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BOUNDEDNESS AND COMPACTNESS OF A CLASS OF
MATRIX OPERATORS IN WEIGHTED SEQUENCE SPACES

R. OINAROV AND A. TEMIRKHANOVA

(communicated by A. Kufner)

Abstract. We study the problem of boundedness and compactness of operators of multiple sum-
mation with weights in weighted sequence spaces.

1. Introduction and preliminaries

Let 1 < p,q < and %Jr[% =1. Let f ={fi}", be an arbitrary sequence of
real numbers. Moreover, suppose that {w;}7_,, i=1,...,n—1, {u;}7,, and {v;}7,
are weight sequences, i.e., non-negative sequences.

We consider the following weighted estimate:

[Snf 1,0 < Cll S, 1< Pyg < oo, (1.1)

where n - tuple summation operator (S, f) has the form:

(Snf)i = 2 ) k, 2 O k, 2 O3 gy - 2 On—1 ky_, pr (1.2)

k=1 k3=1 ky—1=1

and the space [, ;, consists of all sequences f = {fi};*, such that

1

1l = | X Mfiwil" | <oor 1< p<eo
i=1
If in (1.2) we change the order of summation, then we can present it as

(Snf)i — ijAnfl,l(i7j)> l> 1> (13)

j=1

where A,_11(7, Jj) is an element of the expression:

i
AL, ) 2 @y g, 2 Oty e D O,

=Jj ki—1=k km: m+1
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for m <1 <n—1.When 0<1[<m,we have that A; (i, j) =1.
When n = 1, the operator (1.3) has the form (S, f); = 2 f; that coincides with the

discrete Hardy operator. Its boundedness was proved by K. F Andersen and H. P. Heinig
in 1983 ([1], Theorem 4.1) for the case 1 < p < g < oo.

In 1987 — 1991 G. Bennett [2, 3, 4] investigated weighted Hardy type inequalities
and presented their full characterizations for all relations between p and g except for
the case 0 < g < 1 < p < eo. The remaining case 0 < g < 1 < p < o= was characterized
by M. Sh. Braverman and V. D. Stepanov in [5].

When n = 2, the operator (1.3) is a matrix operator of the following form:

Af)i= aijfj. (1.4)

Jj=1

The matrix operator (1.4) was studied in many papers in different sequence spaces.
The almost complete collection of these results is presented in the work by M. Stieglitz
and H. Tietz [10]. There the mappings of the operator (1.4) are considered in 11 se-
quence spaces except its mapping from [,y to I, , . The remaining case is still an open
problem.

However, there is the series of works ([8]-[10]) devoted to the operator (1.4) act-
ing from [, ,, to I, but with some additional conditions on the matrix elements (; ;),
a; j 2 0. For example, in [8], when 1 < p < g < oo, the validity of (1.1) for (1.4) is
found under the condition a; ; ~ a;; +ay j, i 2 k > j > 1. In the paper by R. Oinarov,
C. A. Okpoti and L.-E. Persson ([9], Theorem 2.1), when 1 < g < p < oo, the correct-
ness of (1.1) for (1.4) is given under the condition a;; ~ <% it a}f"(" bi,izk>j>1,
where ¢ = {¢;}7*, and b = {b; }°° | are sequences of posmve numbers.

Let us notice that when n > 3 for the operator (1.3), then the conditions on the
matrix elements from [8] and [9] do not fulfil.

In 1998 A.O. Baiarystanov [6] considered the continuous analogue of the operator
(1.3). Namely, he investigated the problem of the operator boundedness from L, into
L, . However, the presented method was based on absolute continuity of integral. This
method is impossible in the discrete case. Thus, here we establish the validity of (1.1)
by other method. Moreover, we study the problem of compactness of the operator (1.3).

To prove our main results we use the criteria on precompactness of sets in I, ([11],
p- 32) and the result for a standard weighted Hardy inequality, when 1 < p < g <o
([1], Theorem 4.1). For better presentation let us state them here.

THEOREM A. Let T be a set from l,, 1 < p <oo. The set T is compact if
and only if T is bounded and for all € > 0 there exists N = N(€) such that for all
x={x;};2 €T the following inequality

3 P <&
i=N

holds.
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THEOREM B. Let 1 < p < g < oo. The inequality

o i 4q é = %
(£(25) ) <c(Eor)
i=1 \7=1 i=1

0,i

holds for all sequences { i}, f;
if

(1.5)

1, with the best constant C > 0 if and only

1
Moreover, B' <C < p'qiB!.
In the sequel the symbol M < K means that M < cK, where ¢ > 0 is a constant
depending only on unessential parameters. If M < K < M, then we write M ~ K

2. Main results
Denote

1
7
(B, /_<2Am 1,1 (i j)u ) (va”AZ 1m-]T)>
i=j

n 7
B, = sup (B},);, m=1,...,n.
IS

)

THEOREM 1. Let 1 < p < g < oo. The inequality (1.1) holds if and only if

B" = max B, < oco.

2.1
1<m<n
Moreover, B" =~ C, where C is the best constant in (1.1)
To prove Theorem 1 we need the following helpful property of A, (i, T)
LEMMA 1. Forall i,j,7:1 <1< j<i<o we have that
k+1
mgg/’((+l(Arfl,m(i>j)Ak7r(j7 T)) <Akm i T rEmAr lm i ])Ak r(]7 )> (22)
whenn>k>m>1.
Proof. The estimate (2.2) is correct, when k =m, m = 1,2,...n. Indeed, for
1 <7< j< i<, taking into account that
Amfl,m(ia J) =

AmA,erl(ja T) = 1a
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we have the following upper estimate:

mm l T 2 Ok = 2 wmkm"" E O ki,

km=1 km=1 km=j+1

2 wmkm+ 2 wmkm —Amm(]> )+Am,m(i>j)

km=1 km=j

= AmA,m (l> ])Am,m+1 (.]7 T) J'_Am*lJ”(l’ ])Am,m (‘]7 T)
m+1
= Artmli. /) Ams (. T),

r=m

and the following lower estimates:

i
Amm( E W k,, =Ap m(]a ) and Am,m(ia T) = 2 O ki :Am,m(iyj)a
k =T km=j

or
Am7m(i7 T) >Am71,m(i7]’)Am,m(]’7 T) and Am,m(i7 T) >Am7m(i>j)Am,m+1 (]7 T)-
Then
Am,m(i7 T) > max (Arfl,m(i’j)Am,r(jvf))

m<r<m+1

Suppose that (2.2) holds for k =s > m > 1. Let us show that it is correct also for
k=s+1. Assume that 1 < 7 < j < i < e. From the definition of A, (i, T) we have

i
Asp1m(i,T) = 2 ws+lk5+1 2 Oty Y, O,

kv+1 T =kgt1 km=kin+1

2 ws+l,kx+1As,m (i7 ks+l )

kgr1=T
J i
< 2 wsH,kHlAs,m(ikal)"‘ 2 wsHA,kHlAs,m(@ksH)
ksr1=7 ksp1=J

J
2 ws+1,kx+1As.,m(iaks+l) +Ast1m(i, )

kgr1=T
[we use the fact that the estimate (2.2) holds for A, (i, ks1+1)]

s+1

SAst m(l j+ 2 Wy 41 kg1 ZAr lm i ])Asr(]7ks+l)
ksr1=7 r=m
s+1

:Aerl?m(iaj)Aerl 5+2 ]a + zAr lm ] ] 2 Ws+1 kY+1ASr(J7kS+l)

r=m kyr1=T
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s+1
:Aerl?m(iaj)Aerl 542 Ja + zAr lm i ])As+1r(J7 )
r=m
s+2
= 2 Arfl,m(i7j)As+1,r(j>T)~
r=m

Now, we prove the lower estimate of (2.2). From the definition of Ay ,,(i,T) we
have

Ast1m(i,T) 2 O 1 kg4 Asim (15K 11)
kH»l =Jj

= As+1,m(i> ]) = As+1,m(i7 ].)As+1.,s+2(i7 T),
and

Ayt m(l T 2 Wy 1, kHlAs m(l kH»l)

kr+1 T

[we again use the fact that the estimate (2.2) is correct for Ay, (i,ks11)]

J
> glﬂwm,km max Ayl A (i Kst)
el

:m<nr12§(+lAr lm i ] ; zl: Tws+1 kHlAs r(]7ks+l)
s+

= m<nr12§+1Ar lm(l ])As+1,r(]>r)~

Then

AHLm(ivT)2maX{AsH?m(iaj)ASHA,HZ(J'a T), max A, 1m(l J)AHl,r(jaT)}-
m<r<s+1

Hence,

Agpim(i,T) = m<r§13§+2Ar Lty ))As1,0 (7, 7)-

Consequently, (2.2) holds for all k,m:n >k >m > 1. The proof of Lemma 1 is
complete.

Proof. [Proof of Theorem 1] Necessity. Suppose that the inequality (1.1) holds
with the best constant C > 0. Let us show that B" < oo.
We take a test sequence f = {f;};; such that

fi= {6‘5 s s)vﬂ,;f;SL (2.3)

forthe fixed m=1,...,n,and j:1 < j<oo.
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Substituting (2.3) in the right side of the inequality (1.1), we have

1 . 1
< P D ! X pA@=Dp ;. -p'p !
2 vy fs = 2 VSAn—Lm (],S)VS
s=1 s=1

1
i N7
_<2A£1,m(j7s)vsp> . (24)

s=1

Substituting (2.3) in the left side of the inequality (1.1), we get

i (ifSAnu(i,s)> ul > 2 (2]‘3 n—11(i s)) ul
s=1

i=1 i=j

[we use the inequality A,y 1(i,s) = Ay—1m(j,5)Am—11(i,j) for i > j > s> 1 that
follows from (2.2)]

q
2<2f? n—1,m J7 )AmlA,l(ivj)) u?

=J

1 -
= <2f:yA111,m(j>s)> Zqunfll(h])uzq
=J

q
O ; o
Aﬁflm(];s)"s pAnl,m(J;S)> 2143171,1(1;])“?

i=j

“
M\. Il
—_

s=1

/

Ay u(ss) ) X A1 (0 ) 2.5)

|
/N N

M\..

1

Consequently, substituting (2.4) and (2.5) in (1.1), we have

(820 (i) <o)

Hence,

Q=

1 1
i AW q
(By)j = (ZAz’l,mu,s)vsp ) <Zu§’AZM,1<i,j)> <C. (2.6)
s=1 i=j
Since, the best constant C > 0 of (1.1) does not depend on j,m : 1 < m < n, then

B"= max sup (B;,); <C <oo. 2.7)

1<m<n 1< j<e0

Therefore, B" < . The proof of necessity is complete.
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Sufficiency. Let B" < oo. Now, we prove the inequality:

1 1
oo i 4q q oo P
(2 (2 frAnfl,l(l., ’L')) u?) < B (2 vjfj”> . (2.8)
i=1 \7=1 J=1

When n =1, we have that m =1, Ay_11(i,7) = Ap-1.1(i,7) = A0,1(i,7) =1,
1

1
and B" = B! = sup (2 u?) ! ( é’, vl l) ’ . Moreover, in this case the inequality
1<j<oo \i=j T=1
(2.8) coincides Witfl the inequality (1.5). Consequently, on the bases of Theorem B the
inequality (2.8) is valid.

Suppose that the inequality (2.8) is valid for 1 <n <. Let us prove that it is valid
forn=1+1. Since A;(i,7) > 0, then for f = {f; > 0,7 € N} the sequence (S;1f);
is increasing.

For all i > 1 we define the following positive number set:

Ti={kcZ:2"<(S;11f);}, maxT;=k;.
From the definition of ; and the property of (S;+1f); it follows that
2k (S f); < 28T i1

Let m; = 1. Moreover, suppose that m; is such that supM; + 1 =my and my >
my, where M} = {i € N : k; = k; = k,, }. Obviously, if the set M, is upper bounded,
then my < oo and my — 1 = maxM; = supM;. However, otherwise we have that m, =
oo, Let us define numbers m; < mp < ... <mg < oo, s > 1. Then to define m; | we
assume that supM; + 1 = my, |, where MS ={ieN:ki=kp,}.

Let Nop = {s € N : m; < oo}. Further, we assume that k,,, = ng, s € Ny. Then from
the definitions of k; and mg we find

2" < (Si1f); <2 my < j<mgp,V s € Ny, (2.9)
and
N = [ms,ms1). (2.10)
SEN()

Applying (2.10) to the left side of (1.1), we have

mgy1—1
q q.4q
S fli, = X X (Siwaf)ful- (2.11)
SENy j=my
mgy1—1
Next, we assume that Y, =0, if my; = oo. Then the expression (2.11) we rewrite in
Jj=mg
the following form:
my— 1 m3— 1 Mgy 1— 1

HMSHlleqq: Y SeNgul+ Y (S Niud+ Y Y (Siaf)iud. (2.12)

Jj=my j=my s=3  j=myg
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Since m; =1 € Ny, then using (2.9), we have

mzfl oo o
Y (S )ul < Y ul2m e <29 Y wl (S, )]
J=m J=1 =1
<203 (Al (1 ") <2|v,f,|l’>
=1
<20 (B7) I, < (284) sl 2.13)

If my < oo, ie., 2 €Ny, then arguing as before for (2.13), we obtain

m371 oo

2 (SHlf)(;M(; < 2 u‘jf,z(n2+l)q<2q 2 u(/I (S[+1f)?n2
Jj=my Jj=my Jj=my
9 q
/ ’), hd P
2 5 up(Satiman)” (S )
J=my =1
<2 (Bl“) v, < (28°1) s (2.14)

For s >3 and s € Ny at first we estimate the value 2~ 1:

2t =2 =2 2 2 (S )y — (St

mg mg_1—1
= feApi(mg, )= Y, frApi(me 1 —1,7)
7=1 7=1
mg mg_1—1 mg_1—1
N feA(me, )+ Y frAn(mgT)— Y, feApi(mey —1,7)
T=my_| 7=1 7=1

myg my_1—1
Y fAni(mg,t)+ Y, fr[Ani(mg, 1) —Ap(me- — 1,7)] . (2.15)

T=mg_| 7=1

Using Lemma 1 for m,_; — 1 > 7, we have

I+1
Al71(ms>T) _Al,l(msfl - 177:) < ZAl,r(msfl - lyf)Arfl,l(mmmsfl - 1)
r=1
—Ap(me—1 —1,7) =Ap 1 (mg—1 — 1,7)Ag 1 (mg,mg_1 — 1)
I+1
+ zAl,r(msfl —Lo)A 1 1(mg,mg_1 —1)—A;1(mg—1 — 1,7)
r=2
I+1
= ZAl,r(msfl - lyf)Arfl,l(mmmsfl - 1)
r=2

[
= ZAIA,erl(mel - 1>T)Ar,l(mS7ms71 - 1)

r=1
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Hence, from (2.15) we obtain

mg_1—1 I

sl g Z fAr(ms, )+ Y, fo X A (mey — 1,T)A (mg,mg g —

T=m,_| =1 r=1
myg l
Y, feAi(mg,T)+ Y Api(mg,me_y — 1)

T=my_| r=1

ms,lfl

X Y feApper(mey —1,7).

7=1

Applying (2.9) and (2.10), we estimate the last summand in (2.12).

mgp—1 Mgy —1
Y X Sl <y Y 2t
s=3 i=mg s=3 i=my
mgy1—1 mgy1—1
:2 2 (ns+1)q Z u_41122’1v1‘] Z u
s=23 i=my s=23 i=my
ms i
AN Y frAni(mg, 1)+ Y Api(mg,mg_; — 1)
§=3 \T=my_| r=1

my_q—1 qms+1 1
> frAl,r+1(m31_1’T)> >

=1 i=my

g4q2(l+1)"’1 [( f frAz,l(ms,T)>

T=mg_|

[ mg_1—1 q
+ ZAzl(ms,ms,l -1) ( 2 frAl,rH(msﬂ - 1aT)> ] X
T=1

r=1

i=my 5>3 i=my T=mg_|

mep1—1 mgy1—1 myg
> E u?:4q(l+1)qlz< E u?)( 2 JrAL1 (ms,

7=1

563

D

(2.16)

T))

Mgy —1 mg_1—1 q
+ZZ< > u?)A?,,l(ms?msll)( > ffA;,rH(msll,r))

mgy—1 mg q
< 2 M? 2 f‘EAl,l (ms, T)
s>3 i=mg T=my_|

1 Mgy —1 4
+2 < Z u;{) Azl(mmmsfl_l)x
- 3 §—
my_y—1 q i
X ( 2 f‘L’Al,H»l(msfl - 17T)> =+ 211‘7

r=1

(2.17)
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where
mﬁ»l*l mg q
=Y X o Y feAri(mg, 1)
s=23 i=my T=my_|
and
Mgy —1 my_1—1 q
L= Y ul Al (meme i —1) Y frA(mei—1,7) ), r=1,..L
s=3 \ i=my ' —1
Now, we consider Iy. Since A; ;4 (i,ms) =1, whenn—12>12>0, and
had e m.H»l*l
> Ag,l(i7mS)”l‘q =Yul= Y ul,
i=ms i=mg i=my

then

mgy1—1 ms a
I(): (2 M?)( 2 f‘rAl,l(msaT)>

T=mg_|

oo my q
EAg,l(ims)M?)( 2 frAl,l(msaT)>

T=my_|
oo mg q
= 2 (2 Ag,l(i>ms)”?> ( 2 Al,l(mS7T)Vr1Vrf1>
i T=my_|

[we apply Holder’s inequality to the second bracket]

a 4
oo N , o P mg p
< 2 2 AgAl(LmS)uiq 2 Azl(mmf)vrp 2 ‘frvr|p
523 \i=m; T=ms_ T=my_

q

< 2 (i Ag,l(ivms)u?> (%iAi,l(mMT)pr,> ’ ( §i |f‘L’V‘L'|p>

s=>3 \i=my =1 T=my_|
1 114 4q
oo q mg , L 4 mg r
- 2 ( 2 A&l(i,mAy)u?) <2A£1(msa7)vrp> ( 2 |f‘L’V‘L'|p>
§>3 i=my =1 T=my_|
q - »
< | sup (Bllﬂ) 2 2 | frve|P
€Ny s | 523 \1=ms_1
q s »
< |sup (B’“) ' Z 2 | feve|?
J J §=3 \T=m,_|

[we use Iensen’s inequality for g > p]

() (2.8 o) (w0 (278 o)

§>3T=my_| s=3T=my_|
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q EA

= (Bi1) 2 (i ffvf"> "< (1) (i |ffvf|f’> . (2.18)
=1

T=1

To estimate I, r =1,2,...,1, at first we transform it.

Mgy —1 ms—1—1 q
Ir_2< D u?)AZl(ms,msll)< D fTAl,H(m“l,r))

523 i=my

mgp1—1 o q
2( ) u?)Ail(ms>mH—1)2 ifTAzA,,H(j,r)) §j(m;—1—1)

s>3 i=myg j=1 \7=1
hd J q mgy1—1
= EfrAl (D) ] XY uf AZ1(ms>ms71—1)5j(ms71—1),
Jj=1 \7=1 5§23 i=my
where
5(m 71)7 L, j=me_1—1,
A0, j #me — 1L
Hence,
o j q
I=Y (2 frAz,m(j,T)) Aj(r), (2.19)
j=1 \r=
where
My —1
Aj(r) = 2 ( 2 u?) Aql(ms,ms 1—1)8j(ms—1 —1). (2.20)
5>3 i=my

Next, we introduce a new notation
5}.7/(/1 = w)-+r.,kl+r> 1 < A < [—r

Then for A >t we have
1
Aj (i) = ZCUMQ 2 Oyt D, O,
kp—1=k, kt:kt+1
i i

i
2 w},+r,kl+r 2 w}t+r71,k}’+r71 tee 2 wl+r,k,+r = A},+r,t+r(l; T)~
K=t Kyr—1=kpsr kt+r=kiqri1

In view of this the notation (2.19) has the following form:

o q
= (2 frAin1(j,T )) Aj(r). (2.21)
j=1
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By the assumption the inequality (2.8) holds for the operator

i
(gmf) Ef]mlllj ) for 0<m<I.

Since in (2.21) we have that [ —r <1, when 1 < r <, then

<

- ; q o
Ir = 2 (i fTerA,l(LT)) A/’(}’) < (ElirJrl(A(r)))q (2 |fivi|p> ) (222)
j=1 i=1

where

B (A()) = max  sup (EZrH(A(r)))

1<m<l=r+1 g j<oo J

and
(B ) = (iﬁi’nl,l(i,ﬁm(r))q (il AT )> e
=] T=

Now, we estimate

DES VRN TING

Mgy —1

- Eanfl_’l(i,j) 2 ( Z uf’) Azl(ms,ms,l —1)8i(mg—1 — 1)
i=j 5>3

k=my

Mgy —1
2( D u?)Aql(ms,mS 1—1) ZAm 1105, 7)8i(mg—1 —1).

523\ i=my i=j
Hence,
A(j,A(r)) =0 for j>mg_1—1. (2.24)
If mg_1—12>j, then

mgy1—1
A(j,A(r))-Z( 2 u?)Aql(my,mS I*I)Am 1i(ms—1—1,j)

i=my

msp1—1
2 ( 2 > ql(mSamS71 - 1)A3+m—17r+1(m;¥*1 - 17])

5§23 i=mg

[we use the inequality A, ,,—1,1(my, j) = A1 (mg,mg1 — D)Ap 1 041(mg—1 — 1, j) for
mg_1 — 1 > j that follows from (2.2)]

Mgy —1
< 2 (2 ”?)Aﬁml?l(’”w]’)

my_1—1>j i=my
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mg_1—1=j i=mj

mHlfl
= 2 ( 2 M?Az+m1,1(ms>j)>
msy1—1
< 2 ( )y M?A§’+m1,1(i1> ZuAHm 1) (2.25)

mg_1—12j i=my i=j

From (2.24) and (2.25) it follows that A(j,A(r)) < ; ulAl, 11(i,j) forall j>1.

Then substituting this estimate in (2.23), we obtain
1 ) 1
q

=i+l q L v
Bm (A(r <ZuAr+m 11(1 J)) <2VT Al rm(.]7 ))

=J

a [ j 7
(2” Ar+m 11 i J > (2 pAfm+r . T)>
i=j 7=1

(Bﬁnﬂ,)j, Vizl

Consequently,

—l—rtl
B " (A(r) < max  sup (Bﬁnﬂr) < max sup (Bf{“) =B
1<m<l—r+1 1< j<e0 j 1<k<I+1 1< <0 Jj

Then (2.22) yields that

q
I < (B’“)q (2 f,-v,-|f’> : (2.26)
i=1

According to (2.17), (2.18), and (2.26), we have that (2.8) holds, when n =1+1.
Therefore, (2.8) is valid for all 1 < n < eo. Moreover, for the best constant C in (1.1)
we obtain the estimate C < B", which together with (2.7) gives C =~ B".

The proof of Theorem 1 is complete.

Since the finiteness of B, is equivalent to the condition lim (B,) ; <eo, then from

J—oo

Theorem 1 we have

COROLLARY 1. Let 1 < p < g < o. The operator S, is bounded from 1, into
lg.u if and only if
Tim B,
jgl‘ll?ﬂ?én( m)] <
THEOREM 2. Let 1 < p < g <. The operator S, is compact from I, , into l
if and only if

lim max (By,); =0. (2.27)

Jj—eel<m<n
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Proof. Necessity. Let the operator S, be compact from [, ,, into I, ,. Forall [ > 1
and m : 1 < m < n we introduce the following sequence:

(fim),

st ={(gum) Y1 (g1m), = 170
5 P

- AP (s 1<s <,
where fin = {(fim) }s1t (fim), = 0,1 o s>1+1.

It is obvious that valmHlp =1. Since S, is compact from I, into I, ,, then
the set {uS,g;m, [ > 1, 1 <m < n} is precompact in [,. Then from the criteria on
precompactness of the sets in [, (see Theorem A) we conclude

1
q
lim sup max <2u (Sngim); > =0. (2.28)

r—e0 5 1<m<n

Thus, we have

1 1
q oo q
sup max (214 ( ,1g,_’m)iq> > max <2u?(5,1g,7m)iq>

[>1 1<m<n P 1<m<n i—r

= o Fom); 0%
— o\ 2 Z e, e

1 1
v T\ a
. —1 4
:lgfén(ZV pAZ 1m(71)> (2” <2A5 L)V P An1a i, J)> >

[we use the inequality A,—1,1(i, j) = Ap—1,m(r, J)Am—1,1(i,r) that follows from Lemma 1]

1 1

P [ e q

Z max (2" n 1m r])) (2“?‘4311,1(1.7"))
=

1<m<n ~—
i=r

_ 1
= max (By,),- (2.29)
Then from (2.28) and (2.29) it follows (2.27). The proof of necessity is complete.
Sufficiency. Let (2.27) be correct, then by Corollary 1 the operator S, is bounded
from 1, , into I;,. Consequently, the set {uS,f, || f||;,, < 1} is bounded in I;. Let us
show that this set is precompact in [,. By the criteria on precompactness of the sets in
I, (see Theorem A), the bounded set {uS,f, || f||;,, < 1} is compact in [, if

lim sup (iu?(Snf)iV) =0. (2.30)

" A, <1
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oo .~ 0, 1 r—1,
For all r > 1 we assume that u = {u;}; u’_{u,,r<z<oo.

Then from Theorem 1 we have

1 1
sup (2%?(Snf),-lq> = sup (2 7} |(Sn K’) < B'(r), (231

vfll, <1 VA, <t \i=1

where

j>l 1<m<n -y

1 .
o q ] / /
= sup max <2Afn1_’1(i,j)u?> (2 ve? Af;fl_’m(j, ’L'))
i=j

j=r 1<m<n

=sup max (By,);. (2.32)

j=r1<m<n

From (2.27) and (2.32) it follows that

s i ny T ny o 1; ny o _
A 1) = i sup i, (Bn)y = o iy, (), = Jim i, (B =0

Then (2.31) yields (2.30).

The proof of Theorem 2 is complete.
Finally, let us consider the operator

=Y giAn-11(i,j), =1, (2.33)

which is conjugate to the operator (1.3). It is easy to see that the operator (2.33) is n -
tuple summation operator with weights defined as

2 Wn—1,k,_1 2 Wn—2ky_ o+ 2 W1k 2 8i-

kn—1=Jj kn—o—t,_, =k i=ky

According to properties of conjugate operators the operator (1.3) is bounded and com-

pact from [, , into I, if and only if the operator (2.33) is bounded and compact from

lq/ M—l into [,y -1, respectively, where v=* = = {v; 1} ,. If we change ¢’ by p, p’ by
Uby v, and v~! by u from Theorems 1 and 2 we, respectively, have

THEOREM 3. Let 1 < p < g < oo. The inequality

(52

1 1

7 \7q 5 v
u‘j) <C (21 vigi"> (2.34)
iz

Y gidn-1,1(i,))
i=j
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holds if and only if B" = max sup (B},); < o, where

1<m<n 1<j<oo

ALEE "
ZujAn—Lm(j?T) ?]
T=1

WV

(Bh); = | DA 14l
i=j

Moreover, B" ~ C, where C is the best constant in (2.34).

THEOREM 4. Let 1 < p < g <oo. The operator (2.33) is compact from 1, ,, into

lgu 1f and only if

lim max (B%);=0.
ijlgmgn( m)]
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