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SOME SUFFICIENT CONDITIONS FOR
CERTAIN INTEGRAL OPERATORS

B. A. FRASIN

(communicated by N. Elezovic)

Abstract. In this paper, we consider some sufficient conditions for two integral operators to be
starlike, close-to-convex and uniformly convex functions defined in the open unit disk.

1. Introduction and definitions

Let o7 denote the class of functions of the form :

f(Z):erianz”, (1.1)
n=2

which are analytic in the open unit disk % = {z: |z| < 1}. Alsolet .¥*(at), # (o), €(x),
and % €V denote the subclasses of .27 consisting of functions which are, respectively,
starlike, convex, close -to-convex of order o/(0 < o < 1) in % and uniformly convex
function . Thus, we have (see, for details, [4, 6]; see also [10, 11])

S () = {f:fe,dandRe (ié?) >a (eU0<a< 1)} (1.2)
%(a):—{f:fedandRe(l+ij::/((ZZ))>>a (ze%;0<a<l)} (1.3)
%(a):_{f:fegf’andRe(g((g)>a (ze%;0<a<l;g€%/)} (1.4)
and

_ s f"(2) 2f"(2)
UCYV = {f.fesz{andRe(lJr 70 > > )

Recently, Breaz and Breaz in [1] introduced and studied the integral operator

(ze %).} (1.5)
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Fn(z)z/: (flT(t)Yl (fnt(t))andt (1.6)

and the integral operator

Z
0
for o4 > 0, was introduced by Breaz et al. [3].
In [2], Breaz and Giiney considered the above integral operators and they obtained

their properties on the classes .7 (b), € (b) of starlike and convex functions of com-
plex order b and type o introduced and studied by the author [5].

In the present paper, we obtain some sufficient conditions for the above integral

Foy...on(2) = / (A1) (£i(0)) ™ de (1.7)

In order to derive our main results, we have to recall here the following results:

LEMMA 1.1. ([12) If f € o satisfies

z2f"(z) 3
Re{lJrf,(Z) }<§ (zew)

then f € S*.

LEMMA 1.2. ([7D If f € o satisfies

zf"(z)
1'(@)

‘1+ <2 (ze)

then f € S*.

LEMMA 1.3. ([9]) If f € & satisfies

zf"(z)
1)

(zew)

<1
2

then f € UECY .

LEMMA 1.4. ([8]) If f € o satisfies

zf”(z)) 1+3a
Re 1+ > ; €EU;0<a<).
e( fz) ) 2(l+a) (z )
Then .

Re{f’(z)}>Ta7 ze%;0<a<l),
or equivalently,

14+«

fe%(T), (0<a<1).
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LEMMA 1.5. ([8D) If f € < satisfies

zf”(z)) - 3+ 20

e o (ze,0<a<l).

Re<1+

Then
Re{f'(2)} > —at, (z€%;0<a<]).

2. Sufficient conditions for the integral operator F,

Applying Lemma 1.1, we derive

529

THEOREM 2.1. Let o, i € {l,...,n} be real numbers with the properties o >

0 forief{l,....n}. If fi € o fori€{l,... ,n} satisfies

()1t

14

then F, € ..

Proof. From (1.6), we have

F(z) = (ﬁT(Z))%(f"T(Z))a

= (G -2) e (E52) R

Then from (2.2) and (2.3) , we obtain
O o (40
Fj(z) ,:21 “\H@

ZF" ( Z) n ( z f/ >
1+——== +1-) o
m 2o Ge) 2
Taking the real part of both terms of (2.4), we have

Re(1+ 7 ) = 3R (m>>“2%

Using (2.5) and (2.1), we obtain

F, (2) 3

and

or, equivalently,

Hence by Lemma 1.1, we get F;, € 7*. This completes the proof.

Letting n = 1 in Theorem 2.1, we have

2.1)

2.2)

2.3)

2.4)

(2.5)
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COROLLARY 2.2. Let oy >0. If f1 € & and

zﬂ@) i
Re < 7 (Z) <1+ o (2.6)

then F} € .7*.

THEOREM 2.3. Let o, i € {l,...,n} be real numbers with the properties o >
0 forief{l,....n}. If fi € o fori€{l,... ,n} satisfies

S ‘ <1 2.7)
fi@) S o
i=1
then F, € .S*.
Proof. From (2.4) we have
() < (Zf,-’(Z) )
re - &% 28
and hence
F// Zf/ ’
o +1 29

Using (2.9), (2.7) and applying Lemma 1.2, we get F,, € .. Letting n =1 in
Theorem 2.3, we have

COROLLARY 2.4. Let oy > 0. If fi € & and

mw‘ 1
7 (Z) 1| < o (2.10)

then F; € ..

Applying Lemma 1.3 and using (2.8), we easily get

THEOREM 2.5. Let o, i € {l,...,n} be real numbers with the properties o >
0 forie{l,...,n}. If fi € o for i€ {l,...,n} satisfies

2fi (2)
fi(2)

1

n
2y o

i=1

@2.11)

1 <

then F, c U6V .
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Letting n = 1 in Theorem 2.5, we have

COROLLARY 2.6. Let oy > 0. If fi € o and

Zfi(Z)_’ B
) 1] < o (2.12)

then Fi e X6V .

THEOREM 2.7. Let o, i € {l,...,n} be real numbers with the properties o >
0 forie{l,...,n}. If fi € o for i€ {l,...,n} satisfies

n

—l+a+2(l+a)Y o

Zf,"(Z) i=1
Re(ﬁ(z) > > By i o (2.13)
i=1

then F, G‘K(HTO‘),whereOQ o< 1.

Proof. As in the proof of Theorem 2.1 . From (2.5) and (2.13), we obtain

1"
Re (1 + (Z)) 21 +3a

Fa(2) (I+a)

Hence by Lemma 1.4, we get F, € ¢ (14%), (0< a <1). Letting n=11in
Theorem 2.7, we have

COROLLARY 2.8. Let oy > 0.If fi € o/ and

zf1(z) —1+a+2(1+a)x
ke ( (@) ) 21+ )y

then Fy G‘K(HT“),whereOQ o< 1.

(2.14)

Using Lemma 1.5 and applying similar proof as in Theorem 2.7, we obtain

THEOREM 2.9. Let «y, i € {1,...,n} be real numbers with the properties o; >
0 forief{l,....n}. If fi € o forie{l,... ,n} satisfies

n

l+a+Q24a)Y a

fi(2) i=1
Re (Z i ) < . (2.15)
fifz) 2+a)Y o

i=1

then
Re{F,(z)} > —a, (ze#;0<a<1) (2.16)
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Letting n = 1 in Theorem 2.9, we have

COROLLARY 2.10. Let oy > 0. If fi € o/ and

Zf{(2)> l+a+2+a)o
ke ( fi(z) < 2+ a)oy (2.17)
Re{F/(2)} > —0o,  (ce%:0<a<l) 2.18)

3. Sufficient conditions for the integral operator Fy,

Applying Lemma 1.1, we derive

THEOREM 3.1. Let 0y, i € {1,...,n} be real numbers with the properties o4 >0
Jorie{l,....n}. If fie o forie{l,...,n} satisfies

/!
Re (1+Zf,()> 3.1)
i=1
then Fy,.. o, €.
Proof. As in the proof of Theorem 2.1, we have
Foy....,(2) fi(2) f(2)
“““ =0 4.t oy (3.2)
Fo/cl s (2) fi(@) (@)
or, equivalently,
F// n _/l
S (). (3
Fal,...,an (z) i=1 /i (2)

From (3.3) we have,

Re (1 - Z;io/‘ll‘“:"((;))) 2 o;Re <1 + ZJ’:,”(( ))> +1- 2 o (3.4)

sy

Hence by Lemma 1.1, we get Fy, . ¢, € 5"
Using (3.3), (3.4) and Lemmas 1.2, 1.3, 1.4 and 1.5, we have, respectively
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THEOREM 3.2. Let 0y, i € {1,...,n} be real numbers with the properties o >0
Jorie{l,....n}. If fie o forie{l,...,n} satisfies
2fi'(2)
fi(2)

1

< +1 (3.5)

n

>

i=1

’1+

then Fy, .. o, €.

THEOREM 3.3. Let oy, i € {1,...,n} be real numbers with the properties 0; >
0 forie{l,...,n}. If fi € o for i€ {l,...,n} satisfies

2fi'(2)
i (z)

1

(3.6)

n

2 o

i=1

then Fy, . o, EUCY .
THEOREM 3.4. Let oy, i € {1,...,n} be real numbers with the properties o >
0 forie{l,...,n}. If fi € o for i€ {l,...,n} satisfies

—14+a+2(1+ )Za,

Re (1+Zfi (Z)> > = (3.7)

1) 2(1+a) i o

i=1

then Fy, . 6‘5(*7) where 0 < o < 1.

THEOREM 3.5. Let oy, i € {1,...,n} be real numbers with the properties o >
0 forie{l,...,n}. If fi € o for i€ {l,...,n} satisfies

n
l+a+2+a) Y o

Re <1+ f, c )) < =1 (3.8)
O 2+oa) ¥ o
=1
then
Re{Fy, 4, ()} > —a, (zeZ;0<a<) (3.9)

Letting n = 1 in Theorems 3.1-3.5, we have, respectively:

COROLLARY 3.6. Let oy >0. If f| € & and

”(Z)) L
Re (1+ e <5 (3.10)

then Fy, € .
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COROLLARY 3.7. Let oy >0. If f1 € & and

o)
’” i)

1
< —+1
o

then Fy € .

COROLLARY 3.8. Let oy > 0. If fi € & and

@)

fi(@)

1

200

then Foy € W€V .

COROLLARY 3.9. Let oy > 0. If fi € & and

Re (H_z {/(z)> - —14+a+2(1+ o)y
fi(2)
then Fy, ECK(HTO‘),where 0<a<l.

COROLLARY 3.10. Let oy > 0. If f1 € &7 and

2(1+a)oy

1
1
e

'(2) l+a+ Q2+ o)y
Re( ) 2+a)oy

then

Re{Fy, (2)} > —a, (zeZ,0<a<l).

(3.11)

(3.12)

(3.13)

(3.14)

(3.15)
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