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SOME SUFFICIENT CONDITIONS FOR

CERTAIN INTEGRAL OPERATORS

B. A. FRASIN

(communicated by N. Elezović)

Abstract. In this paper, we consider some sufficient conditions for two integral operators to be
starlike, close-to-convex and uniformly convex functions defined in the open unit disk.

1. Introduction and definitions

Let A denote the class of functions of the form :

f (z) = z+
∞

∑
n=2

anz
n, (1.1)

which are analytic in the open unit disk U = {z : |z|< 1}. Also let S ∗(α), K (α) , C (α) ,
and U CV denote the subclasses of A consisting of functions which are, respectively,
starlike, convex, close -to-convex of order α(0 � α < 1) in U and uniformly convex
function . Thus, we have (see, for details, [4, 6]; see also [10, 11] )

S ∗(α) :=
{

f : f ∈ A and Re

(
z f ′(z)
f (z)

)
> α (z ∈ U ;0 � α < 1)

}
(1.2)

K (α) :=
{

f : f ∈ A and Re

(
1+

z f ′′(z)
f ′(z)

)
> α (z ∈ U ;0 � α < 1)

}
(1.3)

C (α) :=
{

f : f ∈ A and Re

(
f ′(z)
g′(z)

)
> α (z ∈ U ;0 � α < 1;g ∈ K )

}
(1.4)

and

U CV :=
{

f : f ∈ A and Re

(
1+

z f ′′(z)
f ′(z)

)
>

∣∣∣∣z f ′′(z)
f ′(z)

∣∣∣∣ (z ∈ U ).
}

(1.5)

Recently, Breaz and Breaz in [1] introduced and studied the integral operator
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Fn(z) =
∫ z

0

(
f1(t)

t

)α1

. . .

(
fn(t)
t

)αn

dt (1.6)

and the integral operator

Fα1,...,αn(z) =
∫ z

0

(
f ′1(t)

)α1 . . .
(
f ′n(t)

)αn dt (1.7)

for αi > 0, was introduced by Breaz et al. [3].
In [2], Breaz and Güney considered the above integral operators and they obtained

their properties on the classes S ∗
α (b) , Cα(b) of starlike and convex functions of com-

plex order b and type α introduced and studied by the author [5].
In the present paper, we obtain some sufficient conditions for the above integral

operators Fn(z) and Fα1,...,αn(z) to be in the classes , S ∗(0) = S ∗ , C (α) and U CV .
In order to derive our main results, we have to recall here the following results:

LEMMA 1.1. ([12]) If f ∈ A satisfies

Re

{
1+

z f ′′(z)
f ′(z)

}
<

3
2

(z ∈ U )

then f ∈ S ∗.

LEMMA 1.2. ([7]) If f ∈ A satisfies
∣∣∣∣1+

z f ′′(z)
f ′(z)

∣∣∣∣ < 2 (z ∈ U )

then f ∈ S ∗.

LEMMA 1.3. ([9]) If f ∈ A satisfies
∣∣∣∣ z f ′′(z)

f ′(z)

∣∣∣∣ <
1
2

(z ∈ U )

then f ∈ U C V .

LEMMA 1.4. ([8]) If f ∈ A satisfies

Re

(
1+

z f ′′(z)
f ′(z)

)
>

1+3α
2(1+α)

, (z ∈ U ; 0 � α < 1).

Then

Re{ f ′(z)} >
1+α

2
, (z ∈ U ; 0 � α < 1),

or equivalently,

f ∈ C

(
1+α

2

)
, ( 0 � α < 1).
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LEMMA 1.5. ([8]) If f ∈ A satisfies

Re

(
1+

z f ′′(z)
f ′(z)

)
<

3+2α
2+α

, (z ∈ U ; 0 � α < 1).

Then
Re{ f ′(z)} > −α, (z ∈ U ; 0 � α < 1).

2. Sufficient conditions for the integral operator Fn

Applying Lemma 1.1, we derive

THEOREM 2.1. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
z f ′i (z)
fi(z)

)
< 1+

1

2
n
∑
i=1

αi

(2.1)

then Fn ∈ S ∗.

Proof. From (1.6), we have

F ′
n(z) =

(
f1(z)

z

)α1

. . .

(
fn(z)

z

)αn

(2.2)

and

F
′′
n (z) = α1

(
f ′1(z)
f1(z)

− 1
z

)
+ . . .+αn

(
f ′n(z)
fn(z)

− 1
z

)
F ′

n(z) (2.3)

Then from (2.2) and (2.3) , we obtain

zF ′′
n (z)

F ′
n(z)

=
n

∑
i=1

αi

(
z f ′i (z)
fi(z)

−1

)

or, equivalently,

1+
zF ′′

n (z)
F ′

n(z)
=

n

∑
i=1

αi

(
z f ′i (z)
fi(z)

)
+1−

n

∑
i=1

αi. (2.4)

Taking the real part of both terms of (2.4), we have

Re

(
1+

zF ′′
n (z)

F ′
n(z)

)
=

n

∑
i=1

αiRe

(
z f ′i (z)
fi(z)

)
+1−

n

∑
i=1

αi. (2.5)

Using (2.5) and (2.1), we obtain

Re

(
1+

zF ′′
n (z)

F ′
n(z)

)
<

3
2
.

Hence by Lemma 1.1, we get Fn ∈ S ∗. This completes the proof.
Letting n = 1 in Theorem 2.1, we have
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COROLLARY 2.2. Let α1 > 0 . If f1 ∈ A and

Re

(
z f ′1(z)
f1(z)

)
< 1+

1
2α1

(2.6)

then F1 ∈ S ∗.

THEOREM 2.3. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

∣∣∣∣ z f ′i (z)
fi(z)

−1

∣∣∣∣ <
1

n
∑
i=1

αi

(2.7)

then Fn ∈ S ∗.

Proof. From (2.4) we have

1+
zF ′′

n (z)
F ′

n(z)
=

n

∑
i=1

αi

(
z f ′i (z)
fi(z)

−1

)
+1 (2.8)

and hence ∣∣∣∣1+
zF ′′

n (z)
F ′

n(z)

∣∣∣∣ �
n

∑
i=1

|αi|
∣∣∣∣ z f ′i (z)

fi(z)
−1

∣∣∣∣+1 (2.9)

Using (2.9), (2.7) and applying Lemma 1.2, we get Fn ∈ S ∗. Letting n = 1 in
Theorem 2.3, we have

COROLLARY 2.4. Let α1 > 0. If f1 ∈ A and

∣∣∣∣z f ′1(z)
f1(z)

−1

∣∣∣∣ <
1
α1

(2.10)

then F1 ∈ S ∗.

Applying Lemma 1.3 and using (2.8), we easily get

THEOREM 2.5. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

∣∣∣∣z f ′i (z)
fi(z)

−1

∣∣∣∣ <
1

2
n
∑
i=1

αi

(2.11)

then Fn ∈ U CV .
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Letting n = 1 in Theorem 2.5, we have

COROLLARY 2.6. Let α1 > 0 . If f1 ∈ A and
∣∣∣∣ z f ′1(z)

f1(z)
−1

∣∣∣∣ <
1

2α1
(2.12)

then F1 ∈ U CV .

THEOREM 2.7. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
z f ′i (z)
fi(z)

)
>

−1+α+2(1+α)
n
∑
i=1

αi

2(1+α)
n
∑
i=1

αi

(2.13)

then Fn ∈ C
(

1+α
2

)
, where 0 � α < 1.

Proof. As in the proof of Theorem 2.1 . From (2.5) and (2.13), we obtain

Re

(
1+

zF ′′
n (z)

F ′
n(z)

)
>

1+3α
2(1+α)

Hence by Lemma 1.4, we get Fn ∈ C
( 1+α

2

)
, ( 0 � α < 1). Letting n = 1 in

Theorem 2.7, we have

COROLLARY 2.8. Let α1 > 0. If f1 ∈ A and

Re

(
z f ′1(z)
f1(z)

)
>

−1+α+2(1+α)α1

2(1+α)α1
(2.14)

then F1 ∈ C
( 1+α

2

)
, where 0 � α < 1.

Using Lemma 1.5 and applying similar proof as in Theorem 2.7, we obtain

THEOREM 2.9. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
z f ′i (z)
fi(z)

)
<

1+α+(2+α)
n
∑
i=1

αi

(2+α)
n
∑
i=1

αi

(2.15)

then
Re{F ′

n(z)} > −α, (z ∈ U ; 0 � α < 1) (2.16)
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Letting n = 1 in Theorem 2.9, we have

COROLLARY 2.10. Let α1 > 0 . If f1 ∈ A and

Re

(
z f ′1(z)
f1(z)

)
<

1+α+(2+α)α1

(2+α)α1
(2.17)

Re{F ′
1(z)} > −α, (z ∈ U ; 0 � α < 1) (2.18)

3. Sufficient conditions for the integral operator Fα1,...,αn

Applying Lemma 1.1 , we derive

THEOREM 3.1. Let αi , i ∈ {1, . . . ,n} be real numbers with the properties αi > 0
for i ∈ {1, . . . ,n} . If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
1+

z f ′′i (z)
f ′i (z)

)
< 1+

1

2
n
∑
i=1

αi

(3.1)

then Fα1,...,αn ∈ S ∗.

Proof. As in the proof of Theorem 2.1, we have

F ′′
α1,...,αn

(z)
F ′
α1,...,αn

(z)
= α1

f ′′1 (z)
f ′1(z)

+ . . .+αn
f ′′n (z)
f ′n(z)

(3.2)

or, equivalently,
zF ′′

α1,...,αn
(z)

F ′
α1,...,αn

(z)
=

n

∑
i=1

αi

(
z f ′′i (z)
f ′i (z)

)
. (3.3)

From (3.3) we have,

Re

(
1+

zF ′′
α1,...,αn

(z)
F ′
α1,...,αn

(z)

)
=

n

∑
i=1

αiRe

(
1+

z f ′′i (z)
f ′i (z)

)
+1−

n

∑
i=1

αi (3.4)

Using (3.4) and (3.1), we obtain

Re

(
1+

zF ′′
α1,...,αn

(z)
F ′
α1,...,αn

(z)

)
<

3
2
.

Hence by Lemma 1.1, we get Fα1,...,αn ∈ S ∗ .
Using (3.3) , (3.4) and Lemmas 1.2, 1.3, 1.4 and 1.5, we have, respectively
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THEOREM 3.2. Let αi , i ∈ {1, . . . ,n} be real numbers with the properties αi > 0
for i ∈ {1, . . . ,n} . If fi ∈ A for i ∈ {1, . . . ,n} satisfies

∣∣∣∣1+
z f ′′i (z)
f ′i (z)

∣∣∣∣ <
1

n
∑
i=1

αi

+1 (3.5)

then Fα1,...,αn ∈ S ∗.

THEOREM 3.3. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

∣∣∣∣z f ′′i (z)
f ′i (z)

∣∣∣∣ <
1

2
n
∑
i=1

αi

(3.6)

then Fα1,...,αn ∈ U CV .

THEOREM 3.4. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
1+

z f ′′i (z)
f ′i (z)

)
>

−1+α+2(1+α)
n
∑
i=1

αi

2(1+α)
n
∑
i=1

αi

(3.7)

then Fα1,...,αn ∈ C
( 1+α

2

)
, where 0 � α < 1.

THEOREM 3.5. Let αi, i ∈ {1, . . . ,n} be real numbers with the properties αi >
0 for i ∈ {1, . . . ,n}. If fi ∈ A for i ∈ {1, . . . ,n} satisfies

Re

(
1+

z f ′′i (z)
f ′i (z)

)
<

1+α+(2+α)
n
∑
i=1

αi

(2+α)
n
∑
i=1

αi

(3.8)

then
Re{F ′

α1,...,αn
(z)} > −α, (z ∈ U ; 0 � α < 1) (3.9)

Letting n = 1 in Theorems 3.1-3.5, we have, respectively:

COROLLARY 3.6. Let α1 > 0 . If f1 ∈ A and

Re

(
1+

z f ′′1 (z)
f ′1(z)

)
< 1+

1
2α1

(3.10)

then Fα1 ∈ S ∗.
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COROLLARY 3.7. Let α1 > 0 . If f1 ∈ A and
∣∣∣∣1+

z f ′′1 (z)
f ′1(z)

∣∣∣∣ <
1
α1

+1 (3.11)

then Fα1 ∈ S ∗.

COROLLARY 3.8. Let α1 > 0. If f1 ∈ A and
∣∣∣∣ z f ′′1 (z)

f ′1(z)

∣∣∣∣ <
1

2α1
(3.12)

then Fα1 ∈ U CV .

COROLLARY 3.9. Let α1 > 0. If f1 ∈ A and

Re

(
1+

z f ′′1 (z)
f ′1(z)

)
>

−1+α+2(1+α)α1

2(1+α)α1
(3.13)

then Fα1 ∈ C
(

1+α
2

)
, where 0 � α < 1.

COROLLARY 3.10. Let α1 > 0 . If f1 ∈ A and

Re

(
1+

z f ′′1 (z)
f ′1(z)

)
<

1+α+(2+α)α1

(2+α)α1
(3.14)

then
Re{F ′

α1
(z)} > −α, (z ∈ U ; 0 � α < 1). (3.15)
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[2] D. BREAZ AND H. GÜNEY, The integral operator on the classes S ∗
α (b) and Cα (b) , J. Math. Ineq.

Vol. 2, No.1 (2008), 97–100.
[3] D. BREAZ, S. OWA, N. BREAZ, A new integral univalent operator, to appear.
[4] P. L. DUREN, Univalent Functions, Grundlehren der Mathematischen Wissenshaften. Bd. 259,

Springer-Verlag, New York, (1983).
[5] B. A. FRASIN, Family of analytic functions of complex order, Acta Math. Acad. Paed. Ny. 22 (2006),

179–191.



SOME SUFFICIENT CONDITIONS FOR CERTAIN INTEGRAL OPERATORS 535

[6] A. W. GOODMAN, Univalent Functions, Vol. I, Polygonal, Washington, (1983).
[7] S. S. MILLER AND P. T. MOCANU, On some class of first order differential subordinations, Michigan

Math. J., 32 (1985), 185–195.
[8] S. OWA, M. NUNOKAWA, H. SAITOH AND H.M. SRIVASTAVA,Close-to-convexity, starlikeness, and

convexity of certian analytic functions, Appl. Math. Letters 15 (2002), 63–69.
[9] V. RAVICHANDRAN, On uniformly convex functions, Ganita, Vol. 53(2), (2002), 117–124.

[10] W. Ma and D. Minda, Uniformly convex functions, Ann. Polon. Math., 57 (1992), 165–175.
[11] F. Ronning, Uniformly convex functions and a corresponding class of starlike functions, Proc. Amer.

Math. Soc., 118 (1993), 189–196.
[12] R. Singh and S. Singh, Some sufficient conditions for univalence and starlikeness, Colloq. Math., 47

(1982), 309–314.

(Received June 18, 2008) B. A. Frasin
Department of Mathematics

Al al-Bayt University
P.O. Box: 130095 Mafraq

Jordan
e-mail: bafrasin@yahoo.com

Journal of Mathematical Inequalities
www.ele-math.com
jmi@ele-math.com


