25 Ry (0) = 5 (=1)™ (1) (0 — )™ (11)

_% (_l)k(eranzJ:lkJrl) (i) (b _ 1)k(1 + b)—nu+kb2nu—2k
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We now use induction to prove (6). We start the induction with m; = —1 and m;

any fixed non—negative integer. In that case the only nonzero term on both sides of (6)
mp mp

occurs when [ = 0, which yields kz_%)(fl)k(m‘k/z) (1—b)k =pm kz_%) (m‘k/z) (1—b)*pF,

which is precisely Lemma 10. Proceeding with the induction, we assume now that

Ly, my(b) = Ry m, (b) . Then, using (7) and (9), it follows that

Lm1+1,mzfl(b) = leJrl,mzfl(b) —

my+1
S () () (DKL~ (L 4 b1
k=0
= mlil (mﬁnxzﬂfk) (@(1 — bYK(1 4 b) Ik p2mA2=2k ey
k=0
il my+my+1—kY (p k 2\k 2\ M+l oS my+my+1—ky (p 2Nk (12) K
kZ:O ( my )(k)(_l) (l_b) = (b) kE*:O ( my )(k)(l_b) (b)

(12)
(12) now follows from Lemma 11, by replacing m; + 1 by m; and letting y = b*.
That proves, with the assumption Ly, m, (b) = Ry, m, (b), that

Lm1+l,mz—l(b) = le+l,m2—l(b)- (13)
Also, using (10) and (11), it follows that

Lml—l,mz+l(b) = Rm1—1,m2+1 (b) A

(71);711(P)(1 _ b)ml + ilz_%)l(l)k(m1+rrrlr;z+—lk+l> (i)(l _ b)k(l + b)f(mlfk)

mp

_ (_l)ml(p ) (b _ l)ml + mlz:‘l(_l)k(mﬂrnrgi—lkﬂ) (1;;) (b _ l)k(l 4 b)—m1+kb2m1—2k_
k=0

mi

To prove this equality we consider two cases.

Case 1: m; iseven
We must show that

m 1 k (mi+my—k+1\ (p 2\k 2m; m1 mi+my—k+1\ (p 1—p% k
kz::o(_l) ( my+1 )(k)(l_b) =b kz::o ( my+1 )(k)( 2 ) )

which is equivalent to
my—1
DI = E () ()

mp—1

m;
k=0 ? =

upon replacing m, by m, — 1 and letting y = b?. Hence we must prove that

m
Z(—l)k(’711+n]27k) ((m2+]?“)/2)(1 _ y)k _ (_l)ml ((sz;?l)/Z) (1 _ y)ml

k=0 e

= S () () () () (1) =
m m k
S (DR () (1 )k =y 3 () () (A5

k=0 k=0
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which follows from Lemma 11.

Case 2: m is odd
‘We must show that

m;—1

_ (p)(l _ b)ml + (1 —l—b)_ml Z (_l)k(mﬁrmszﬂ) (i)(l _ bZ)k

m my+1
1 ) 2

my—1 k
— (yfl)(l o b)ml 4 (1 4 b)fmleml ]:Z%) (ernlgzikJrl) (7() (1;_2})2) —

mp—1
= () (=)™ + X (DF D @ - o)
my—1 k
= (L) =py e S (e @) ()
Replace my by my — 1 and let y = b? to get

m;—1
((mzt:ln)/Z)(l . y)ml + Z (_l)k(’711+,::;27k) ((m2+]1<111)/2)(1 _ y)k

k=0
mp—1 k
_ ((sz}r?ZH)ﬂ)(l 7y)ml +yml ]:Z:%) (mlJrerr;z—k) ((mz+]:n1)/2) (?) —
_((mZ‘;;”fl>/2) (1_y)m1_|_:z;‘o(_l)k(mlt::;rk) ((mz+g11)/2)(l_y)k+((*712+n;7111)/2)(l_y)nu
_ ((sz}rﬂr:u)/Z)(liy)m1+yml % (mltgz—k) ((m2+]:nl)/2) (?)k 7yml ((mztnnlu)ﬂ)(?)ml

k=0
m

ny Nk
= BEDCE - = () ()

which is again Lemma 11. That proves, with the assumption Ly, s, () = Ry, m, (),
that

Lml—l,szrl(b) :le—l,mz+1(b)' (14)

The case m; = —1 and (14) shows that (6) holds when m; = m; and m; is any
non-negative integer, or when m; = my + 1 and m; is any non-negative integer. (13)
now shows that (6) holds when m; > 0 and my are any integers. That finishes the
proof of Lemma 12. |

We are now ready to prove Theorem 8.

Proof. We now use a formula due to Spitzbart (see [9], Theorem 2), which expresses

divided differences of the form f[x?' x['*' ... x/*!] with confluent arguments as

a linear combination of the values of f and its derivatives at xg,xj,...,x,. Using
S(x)=x,x0 =x,x1 =a,x, =b,rp =0,r; = my, and r, = m,, one can write

f[x, am[+l7bm2+l] _ Al +B1 + C], (15)
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where
my my—k
A = Zl: 12: (7mlzfl) (ml:llc—l) (Z) (a _ b)—mz—l—l(a _ x)fmlflJrkJrlapfk’
k=0 1=0
my my—k
Bl — ZZ: 22: (—mll—l) (mz:]lc_l) (i) (b o a)fmlflfl(b o x)fmzflJrkJrlbpfk’
k=0 =0
and
Cr=(x—a)™ Y x—b)ym ¥ (16)
Using the identities (mj:liil) = (=1)"(—1)*" and (7"’{71) = (—1)’(’“/”) j=1,2

to simplify the expressions for A; and B; yields

= Z mz (mz+l)( )(71)m1+k(a _ b)—mz—l—l(a _ x)_ml_HkHa_k, (17)

k=0 [=0
my mpy—k

B, = b Z Z (ml;:’l) (Z)(—l)szrk(b _ a)—ml—l—l(b _ x)—mz—1+k+lb—k
k=0 =0

By switching m; and m; we obtain

fled™ 0"t = Ay 4+ By + G, (18)
where
my mpy—k
Ay =d’ Z Z (m};;rl)( )(71)m2+k(a . b)fmlflfl(a - x)7"1271+k+la7k7 (19)
k=0 [=0

= Z le: (m2+l)( )(71)m1+k(b _ a)fmzflfl(b _ x)fml,prkJrlbik7

=0 i=0 =™
C=x—a)™" l(xf b)~ m—lyp,

Now letting x = 1 and a = ; in (15) and (18) yields

Hm (A1 +B+C) = bmzf[l, (l/b)m1+l7bmz+l] (20)
b (A2 + B, + C2) — bmlf[l, (1/b)m2+17bm1+1]7

After some simplification, we have

™A = (—1)m1bm1+2m2+2*17(1 _ b)*mlfmsz(l + b)*mzfl

S - b by
bm2B1 — (_ )mlbn11+mz+p+l(1 _ b)—nu—mz—Z(l + b)_ml_l

my mp—k

X 2 (@A =B+ ),

k=0 [=0
bmzcl — ( )m1+1(1 b) my—np— 2bm1+m2+17
bmlAz — (71)m2bmz+2ml+2—p(1 _ b)—ml—mz—2(1 + b)_ml_l

my mp—k

S (M) (=DRE) (1= b1+ b)

k=0 [=0
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bm1B2 — (_1)m2bn11+m2+[7+1(1 _ b)—ml—mz—Z( + b) my—1

S5 () (1) (1 — b1+ )i,
k=0 1=0

and b™Cy = (—1)"F1(1 — p)=m—m=2pm+m+l We claim:
™AL =b™B,y, b™MA, =b™B;, b™C; =b"Cy, b#+l. (21)
It is trivial that ™ C; = b™ C, . Now
™A =b"B, <—

( )mlbml+2m2+2 p(l b) my—my— 2(l—|—b) my—1 Z Z (m;;rl)( l)k(i)(l—b)k(l-f-b)_l

k=0 =0
:( )nlzbm1+m2+p+l(l b) my—nmp— 2(1+b)—m2 lgl:mlz:k (mz+l)( )(1 b) (l—l—b)_lbl_k
k=0 1=0
—

§ "S5 ) (R ) (1)) T = 3 ) () (1) (1)
k=0 1=0 k=0 1=0

(22)
and

bmlAg = bm2B1 <

(-t 2ma (1) o1yt $5 S () (@) 1) (1)

k=0 =0
:( )mlbm1+mz+p+l(l b) my—my— 2(1+b)—m1 l%mzzz (erl)( )(1 b) (1+b)—lbl—k
k=0 =0
—
my my—k my m
S ) @) (bR 5) = b 5 () () (1= b1+ b,
k=0 1=0 k=0 [=0

(23)
(22) is precisely Lemma 12, and the proof of (23) is very similar to the proof of Lemma
12. More simply, one can just interchange m; and m; in Lemma 12, since Lemma 12
actually holds for all integers m; and m (see the remark following Lemma 12). That
proves (21), which immediately gives

b™ (A1 + By +C1) =p™ (A2 + B+ (). (24)

Now, if f(x) = xlmitmat1)/2 , then M), ,,, »u, is a homogeneous mean. Thus it suffices
to prove that M, m, (3,5) = 1,b # 1,b > 0, which is equivalent to

(1 _ %)mf[l, (l/b)m1+l7bmz+l] _ (1 _ b)mf[l, (l/b)m2+l7bml+l]
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1
by (3) with a = 3 and x = 1. Alittle simplification yields »™f [1, (1/b)™*!, p"+1] =
bMf(L, (1/b)™F1 pm+1]  which follows directly from (24) using (20). O

REMARK 14. There are various well known integral representations for divided
differences which might be used to give a shorter proof of Theorem 8. This author,
however, was not able to make such a proof work.

Before proving our next result, we need a theorem about Cauchy Mean Values,
which have been discussed by many authors. In particular, we use results from the paper
by Leach and Sholander [5]. Let I be an open interval of real numbers and consider
two given functions f,g € C" (I). Suppose that g")(x) # 0 for x € I and that ¢ is

(n)

monotone on [, where ¢(x) = ’; o EX Given n+ 1 numbers {xo,xy,...,x,} C I, there

is a unique ¢, min {xo, X1, ...,x,} < ¢ < max {xg,xy,...,x,}, such that ’% =
() ..

j; (n)g ; Of course, if the xg, x1, ..., x, are not distinct, we use the extended definition

of the divided difference f [xo,xi,...,x,] for confluent nodes. This defines a mean
¢ = My 4(x0,x1, ..., x,) . We state the following result of Leach and Sholander from ([5],
Theorem 3) with the notation altered slightly for our purposes.

THEOREM 15. If ¢'(x) is never O on I, then %Mfwg(xo,xl,...,xn) > 0 for
k=0,1,..,n

Now we prove the following lemma.

LEMMA 16. Let I = (a,b),0 < a < b be a given open interval, let my < m; be

two given nonnegative integers, with n = my +my+ 1, and suppose that f , g € C"+*(I)
with £+ and g"+Y) nonzero on 1. Assume also that g"*V) (x) and ¢'(x) are never

0 on I, where ¢(x) = ’CE,;—UE; Let {p, 8o € I be the unique values satisfying
f[x,amlﬂ,bmzﬂ] . f(n+l (&p) and f[ramzH b’”l“] f("“)(éb) Then gP < gQ

ST = g (¢ ) glra@ L pmF] T g(n+1)(§Q> .

1 1
il it flxox1,...xn]

Proof. fizmﬁl T = o] where xg = x,x; = --+ = Xp,41 = a, and

my+1 pmy+1
X4z = o = Xpyims2 = b, while [[ijm;lz,’jmiﬂ} =1L ggg::jj”j where xo = x,x; =
=Xyt =@, and Xy,40 =+ = Xppmpr2 = b. Then Cp = My (x,a™ 1, pmt1)
and {p = My, (x,a™", b”““) , where My, denotes the mean defined above. Since
my < my and a < b, by Theorem 15, {p < {p. O

Recall that the means discussed in this paper are denoted by My u, m,(a,b),
where My u, m,(a,b) is the unique solution, in (a,b), of the equation Ep(x) =
(=1)ym~mEq(x), Ep(x) and Eg(x) given by (2). We now prove a result about when
Ms p, m, and Mg, , are comparable. For any sufficiently smooth f, we let Py and
Oy denote the Hermite interpolants satisfying (1). We also let Epy = f — Py and so
on.

it
THEOREM 17. Suppose that ¢ = 70 +1) is strictly monotonic on (0,00), where
f,g € C”“(O,oo). Then the means Mf,ml’m2 and Mg, m, are strictly comparable.
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That is, either My, m,(a,b) < Mg, m,(a,b) or My, m,(a,b) > Mg, m,(a,b) for
all (a,b) € R .

Proof.  Suppose that My, m,(a,b) = gml m(a,b) = xo for some (a,b) €
O = {(x,y) : 0 < x < y}. Note that g(xo) — Pg(xo) # 0 and g(xo) — Qg(x0) # O
since g"*1) is nonzero on I. Then Epf( x0) = (—1)™""™Eps(x0) and Epg(xo) =
Epy (s

(=1)™~"™Eg,(xo), which implies that - ()tz) — Eorlw) By (2), we then have
8

- EQg( )
f[xo,amlﬂ,meH] o f[xo,amZH,bmlH] L t
g[xo,umlﬂ,bmzﬂ] - g[xo,umzﬂ,bmlﬂ] . €

-1 o, m1+1’bm2+1 —1 o, m2+l’bm1+l
mp+1 pmo+1 moy+1 pmy+1
ByLemma 16, {p < {p, which contradicts the fact that fg [[igz,,,i H”:m;l}] = fg KSZ”; H”:miﬂ}] .
Thus Mg i, m,(a,b) and Mg, m,(a,b) are never equal on O. Since My, », and
Mg, m, are each continuous on O and O is connected, that proves that either
Mfﬁll,mz (a> b) < Mg,ml,mz (a7 b) or Mf,ml,mz (a7 b) > Mg,ml,mz (a7 b) for all (a7 b) €0 by
the intermediate value theorem. Since the means My, ., are symmetric, that proves
Theorem 17. [l

THEOREM 18. Let mp < m; be two given nonnegative integers with n =
my+my+1, and supposethat f, g € C"2(0,00). Then My, my(a,b) = Mg, my(a, b)
forall (a,b) € R ifand only if g(x) = cf (x) + p(x) for some constant ¢ and some
polynomial p € m,.

Proof. (<= Suppose that g(x) = cf (x) + p(x) for some constant ¢ and some
polynomial p € m,. Then it is trivial that P = P, and Oy = Q,, which implies that
Mj iy (@, ) = Mg, my(a,b) forall (a,b) € %*

(= Suppose that My, m,(a,b) = Mg,ml’mz(a,b) for all (a,b) € R, and

(n+1)
assume that ¢(x) = j;(,?l)g;
strictly monotone on some open interval I since ¢’ is continuous. Arguing exactly
as in the proof of Theorem 17, with I replacing (0,00), we conclude that either

My iy my (a,b) < Mgy my,(a,b) or My, my(a,b) > Mg, my,(a,b) for all a,b € I,

(n+1) . .
which is a contradiction. Thus T)E*; must be a constant function on (0, 0o0), which

is not a constant function on (0,00). Then ¢ is

then implies that g(x) = ¢f (x) + p(x) for some constant ¢ and some polynomial
pET,. O

The proof of the following theorem is very similar to the proofs of ([2], Lemma
1.2) and ([2], Theorem 1.4 and its Corollary), and we omit them.

THEOREM 19. Suppose that f € C”+2(0, 00) and that My y, m, is a homogeneous
mean. Then ") (x) = cx for some real numbers ¢ and p.

Theorem 19 implies that the means M, ,,, ,, are the only homogeneous means

among the general class of means My, 1, -

THEOREM 20. M, m,(a, D) is increasing in p for each fixed mi,my,a, and b.
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Proof. Let f(x) = x"',g(x) = x**, where p; < p2. Then ¢(x) = % =
xP17P2 s strictly monotonic on (0,00). Let 0 < a < b be fixed and let O =
{(p1,p2) € R2 : p1 <p2}. By Theorem 17, My, , m,(a,b) # My, s, m,(a,b) for all
(p1,p2) € O. Since O is connected and M), ,, m,(a,b) is a continuous function of
p, either My, m,(a,b) < Mp, s, m,(a,b) or My, s m,(a,b) > My, u, m,(a,b) for all
(p1,p2) € O by the intermediate value theorem. By Theorems 6 and 7, we must
have My, m, (@, 0) < My, . m,(a,b) for all (pi,p>) € O since it is well known that
H(a,b) < A(a,b). Since a < b was arbitrary and M, ,, m, is symmetric, that proves
Theorem 20. g

The following theorem discusses the asymptotic behavior of M, ,,, ., as p ap-
proaches oo or —oo

THEOREM 21. lim M, m,(a,b) = max{a,b} and lim M,,, m,(a,b) =
p——o0

p—00
min{a, b}.

Proof. Since M, m,(a,b) is symmetric, we may assume that a < b. We
prove that lim M,, m.m»(a,b) = b, the proof of the other case being similar. By
P—

(4), (15), and (18) bm.m, (@, b) is the unique solution, in (a,b), of the equation
(x—a)™ ™ (A + B+ C1) = (b —x)™ "™ (Ay + B, + C2), where f(x) = x” and
Aj,B;,Cj,j = 1,2 are given by (1 ) ( 9), and (16). For a < x < b, it follows

easily that (Asbl” w B) (C) 7 ) and (”Csbp each approach 0 as p — oo.
my

In the double summation for B;, take k = m;, which implies that / = 0 and thus
® ijp — (b—a) ™™ Y(b—x)"'b~™as p — oo. Thus (x—a)™ "™ (A + By + C;)—
my
(b—x)"~" (Ay + By + C3) — —(x—b)"m =™~ (b —a)~™~1p=™ as p — oo, which
easily implies that M, ,,, , (a,b) must be approaching b if m; —my > 1. We now
consider the case m; = 1, my = 0 separately. Then M, ,,, m, (a,b) is the unique
solution, in (a, b), of the equation (x — a)f [x,a,a,b] + (x— b)f [x,a,b,b] = 0,f (x) =
[Q=f(@=(—a)f"(@) f(b)=f(a)=(b=a)f '(a)

—a)” (b—a)® and f[x,a,b,b] =

x’. Using f[x,a,a,b] =
[ B)—x=b)f"(b) fla)=f(B)—(a=b)f "(b)

G—b)” — (b—a)” , some simplification yields the equation L, (x) =

0, where L,(x) =2( —a’)(b—a) —2(F —a’) (x —a) —p (bP~' —a" ") (x —
b)(x—a).Fora<x<b, p(}f,’,’—(jl,,) — $(x—b)(x —a) as p — cc. Since My, m, is
increasing in p by Theorem 20, M), ,», m,(a, b) must be approaching b as p — oco.

0

x—b

3. Special Cases

We now investigate the special case when m; —my = 2, where m; +m; iseven. In
this case, the mean My ,,, ,,, can be obtained by solving a linear equation. In particular,
if f(x) = x” where p is an integer, then M,, ,, ,», is a rational mean. Since PY)(a) =
09 (a) and PY)(b) = QU (b), j=0,1,...,my, P— Q has zeros of multiplicity m, + 1
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at x = a and at x = b. Thus P(x) — Q(x) = (x —a)™ " (x—b)™*'R(x), where R is a
polynomial of degree m; —m;, — 1. Using the formulas in [1] for Hermite interpolation,
one can directly compute the polynomials P and Q which satisfy (1).

Py = (s22)"" S el oy (=) 0 ) 25)

a—b =i J!
a mi+1 my my—j bV /m — k.
=) L5 e (=) e
Jj= =

and

oty = (=)™ e ) (=2) 0 @ (26)

j=0 k=0
—a my+1 my mi—j bV /m — k.
H(=)" R S e () e
==

Since m; — mp = 2, R is a linear polynomial, which implies that P(x) — Q(x) =
(x — a)™*!(x — b)™*1(cx + d) . We now determine ¢ and d. First,

am2+lbm1+lf [O’amzﬂ ’bm1+l]_aml+lbmz+lf [O’am1+l’bm2+l]
M+ pmy+1

d = PO=00) _ EgO)—Ep(0) _
T gmtlpm+l T gmy+lpmp T T

— bmlfmzf [0’ amz+17bm1+l] o amlfmzf [07am1+17bm2+1} —

d — be [07am2+1’ me+3} _ a2f [07am2+37 bm2+1] (27)
Again, using the formula discussed earlier due to Spitzbart (see [9], Theorem 2),
my mp—k
f [07 am1+1’ bmﬁl} _ kz%) 12% %(71)ml+k (m;721z+l) ((1 o b)*i7127171a7i71171+k+{f‘ (k) (a)
my my—k
+ ZZ: 22: %(71)mz+k(m1+l) (b o a)fml7171b7mzfl+k+lf(k)(b)
k=0 i=0 "
Fam b (0),
and
my mp—k
f [07 am2+1’ bmﬁrl} _ kz%) 12% %(71)mz+k (mnl“+1) ((1 o b)*i7117171a7i71271+k+{f‘ (k) (a)

+ % mik L(il)mﬁrk(mfrl) (b o a)fmzflflbfmlflJrkJrlf(k)(b)

my
+ a—mz—lb—ml—lf (0)

Letting m; = m, + 2 gives

my my—k
F10,am 53] = 525 L (1 (e 2) (0 ) R ) )
k=0 [=0
my+2 my+2—k ;
+ Z Z %(_1)mz+k (m;;r)(b _ a)—mz—l—lb—mz—3+k+lf(k)(b)
k=0 I=0

+ a—mz—lb—mz—Bf (0)7



MEANS AND HERMITE INTERPOLATION 91

and
my+2 my+2—k

f[o7anlz+37 bmz+1] = %(_l)mz+k(mnz;l) (a — b)_mz—l—la—mz—3+k+lf(k) (a)
k=0 =0
my my—k

+5 > k'( )szrk(mj;ri;rl)(b_a)—mz—3—lb—mz—l+k+lf(k)(b)
k=0 =0

+am I (0).
Hence, by (27),
d= b2f [07 am2+17 bm2+3] _ aZf [07 am2+37 bm2+l}

my my—k (_l)mﬁk
k!

my+1+2 b2( b)—n12—3—la—mz—l+k+lf(k)(a)
& 5 ( my+2 )
N m§2 mzi—k (—1]);”2+k (m2+l) (b _ a)—mz—l—lb—mz—1+k+lf (k)(b)
k=0 i=0 ' "
my+2 my+2—k my+k
+ a—mz—lb—mz—lf (0) _ Z Z (*12' (m2+l) (a _ b)—mz—l—la—mz—l+k+lf(k)(a)
! my
k=0 =0

my my—k (71>m2+k

5 (m;;ri;rl) a2 (b_a)7171273flbfmzfl+k+lf (k) (l’)) _afmzflbfmzflf (0)

k=0 [=0

my my— k( m2+k

=X 2
. (b2a7mz 1+k+lf(k)(a) + (71)m2+la2b7mzfl+k+lf(k)(b))

(5 @ )

my+2 my+2—k iy +k
—1)ym2 m—1—
+ kz:ﬂ lz% ( ])d (m;;l) (b —a)™™ 1—1

. (b—mz—lJrkJrlf(k)(b) + (_1)m2+la—m2—l+k+lf(k)(a)) )
Now we find ¢. It is not hard to show, using (1), that the coefficient, cpu, m, Of the
highest power in P, which is x™*"™*1 s given by
mi (’"Zt";”l J)f(l( ("12+m1 J)f(l( )
J'(u b)m22+1 b—a)™ —J + Z 1(b— a’"l“ (a— b) —J

j=0

or

—ym (&Y T e Ve (") o-aff D)
CPmy.my = (b_(a>nl12+mz+l (Z ( L j!) - Z ( . )j! (28)
=0 =0
Similarly, the coefficient, cgm, m, of the highest power in Q, which is x™m+! g
given by

my (m2+ml _/)f(] my (m2+ml J)f(]()
Z:] (a b)’”l“ b a mz —J + Z b a m2+1 a b) —j
or
_ym m 1y '”2+n'1”1*j (b—a)f D (b) my mzt;”l*j (b—aYf 9 (a)
COmi,my = (b,<a>m3+m2+1 (Z(:) ( 2 j!) - 2;)( L )j! (29)
J= J=
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Hence

Ve BN G [ A O R Gl Vil G [ e DA )
(b(,a)n)qwnzﬂ (2(:) 2 i - Z(:) L il
J= J=

(—1ym+ (% (") (b—ayf 9 (a) B % (1y'('”2+m";11')(bay'f<f>(b)> .
J=

— (bia)mlwnﬁl i J'! J':() J'!
& (") b=y (=)™ D (@) = (= 1)" V) (b))
¢ = (b—a)m11+mz+1 Z ( . ) Jil (30)
j=0
m2+m1 “N(b—a 1™ o) 1m2He0) (p
+ b= a}711+)712+l Z ( ) y J,f @+C1) L >)
Using m; = my + 2 gives
Mf my mz(a b) (cl>
where
my mak 1 mo+k (ma+I4+2 —mp—3—I1
d = 3 > g0t (s ) @—b)
k=0 [=0
. (b2a—mz—l+k+lf(k)(a) + (71)mz+l(12b_m2_l+k+lf(k) (b))
my+2 my+2—k .
HE S e - 0 a1
=0 =0 :
. (b7m271+k+lf (k) (b) + (71)mz+la7mzfl+k+lf (k) ((1))
and
ym my+2 2’7127:Lr27j (b_a)] )]+lf(1 f(/)( ))
¢ = (b(,al);mzﬁ s ( . ) 7! (32)
j=

o () o= aY (1) )41 @)

b a 2m2+3 Z ]!

We now examine three special cases. For m; = 4 and m, = 2, using (31) and
(32), we have

24 (b — a) = 840(f (b) — f (a)) + 120(3a —4b)f '(b) + 120(4a — 3b)f '(a)
+60(b—a)((2b—a)f "(b) — (b—2a)f "(a))
—4(b-a) ((b—4a)f " (a)
+ @b —a)f (b)) + (b—a)’ (af""(a) + bf " (b))
and
—24 (b — ) *—IZO(f (b)

—f'(a)) +60(b —a)(f "(b) + " (a))
—12(b—a) ("

1 (b) _ ///(a)) + (b _ a)?) (f////(b) +f////(a))-
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Thus
Mf7472(a,b)
_ 840(f (b)—f (a))+120(3a—4b)f ' (b)+120(4a—3b)f ' (a)+60(b—a)((2b—a)f "' (b)—(b—2a)f "' (a))
—120( " (b)—f "(a))+60(b—a) (f "' (b)+f "' (@) —12(b—a)*(f """ (b)—f """ (@) +(b—a)’ (F""" (b)+f """ (a))
+ —4(b—a)*(b—4a)f " (a)+(4b—a)f "' (b >) +(b—a) (af""(a )+bf"”( )
—120( "(b)—f "(a))+60(b—a) (f "' (b)+f ""(a))—12(b—a)*(f """ (b)—f """ (@) +(b—a)* (""" (b)+f """ (a))

For m; =3 and my = 1, again using (31) and (32), we have

6(b—a)"d=—60(f(b) — f(a)) + 12(3b — 2a)f ' (b) — 12(3a — 2b)f '(a)
+3(b—a)((@a=3b)f"(b) + (b —3a)f "(a))
+(b—a)’ (bf "'(b) —af ""(a))

and

—6(b—a)" ¢ = —12(f'(b)—~f"(@))+6(b—a) (f" (b)+f " (a))— (b—a)* (f "' (b)~f " (a)).
Thus

My 3.1(a, b)

_ —60( (b)—f (a)) +12(3b 2a)f’ (b)712(3a 2b)f ' (a)+3(b—a)((a—3b)f "' (
12(f () —f " (a)) = 6(b=a)(f " (b)+F "' (@))+(b—a)* (f "' (b) —f
)

n (b=a)’(ty "' () —af "' (a)
I e O P e e Ty

For m; = 2 and m, = 0 we have
d— (b°—ab)f "' (b)+(ab—a®)f "' (@) +(2a—4b)f ' (b)+(4a—2b)f ' (a)+6(f (b)—f ()

b
7

)+(b—3a)f " (a))
""(a))

2(b—a)?
and
¢ = — (b=a)(f" (D) +f"" (@) —=2(" () =" ()
2(b—a)? :
Thus

_ )y ) @) 420020 (84200 ()6 () (a)
Mr2ola,b) = =07 "B @) ~20 B~ )

If £ (x) = x”, then some simplification yields

1b” 2(p(p—5)b*+p(3—p)ab+6b*) —aP > (p(p—5)a*+p(3—p)ab+64a*)
My 20(a,b) = bH«P R [ a’imf p ¢ {0,1,2,3}.

The omitted cases for p can be obtained as limiting values, or one can just let f (x) =
X logx for p € {0,1,2,3}. That yields

b
M b) — 3gpP=C=2ablinb—na) _ 4 bb —a bl (a)
logx20(a ) =3a b—a)® =Ja —a)® )

(a+b)In (5) “2(b—a)

Miiogx20(a,b) = 2ab———F——,
b2 —a?—2abIn ( ;)

| b*—a®—2abIn (2—’
M, log x,2,0 (a7 b) =3 b )
(a+b) In (Z) —2(b—a)
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and \
M3logx20(a b) 3@—7@}).
b2 —a?—2ab ln( )

Finally, we consider the case m; = 1 and m; = 0, so that m; +m, is odd. Asnoted ear-
lier, M, ;n, m, (a, b) is the unique solution, in (a, b) , of the equation 2 (¥ — a”) (b—a)—

2(b —a’) (x—a)—p (b~ — ") (x—b)(x—a) = 0. For p = 4, after dividing thru
by 2(x—a)(b—a)(b—x), we have 2(x—a)(b—a)(b—x) (b*—xb+ab—xa

+a? — x2) = 0. This canbe solved exactly to obtain My 1 o(a, b) = %\/ 5b% + 6ab + 542
— &2 For p = 5, after dividing thru by (x —a) (b — a) (b — x), we have 2x* +

2bx? 4 2ax? + 2b*x + 2xab + 2xa* — 3a® — 3b*a — 3ba* — 3b° = 0. The root in

(a,b)is given by Ms,o(a,b) = \/ab +6y/i(a,b) — 1ALt _ aib
sub+6 ab N

where s(a,b) = 10 (a + b) (19a* + 2ab + 196*) and #(a,b) = 1017b° + 2238b%a +
3495b%a* + 4500b%a> + 3495b%a* + 2238ab + 101745

4. Comparisons with Taylor polynomial means

As noted earlier, the means defined in this paper are similar to a class of means
defined in [2], which were based on intersections of Taylor polynomials. For f €
C™*Y(I),I = (a,b), let P, denote the Taylor polynomial to f of order r at x = c,
where 7 is an odd positive integer. In [2] it was proved that if £+ (x) # 0 on
[a, b], then there is a unique u,a < u < b, such that P,(u) = P(u). This defines
a mean m(a,b) = u, which we denote by M (a,b). The arithmetic, geometric, and
harmonic means arise for both classes of means. We now show that there are means
defined in this paper which do not occur as intersections of Taylor polynomials. In

b2 —a®—2ab(In b—In a)

particular, consider the mean Mg 2 o(a,b) =3ab discussed earlier.

o=y
Then h(b) = Mlogxzo(l b) = 3b%, limh’(b) =1, limh”(b) = -2,
lim A" (b) = 5 , and l1m " (b) = —3<. Since Miggy20 is a homogeneous mean, if

b—1
Mg x20 = M; for some f then we may assume that f (x) = x for some real number p

by ([2], Theorem 1.4). Let k(b) = M;(1,b) = M;(1,b), where f (x) = x7. From ([2],
Theorem4.1), k(1) = 2224 k(1) = Z32=r=U and #77/(1) = 2541 _(123 +

2(r42) ° 4(r+2) 8(r+2) (r+4)
8(p + 13)r> — 4(p> — 12p — 73)r — 16(2p> — p — 15). Setting 557 = —3 and
% = 2 implies that r = 5p + 3. Substituting into k"”'(1) gives —%7%3’9.
Setting 7%7(52139 = —% implies that p = —%. Then r = 5(—%) +3 = —1,

which is not a positive integer. Thus Me 20 cannot occur as one of the means M; .

5. Open Questions and Future Research
In [3] it was shown that rl_l)rglo Mj(a,b) = H(a,b) = % , where M[ are the Taylor
polynomial means defined above. There is strong evidence that a similar result holds
for the means defined in this paper. That is,
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CONJECTURE 22.  lim M, m,(a,b) = H(a,b), where n =m; +my + 1.

More generally, analyze the asymptotic behavior of My, ,n, as n — 00. As in
[3]. it should follow that the arithmetic mean arises as lim M, , . It is then natural
n—oo

to ask:

QUESTION. Are the arithmetic and harmonic means the only means which arise as
lim My 1, i, ?

n—oo

We showed in Theorem 7 that M_1 ,u, m, (a,b) = H(a,b) = % for any m; and

my . Thus for f (x) = )1—(, M 1y, m, is independent of m; and m;.

CONJECTURE 23. Show that the only function, f , for which My ,,, m, is independent

of my and my is f (x) = €.
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