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BOUNDEDNESS AND COMPACTNESS OF A CLASS OF

MATRIX OPERATORS IN WEIGHTED SEQUENCE SPACES

R. OINAROV AND A. TEMIRKHANOVA

(communicated by A. Kufner)

Abstract. We study the problem of boundedness and compactness of operators of multiple sum-
mation with weights in weighted sequence spaces.

1. Introduction and preliminaries

Let 1 < p,q < ∞ and 1
p + 1

p′ = 1. Let f = { fi}∞i=1 be an arbitrary sequence of
real numbers. Moreover, suppose that {ωi,k}∞k=1 , i = 1, ...,n−1, {ui}∞i=1 , and {vi}∞i=1
are weight sequences, i.e., non-negative sequences.

We consider the following weighted estimate:

‖Sn f‖lq,u � C‖ f‖lp,v, 1 < p,q < ∞, (1.1)

where n - tuple summation operator (Sn f ) has the form:

(Sn f )i =
i

∑
k1=1

ω1,k1

k1

∑
k2=1

ω2,k2

k2

∑
k3=1

ω3,k3 ...
kn−2

∑
kn−1=1

ωn−1,kn−1

kn−1

∑
j=1

f j, (1.2)

and the space lp,υ consists of all sequences f = { fi}∞i=1 such that

‖ f‖lp,υ =

(
∞

∑
i=1

| fiυi|p
) 1

p

< ∞, 1 < p < ∞.

If in (1.2) we change the order of summation, then we can present it as

(Sn f )i =
i

∑
j=1

f jAn−1,1(i, j), i � 1, (1.3)

where An−1,1(i, j) is an element of the expression:

Al,m(i, j) =
i

∑
kl= j

ωl,kl

i

∑
kl−1=kl

ωl−1,kl−1 ...
i

∑
km=km+1

ωm,km
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for m � l � n−1. When 0 � l < m , we have that Al,m(i, j) = 1.

When n = 1, the operator (1.3) has the form (S1 f )i =
i
∑
j=1

f j that coincides with the

discrete Hardy operator. Its boundednesswas proved by K. F. Andersen and H. P. Heinig
in 1983 ([1], Theorem 4.1) for the case 1 � p � q < ∞ .

In 1987 – 1991 G. Bennett [2, 3, 4] investigated weighted Hardy type inequalities
and presented their full characterizations for all relations between p and q except for
the case 0 < q < 1 < p <∞ . The remaining case 0 < q < 1 < p <∞ was characterized
by M. Sh. Braverman and V. D. Stepanov in [5].

When n = 2, the operator (1.3) is a matrix operator of the following form:

(A f )i =
i

∑
j=1

ai, j f j. (1.4)

The matrix operator (1.4) was studied in many papers in different sequence spaces.
The almost complete collection of these results is presented in the work by M. Stieglitz
and H. Tietz [10]. There the mappings of the operator (1.4) are considered in 11 se-
quence spaces except its mapping from lp,υ to lq,u . The remaining case is still an open
problem.

However, there is the series of works ([8]-[10]) devoted to the operator (1.4) act-
ing from lp,υ to lq,u but with some additional conditions on the matrix elements (ai, j) ,
ai, j � 0. For example, in [8], when 1 < p � q < ∞ , the validity of (1.1) for (1.4) is
found under the condition ai, j ≈ ai,k +ak, j , i � k � j � 1. In the paper by R. Oinarov,
C. A. Okpoti and L.-E. Persson ([9], Theorem 2.1), when 1 < q < p < ∞ , the correct-
ness of (1.1) for (1.4) is given under the condition ai, j ≈ ai,k

ck
c j +

ak, j
bk

bi , i � k � j � 1,
where c = {ci}∞i=1 and b = {bi}∞i=1 are sequences of positive numbers.

Let us notice that when n � 3 for the operator (1.3), then the conditions on the
matrix elements from [8] and [9] do not fulfil.

In 1998 A.O. Baiarystanov [6] considered the continuous analogue of the operator
(1.3). Namely, he investigated the problem of the operator boundedness from Lp into
Lq . However, the presented method was based on absolute continuity of integral. This
method is impossible in the discrete case. Thus, here we establish the validity of (1.1)
by other method. Moreover, we study the problem of compactness of the operator (1.3).

To prove our main results we use the criteria on precompactness of sets in lp ([11],
p. 32) and the result for a standard weighted Hardy inequality, when 1 � p � q < ∞
([1], Theorem 4.1). For better presentation let us state them here.

THEOREM A. Let T be a set from lp , 1 � p < ∞ . The set T is compact if
and only if T is bounded and for all ε > 0 there exists N = N(ε) such that for all
x = {xi}∞i=1 ∈ T the following inequality

∞

∑
i=N

|xi|p < ε

holds.
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THEOREM B. Let 1 � p � q < ∞ . The inequality(
∞

∑
i=1

(
i

∑
τ=1

fτ

)q

uq
i

) 1
q

� C

(
∞

∑
i=1

|vi fi|p
) 1

p

(1.5)

holds for all sequences { fi}∞i=1 , fi � 0 , i � 1 , with the best constant C > 0 if and only
if

B1 = sup
1< j<∞

(
∞

∑
i= j

uq
i

) 1
q
(

j

∑
τ=1

v−p′
i

) 1
p′

< ∞.

Moreover, B1 � C � p′q
1
q B1 .

In the sequel the symbol M � K means that M � cK , where c > 0 is a constant
depending only on unessential parameters. If M � K � M , then we write M ≈ K .

2. Main results

Denote

(Bn
m) j =

(
∞

∑
i= j

Aq
m−1,1(i; j)uq

i

) 1
q
(

j

∑
τ=1

v−p′
τ Ap′

n−1,m( j;τ)

) 1
p′

,

Bn
m = sup

1� j�∞
(Bn

m) j, m = 1, ...,n.

THEOREM 1. Let 1 < p � q < ∞ . The inequality (1.1) holds if and only if

Bn = max
1�m�n

Bn
m < ∞. (2.1)

Moreover, Bn ≈C, where C is the best constant in (1.1).

To prove Theorem 1 we need the following helpful property of An,m(i,τ) :

LEMMA 1. For all i, j,τ : 1 � τ � j � i < ∞ we have that

max
m�r�k+1

(Ar−1,m(i, j)Ak,r( j,τ)) � Ak,m(i,τ) �
k+1

∑
r=m

Ar−1,m(i, j)Ak,r( j,τ), (2.2)

when n � k � m � 1 .

Proof. The estimate (2.2) is correct, when k = m , m = 1,2, . . .n . Indeed, for
1 � τ � j � i < ∞ , taking into account that

Am−1,m(i, j) = Am,m+1( j,τ) = 1,
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we have the following upper estimate:

Am,m(i,τ) =
i

∑
km=τ

ωm,km =
j

∑
km=τ

ωm,km +
i

∑
km= j+1

ωm,km

�
j

∑
km=τ

ωm,km +
i

∑
km= j

ωm,km = Am,m( j,τ)+Am,m(i, j)

= Am,m(i, j)Am,m+1( j,τ)+Am−1,m(i, j)Am,m( j,τ)

=
m+1

∑
r=m

Ar−1,m(i, j)Am,r( j,τ),

and the following lower estimates:

Am,m(i,τ) �
j

∑
km=τ

ωm,km = Am,m( j,τ) and Am,m(i,τ) �
i

∑
km= j

ωm,km = Am,m(i, j),

or

Am,m(i,τ) � Am−1,m(i, j)Am,m( j,τ) and Am,m(i,τ) � Am,m(i, j)Am,m+1( j,τ).

Then
Am,m(i,τ) � max

m�r�m+1
(Ar−1,m(i, j)Am,r( j,τ)).

Suppose that (2.2) holds for k = s � m � 1. Let us show that it is correct also for
k = s+1. Assume that 1 � τ � j � i < ∞ . From the definition of An,m(i,τ) we have

As+1,m(i,τ) =
i

∑
ks+1=τ

ωs+1,ks+1

i

∑
ks=ks+1

ωs,ks ...
i

∑
km=km+1

ωm,km

=
i

∑
ks+1=τ

ωs+1,ks+1As,m(i,ks+1)

�
j

∑
ks+1=τ

ωs+1,ks+1As,m(i,ks+1)+
i

∑
ks+1= j

ωs+1,ks+1As,m(i,ks+1)

=
j

∑
ks+1=τ

ωs+1,ks+1As,m(i,ks+1)+As+1,m(i, j)

[we use the fact that the estimate (2.2) holds for As,m(i,ks+1)]

� As+1,m(i, j)+
j

∑
ks+1=τ

ωs+1,ks+1

s+1

∑
r=m

Ar−1,m(i, j)As,r( j,ks+1)

= As+1,m(i, j)As+1,s+2( j,τ)+
s+1

∑
r=m

Ar−1,m(i, j)
j

∑
ks+1=τ

ωs+1,ks+1As,r( j,ks+1)
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= As+1,m(i, j)As+1,s+2( j,τ)+
s+1

∑
r=m

Ar−1,m(i, j)As+1,r( j,τ)

=
s+2

∑
r=m

Ar−1,m(i, j)As+1,r( j,τ).

Now, we prove the lower estimate of (2.2). From the definition of As+1,m(i,τ) we
have

As+1,m(i,τ) �
i

∑
ks+1= j

ωs+1,ks+1As,m(i,ks+1)

= As+1,m(i, j) = As+1,m(i, j)As+1,s+2(i,τ),

and

As+1,m(i,τ) �
j

∑
ks+1=τ

ωs+1,ks+1As,m(i,ks+1)

[we again use the fact that the estimate (2.2) is correct for As,m(i,ks+1)]

�
j

∑
ks+1=τ

ωs+1,ks+1 max
m�r�s+1

Ar−1,m(i, j)As,r( j,ks+1)

= max
m�r�s+1

Ar−1,m(i, j)
j

∑
ks+1=τ

ωs+1,ks+1As,r( j,ks+1)

= max
m�r�s+1

Ar−1,m(i, j)As+1,r( j,τ).

Then

As+1,m(i,τ) � max{As+1,m(i, j)As+1,s+2( j,τ), max
m�r�s+1

Ar−1,m(i, j)As+1,r( j,τ)}.

Hence,
As+1,m(i,τ) � max

m�r�s+2
Ar−1,m(i, j)As+1,r( j,τ).

Consequently, (2.2) holds for all k,m : n � k � m � 1. The proof of Lemma 1 is
complete.

Proof. [Proof of Theorem 1] Necessity. Suppose that the inequality (1.1) holds
with the best constant C > 0. Let us show that Bn < ∞ .

We take a test sequence f = { fs}∞s=1 such that

fs =

{
Ap′−1

n−1,m( j,s)v−p′
s , 1 � s � j,

0, s > j,
(2.3)

for the fixed m = 1, . . . ,n , and j : 1 � j < ∞ .
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Substituting (2.3) in the right side of the inequality (1.1), we have(
∞

∑
s=1

vp
s f p

s

) 1
p

=

(
j

∑
s=1

vp
s A(p′−1)p

n−1,m ( j,s)v−p′ p
s

) 1
p

=

(
j

∑
s=1

Ap′
n−1,m( j,s)v−p′

s

) 1
p

. (2.4)

Substituting (2.3) in the left side of the inequality (1.1), we get

∞

∑
i=1

(
i

∑
s=1

fsAn−1,1(i,s)

)q

uq
i �

∞

∑
i= j

(
j

∑
s=1

fsAn−1,1(i,s)

)q

uq
i

[we use the inequality An−1,1(i,s) � An−1,m( j,s)Am−1,1(i, j) for i � j � s � 1 that
follows from (2.2)]

�
∞

∑
i= j

(
j

∑
s=1

fsAn−1,m( j,s)Am−1,1(i, j)

)q

uq
i

=

(
j

∑
s=1

fsAn−1,m( j,s)

)q ∞

∑
i= j

Aq
m−1,1(i, j)uq

i

=

(
j

∑
s=1

Ap′−1
n−1,m( j;s)v−p′

s An−1,m( j;s)

)q ∞

∑
i= j

Aq
m−1,1(i; j)uq

i

=

(
j

∑
s=1

Ap′
n−1,m( j,s)v−p′

s

)q ∞

∑
i= j

Aq
m−1,1(i, j)uq

i . (2.5)

Consequently, substituting (2.4) and (2.5) in (1.1), we have(
j

∑
s=1

Ap′
n−1,m( j,s)v−p′

s

)(
∞

∑
i= j

Aq
m−1,n(i, j)uq

i

) 1
q

� C

(
j

∑
s=1

Ap′
n−1,m( j,s)v−p′

s

) 1
p

.

Hence,

(Bn
m) j =

(
j

∑
s=1

Ap′
n−1,m( j,s)v−p′

s

) 1
p′
(

∞

∑
i= j

uq
i A

q
m−1,1(i, j)

) 1
q

� C. (2.6)

Since, the best constant C > 0 of (1.1) does not depend on j,m : 1 � m � n , then

Bn = max
1�m�n

sup
1� j<∞

(Bn
m) j � C < ∞. (2.7)

Therefore, Bn < ∞ . The proof of necessity is complete.
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Sufficiency. Let Bn < ∞ . Now, we prove the inequality:(
∞

∑
i=1

(
i

∑
τ=1

fτAn−1,1(i,τ)

)q

uq
i

) 1
q

� Bn

(
∞

∑
j=1

|v j f j|p
) 1

p

. (2.8)

When n = 1, we have that m = 1, Am−1,1(i,τ) ≡ An−1,1(i,τ) ≡ A0,1(i,τ) ≡ 1,

and Bn = B1 = sup
1� j<∞

(
∞
∑
i= j

uq
i

) 1
q
(

j
∑
τ=1

v−p′
τ

) 1
p′

. Moreover, in this case the inequality

(2.8) coincides with the inequality (1.5). Consequently, on the bases of Theorem B the
inequality (2.8) is valid.

Suppose that the inequality (2.8) is valid for 1 � n � l . Let us prove that it is valid
for n = l +1. Since Al,1(i,τ) � 0, then for f = { fτ � 0,τ ∈ N} the sequence (Sl+1 f )i
is increasing.

For all i � 1 we define the following positive number set:

Ti = {k ∈ Z : 2k � (Sl+1 f )i}, maxTi = ki.

From the definition of ki and the property of (Sl+1 f )i it follows that

2ki � (Sl+1 f )i < 2ki+1, i � 1.

Let m1 = 1. Moreover, suppose that m2 is such that supM1 +1 = m2 and m2 >
m1 , where M1 = {i ∈ N : ki = k1 = km1} . Obviously, if the set M1 is upper bounded,
then m2 < ∞ and m2−1 = maxM1 = supM1 . However, otherwise we have that m2 =
∞ . Let us define numbers m1 < m2 < .. . < ms < ∞ , s � 1. Then to define ms+1 we
assume that supMs +1 = ms+1 , where Ms = {i ∈ N : ki = kms} .

Let N0 = {s ∈ N : ms <∞} . Further, we assume that kms = ns , s ∈ N0 . Then from
the definitions of ki and ms we find

2ns � (Sl+1 f ) j < 2ns+1, ms � j < ms+1,∀ s ∈ N0, (2.9)

and

N =
⋃

s∈N0

[ms,ms+1). (2.10)

Applying (2.10) to the left side of (1.1), we have

‖uSl+1 f‖q
lq

= ∑
s∈N0

ms+1−1

∑
j=ms

(Sl+1 f )q
j u

q
j . (2.11)

Next, we assume that
ms+1−1

∑
j=ms

= 0, if ms = ∞ . Then the expression (2.11) we rewrite in

the following form:

‖uSl+1 f‖q
lq

=
m2−1

∑
j=m1

(Sl+1 f )q
j u

q
j +

m3−1

∑
j=m2

(Sl+1 f )q
j u

q
j +∑

s�3

ms+1−1

∑
j=ms

(Sl+1 f )q
j u

q
j . (2.12)
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Since m1 = 1 ∈ N0 , then using (2.9), we have

m2−1

∑
j=m1

(Sl+1 f )q
j u

q
j �

∞

∑
j=1

uq
j2

(n1+1)q � 2q
∞

∑
j=1

uq
j (Sl+1 f )q

1

� 2q
∞

∑
j=1

uq
j

(
Ap′

l,1(1,1)v−p′
1

) q
p′
(

∞

∑
i=1

|vi fi|p
) q

p

� 2q
(
Bl+1

1

)q

1
‖v f‖q

lp
�
(
2Bl+1

)q ‖v f‖q
lp
. (2.13)

If m2 < ∞ , i.e., 2 ∈ N0 , then arguing as before for (2.13), we obtain

m3−1

∑
j=m2

(Sl+1 f )q
j u

q
j �

∞

∑
j=m2

uq
j2

(n2+1)q � 2q
∞

∑
j=m2

uq
j (Sl+1 f )q

m2

� 2q
∞

∑
j=m2

uq
j

(
m2

∑
i=1

Ap′
l,1(m2, i)v

−p′
i

) q
p′
(

∞

∑
i=1

|vi fi|p
) q

p

� 2q
(
Bl+1

1

)q

m2
‖v f‖q

lp
�
(
2Bl+1

)q ‖v f‖q
lp
. (2.14)

For s � 3 and s ∈ N0 at first we estimate the value 2ns−1 :

2ns−1 = 2ns −2ns−1 � 2ns −2ns−2+1 � (Sl+1 f )ms
− (Sl+1 f )ms−1−1

=
ms

∑
τ=1

fτAl,1(ms,τ)−
ms−1−1

∑
τ=1

fτAl,1(ms−1−1,τ)

=
ms

∑
τ=ms−1

fτAl,1(ms,τ)+
ms−1−1

∑
τ=1

fτAl,1(ms,τ)−
ms−1−1

∑
τ=1

fτAl,1(ms−1−1,τ)

=
ms

∑
τ=ms−1

fτAl,1(ms,τ)+
ms−1−1

∑
τ=1

fτ
[
Al,1(ms,τ)−Al,1(ms−1−1,τ)

]
. (2.15)

Using Lemma 1 for ms−1−1 � τ , we have

Al,1(ms,τ)−Al,1(ms−1−1,τ) �
l+1

∑
r=1

Al,r(ms−1 −1,τ)Ar−1,1(ms,ms−1 −1)

−Al,1(ms−1−1,τ) = Al,1(ms−1 −1,τ)A0,1(ms,ms−1 −1)

+
l+1

∑
r=2

Al,r(ms−1−1,τ)Ar−1,1(ms,ms−1−1)−Al,1(ms−1 −1,τ)

=
l+1

∑
r=2

Al,r(ms−1−1,τ)Ar−1,1(ms,ms−1−1)

=
l

∑
r=1

Al,r+1(ms−1−1,τ)Ar,1(ms,ms−1−1).
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Hence, from (2.15) we obtain

2ns−1 �
ms

∑
τ=ms−1

fτAl,1(ms,τ)+
ms−1−1

∑
τ=1

fτ
l

∑
r=1

Al,r+1(ms−1 −1,τ)Ar,1(ms,ms−1−1)

=
ms

∑
τ=ms−1

fτAl,1(ms,τ)+
l

∑
r=1

Ar,1(ms,ms−1 −1)

×
ms−1−1

∑
τ=1

fτAl,r+1(ms−1−1,τ). (2.16)

Applying (2.9) and (2.10), we estimate the last summand in (2.12).

∑
s�3

ms+1−1

∑
i=ms

(Sl+1 f )q
i uq

i < ∑
s�3

ms+1−1

∑
i=ms

2(ns+1)quq
i

= ∑
s�3

2(ns+1)q
ms+1−1

∑
i=ms

uq
i = 4q∑

s�3
2(ns−1)q

ms+1−1

∑
i=ms

uq
i

� 4q∑
s�3

(
ms

∑
τ=ms−1

fτAl,1(ms,τ)+
l

∑
r=1

Ar,1(ms,ms−1−1)×

×
ms−1−1

∑
τ=1

fτAl,r+1(ms−1−1,τ)

)q ms+1−1

∑
i=ms

uq
i

� 4q∑
s
(l +1)q−1

[(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

+
l

∑
r=1

Aq
r,1(ms,ms−1−1)

(
ms−1−1

∑
τ=1

fτAl,r+1(ms−1−1,τ)

)q]
×

×
ms+1−1

∑
i=ms

uq
i = 4q(l +1)q−1∑

s�3

(
ms+1−1

∑
i=ms

uq
i

)(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

+∑
s�3

l

∑
r=1

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)

(
ms−1−1

∑
τ=1

fτAl,r+1(ms−1−1,τ)

)q

� ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

+
l

∑
r=1
∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)q

Aq
r,1(ms,ms−1−1)×

×
(

ms−1−1

∑
τ=1

fτAl,r+1(ms−1 −1,τ)

)q

= I0 +
l

∑
r=1

Ir, (2.17)
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where

I0 = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

and

Ir = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)

(
ms−1−1

∑
τ=1

fτAl,r+1(ms−1 −1,τ)

)q

, r = 1, . . . l.

Now, we consider I0 . Since Al,l+1(i,ms) ≡ 1, when n−1 � l � 0, and

∞

∑
i=ms

Aq
0,1(i,ms)u

q
i =

∞

∑
i=ms

uq
i �

ms+1−1

∑
i=ms

uq
i ,

then

I0 = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

� ∑
s�3

(
∞

∑
i=ms

Aq
0,1(i,ms)u

q
i

)(
ms

∑
τ=ms−1

fτAl,1(ms,τ)

)q

= ∑
s�3

(
∞

∑
i=ms

Aq
0,1(i,ms)u

q
i

)(
ms

∑
τ=ms−1

Al,1(ms,τ)v−1
τ vτ fτ

)q

[we apply Hölder’s inequality to the second bracket]

� ∑
s�3

(
∞

∑
i=ms

Aq
0,1(i,ms)u

q
i

)(
ms

∑
τ=ms−1

Ap′
l,1(ms,τ)v−p′

τ

) q
p′
(

ms

∑
τ=ms−1

| fτvτ |p
) q

p

� ∑
s�3

(
∞

∑
i=ms

Aq
0,1(i,ms)u

q
i

)(
ms

∑
τ=1

Ap′
l,1(ms,τ)v−p′

τ

) q
p′
(

ms

∑
τ=ms−1

| fτvτ |p
) q

p

= ∑
s�3

⎡⎣( ∞

∑
i=ms

Aq
0,1(i,ms)u

q
i

) 1
q
(

ms

∑
τ=1

Ap′
l,1(ms,τ)v−p′

τ

) 1
p′
⎤⎦q(

ms

∑
τ=ms−1

| fτvτ |p
) q

p

�
[

sup
s∈N0

(
Bl+1

1

)
ms

]q

∑
s�3

(
ms

∑
τ=ms−1

| fτvτ |p
) q

p

�
[
sup

j

(
Bl+1

1

)
j

]q

∑
s�3

(
ms

∑
τ=ms−1

| fτvτ |p
) q

p

[we use Iensen’s inequality for q � p ]

=
(
Bl+1

1

)q
(
∑
s�3

ms

∑
τ=ms−1

| fτvτ |p
) q

p

�
(
Bl+1

1

)q
(
∑
s�3

ms+1−1

∑
τ=ms−1

| fτvτ |p
) q

p
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=
(
Bl+1

1

)q
2

q
p

(
∞

∑
τ=1

| fτvτ |p
) q

p

�
(
Bl+1

)q
(

∞

∑
τ=1

| fτvτ |p
) q

p

. (2.18)

To estimate Ir , r = 1,2, ..., l , at first we transform it.

Ir = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)

(
ms−1−1

∑
τ=1

fτAl,r+1(ms−1 −1,τ)

)q

= ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)
∞

∑
j=1

(
j

∑
τ=1

fτAl,r+1( j,τ)

)q

δ j(ms−1−1)

=
∞

∑
j=1

(
j

∑
τ=1

fτAl,r+1( j,τ)

)q

∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)δ j(ms−1−1),

where

δ j(ms−1−1) =
{

1, j = ms−1−1,
0, j 	= ms−1−1.

Hence,

Ir =
∞

∑
j=1

(
j

∑
τ=1

fτAl,r+1( j,τ)

)q

Δ j(r), (2.19)

where

Δ j(r) = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)δ j(ms−1−1). (2.20)

Next, we introduce a new notation

ωλ ,kλ = ωλ+r,kλ+r
, 1 � λ � l− r.

Then for λ � t we have

Aλ ,t(i,τ) =
i

∑
kλ=τ

ωλ ,kλ

i

∑
kλ−1=kλ

ωλ−1,kλ−1
. . .

i

∑
kt=kt+1

ωt,kt

=
i

∑
kλ+r=τ

ωλ+r,kλ+r

i

∑
kλ+r−1=kλ+r

ωλ+r−1,kλ+r−1
. . .

i

∑
kt+r=kt+r+1

ωt+r,kt+r = Aλ+r,t+r(i;τ).

In view of this the notation (2.19) has the following form:

Ir =
∞

∑
j=1

(
j

∑
τ=1

fτAl−r,1( j,τ)

)q

Δ j(r). (2.21)
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By the assumption the inequality (2.8) holds for the operator

(
Sm f

)
i =

i

∑
j=1

f jAm−1,1(i, j) for 0 � m � l.

Since in (2.21) we have that l− r � l , when 1 � r � l , then

Ir =
∞

∑
j=1

(
j

∑
τ=1

fτAl−r,1( j,τ)

)q

Δ j(r) �
(
B

l−r+1(Δ(r))
)q
(

∞

∑
i=1

| fivi|p
) q

p

, (2.22)

where
B

l−r+1(Δ(r)) = max
1�m�l−r+1

sup
1� j<∞

(
B

l−r+1
m (Δ(r))

)
j

and

(
B

l−r+1
m (Δ(r))

)
j
=

(
∞

∑
i= j

A
q
m−1,1(i, j)Δi(r)

) 1
q
(

j

∑
τ=1

v−p′
τ A

p′
l−r,m( j,τ)

) 1
p′

. (2.23)

Now, we estimate

A( j,Δ(r)) ≡
∞

∑
i= j

A
q
m−1,1(i, j)Δi(r)

=
∞

∑
i= j

A
q
m−1,1(i, j)∑

s�3

(
ms+1−1

∑
k=ms

uq
i

)
Aq

r,1(ms,ms−1−1)δi(ms−1−1)

= ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)
∞

∑
i= j

A
q
m−1,1(i, j)δi(ms−1−1).

Hence,

A( j,Δ(r)) = 0 for j > ms−1−1. (2.24)

If ms−1−1 � j , then

A( j,Δ(r)) = ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)Aq
m−1,1(ms−1−1, j)

= ∑
s�3

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r,1(ms,ms−1−1)Aq
r+m−1,r+1(ms−1−1, j)

[we use the inequality Ar+m−1,1(ms, j) � Ar,1(ms,ms−1−1)Ar+m−1,r+1(ms−1−1, j) for
ms−1−1 � j that follows from (2.2)]

� ∑
ms−1−1� j

(
ms+1−1

∑
i=ms

uq
i

)
Aq

r+m−1,1(ms, j)
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= ∑
ms−1−1� j

(
ms+1−1

∑
i=ms

uq
i A

q
r+m−1,1(ms, j)

)

� ∑
ms−1−1� j

(
ms+1−1

∑
i=ms

uq
i A

q
r+m−1,1(i, j)

)
�

∞

∑
i= j

uq
i A

q
r+m−1,1(i, j). (2.25)

From (2.24) and (2.25) it follows that A( j,Δ(r)) �
∞
∑
i= j

uq
i A

q
r+m−1,1(i, j) for all j � 1.

Then substituting this estimate in (2.23), we obtain

B
l−r+1
m (Δ(r)) j �

(
∞

∑
i= j

uq
i A

q
r+m−1,1(i, j)

) 1
q
(

j

∑
τ=1

v−p′
τ A

p′
l−r,m( j,τ)

) 1
p′

=

(
∞

∑
i= j

uq
i A

q
r+m−1,1(i, j)

) 1
q
(

j

∑
τ=1

v−p′
τ Ap′

l,m+r( j,τ)

) 1
p′

=
(
Bl+1

m+r

)
j
, ∀ j � 1.

Consequently,

B
l−r+1(Δ(r)) � max

1�m�l−r+1
sup

1� j<∞

(
Bl+1

m+r

)
j
� max

1�k�l+1
sup

1� j<∞

(
Bl+1

k

)
j
= Bl+1.

Then (2.22) yields that

Ir �
(
Bl+1

)q
(

∞

∑
i=1

| fivi|p
) q

p

. (2.26)

According to (2.17), (2.18), and (2.26), we have that (2.8) holds, when n = l +1.
Therefore, (2.8) is valid for all 1 < n < ∞ . Moreover, for the best constant C in (1.1)
we obtain the estimate C � Bn , which together with (2.7) gives C ≈ Bn .

The proof of Theorem 1 is complete.
Since the finiteness of Bn

m is equivalent to the condition lim
j→∞

(Bn
m) j <∞ , then from

Theorem 1 we have

COROLLARY 1. Let 1 < p � q < ∞ . The operator Sn is bounded from lp,v into
lq,u if and only if

lim
j→∞

max
1�m�n

(Bn
m) j < ∞.

THEOREM 2. Let 1 < p � q < ∞ . The operator Sn is compact from lp,v into lq,u

if and only if

lim
j→∞

max
1�m�n

(Bn
m) j = 0. (2.27)
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Proof. Necessity. Let the operator Sn be compact from lp,v into lq,u . For all l � 1
and m : 1 � m � n we introduce the following sequence:

gl,m = {(gl,m
)
s}∞s=1 :

(
gl,m
)
s =

(
fl,m
)
s

‖v fl,m‖lp
,

where fl,m = {( fl,m)s}∞s=1 :
(
fl,m
)
s =

{
Ap′−1

n−1,m(l,s)v−p′
s , 1 � s � l,

0, s � l +1.

It is obvious that ‖vgl,m‖lp = 1. Since Sn is compact from lp,v into lq,u , then
the set {uSngl,m, l � 1, 1 � m � n} is precompact in lq . Then from the criteria on
precompactness of the sets in lp (see Theorem A) we conclude

lim
r→∞

sup
l�1

max
1�m�n

(
∞

∑
i=r

uq
i

(
Sngl,m

)q
i

) 1
q

= 0. (2.28)

Thus, we have

sup
l�1

max
1�m�n

(
∞

∑
i=r

uq
i

(
Sngl,m

)q
i

) 1
q

� max
1�m�n

(
∞

∑
i=r

uq
i (Sngr,m)q

i

) 1
q

= max
1�m�n

(
∞

∑
i=r

uq
i

(
i

∑
j=1

( fr,m) j

‖v fr,m‖lp
An−1,1(i, j)

)q) 1
q

= max
1�m�n

(
r

∑
j=1

v−p′
j Ap′

n−1,m(r, j)

)− 1
p
(

∞

∑
i=r

uq
i

(
r

∑
j=1

Ap′−1
n−1,m(r, j)v−p′

j An−1,1(i, j)

)q) 1
q

[we use the inequality An−1,1(i, j)� An−1,m(r, j)Am−1,1(i,r) that follows from Lemma 1]

� max
1�m�n

(
r

∑
j=1

v−p′
j Ap′

n−1,m(r, j)

) 1
p′
(

∞

∑
i=r

uq
i A

q
m−1,1(i,r)

) 1
q

= max
1�m�n

(Bn
m)r . (2.29)

Then from (2.28) and (2.29) it follows (2.27). The proof of necessity is complete.
Sufficiency. Let (2.27) be correct, then by Corollary 1 the operator Sn is bounded

from lp,v into lq,u . Consequently, the set {uSn f ,‖ f‖lp,v � 1} is bounded in lq . Let us
show that this set is precompact in lq . By the criteria on precompactness of the sets in
lp (see Theorem A), the bounded set {uSn f ,‖ f‖lp,v � 1} is compact in lq if

lim
r→∞

sup
‖v f‖lp�1

(
∞

∑
i=r

uq
i |(Sn f )i |q

) 1
q

= 0. (2.30)
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For all r > 1 we assume that ũ = {ũi}∞i=1 : ũi =
{

0, 1 � i � r−1,
ui, r � i � ∞.

Then from Theorem 1 we have

sup
‖v f‖lp�1

(
∞

∑
i=r

uq
i |(Sn f )i |q

) 1
q

= sup
‖v f‖lp�1

(
∞

∑
i=1

ũq
i |(Sn f )i|q

) 1
q

� B̃n(r), (2.31)

where

B̃n(r) = sup
j�1

max
1�m�n

(
∞

∑
i= j

Aq
m−1,1(i, j)ũq

i

) 1
q
(

j

∑
τ=1

v−p′
τ Ap′

n−1,m( j,τ)

) 1
p′

= sup
j�r

max
1�m�n

(
∞

∑
i= j

Aq
m−1,1(i, j)uq

i

) 1
q
(

j

∑
τ=1

v−p′
τ Ap′

n−1,m( j,τ)

) 1
p′

= sup
j�r

max
1�m�n

(Bn
m) j . (2.32)

From (2.27) and (2.32) it follows that

lim
r→∞

B̃n(r) = lim
j→∞

sup
j�r

max
1�m�n

(Bn
m) j = lim

r→∞
max

1�m�n
(Bn

m)r = lim
r→∞

max
1�m�n

(Bn
m)r = 0.

Then (2.31) yields (2.30).
The proof of Theorem 2 is complete.
Finally, let us consider the operator

(S∗g) j =
∞

∑
i= j

giAn−1,1(i, j), j � 1, (2.33)

which is conjugate to the operator (1.3). It is easy to see that the operator (2.33) is n -
tuple summation operator with weights defined as

(S∗g) j =
∞

∑
kn−1= j

wn−1,kn−1

∞

∑
kn−2=kn−1

wn−2,kn−2 . . .
∞

∑
k1=k2

w1,k1

∞

∑
i=k1

gi.

According to properties of conjugate operators the operator (1.3) is bounded and com-
pact from lp,v into lq,u if and only if the operator (2.33) is bounded and compact from
lq′,u−1 into lp′,v−1 , respectively, where v−1 = {v−1

i }∞i=1 . If we change q′ by p , p′ by
q , u−1 by v , and v−1 by u from Theorems 1 and 2 we, respectively, have

THEOREM 3. Let 1 < p � q < ∞ . The inequality(
∞

∑
j=1

∣∣∣∣∣ ∞∑i= j

giAn−1,1(i, j)

∣∣∣∣∣
q

uq
j

) 1
q

� C

(
∞

∑
j=1

|vigi|p
) 1

p

(2.34)
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holds if and only if Bn = max
1�m�n

sup
1� j<∞

(Bn
m) j < ∞ , where

(Bn
m) j =

(
∞

∑
i= j

Ap′
m−1,1(i, j)v−p′

i

) 1
p′
(

j

∑
τ=1

uq
jA

q
n−1,m( j,τ)

) 1
q

, j � 1.

Moreover, Bn ≈C, where C is the best constant in (2.34).

THEOREM 4. Let 1 < p � q < ∞ . The operator (2.33) is compact from lp,v into
lq,u if and only if

lim
j→∞

max
1�m�n

(Bn
m) j = 0.
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