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Abstract. A capital letter means a bounded linear operator on a Hilbert space H . The celebrated
Léwner-Heinz inequality asserts that A > B > 0 ensures A% > B* for any o € [0,1], but AP >
BP does not always hold for p > 1. From this point of view, we obtained: If A > B > 0 with
A >0, then for t €0,1] and p > 1,

1—t4r _r

Fup(rs) =A7 {AZ(ATBPAT A2} AT
is a decreasing function for r >t and s > 1, and Fy 5(r,s) > Fp p(r,s) holds, that is,
roo—t —t ro Aetdr
AT > TAT (AT BPAT )SAT Y s
holds for t € [0,1], p=1, r=t and s > 1.

We shall prove the following further extension. Let A > B >0 with A >0, t € [0,1] and
P1:D2,--- Pan = 1 for natural number n. Then

Ga.B[r,p2n]

—r r = = = = = = r Ltr— —r
:AT{AY[ATI{A% ...[ATI{AIZ(Af BPIATI)PzA’z}PsATI]mA% ...}ATI}PZnAZ}"[—J*ﬁ:HLtAT

—t —t
A2 ntimes and — A2 ntimesand

AZ n—1times by turns AZ n—1 times by turns

is a decreasing function of py, > 1 and r >, and the following inequality holds: Gy a[r, p2] >
G p[r,pan), that is,

AT (ASAT {AY AT {AS (AT BPAT )AL ) AT AL AT PuAS yas

EA:ZJ n times and HA:fI n times and
A2 n—1times by turns A2 n—1times by turns
where q2n] = q[2n;p1,pa,....pan] = {... [{[(p1 =1)p2 +1lp3 —t}pa+tlps — ... —t}poy +1.

—t and ¢ alternately n times appear
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1. Introduction

An operator T is said to be positive (denoted by T > 0) if (Tx,x) > 0 for all
x € H, and T is said to be strictly positive (denoted by T > 0) if T is positive and
invertible.

THEOREM LH. (Lowner-Heinz inequality, denoted by (LH) briefly).
If A > B >0 holds, then A* > B* for any a € [0,1]. (LH)

This was originally proved in [17] and then in [14]. Many nice proofs of (LH)
are known. We mention [18] and [2]. Although (LH) asserts that A > B > 0 ensures
A%* > B” for any o € [0,1], unfortunately A* > B* does not always hold for o > 1.
The following result has been obtained from this point of view.

THEOREM A.

If A>B >0, then for each r > 0,

P

r ro 1 r ro 1
()  (B*APB%)d > (BEBPB%)4
and
(i)  (APAPA%)7 > (A5BPA%)i W
hold for p >0 and g > 1 with (1+r)g=p+r.

(1,0) q
(07 77”)
Figure 1

The original proof of Theorem A is shown in [6], an elementary one-page proof is
in [7] and alternative ones are in [3], [15]. It is shown in [19] that the conditions p, g
and r in FIGURE 1 are best possible.

THEOREM B. IfA > B >0 with A> 0, thenfort € [0,1] and p > 1,

1

Fop(rs) =A7 {AT(ATBPAT AL} T AT
is a decreasing function for r >t and s > 1, and Fp 4(r,s) > Fa p(r,s) holds, that is,
AT S (AR (AT BPAT YAS YA (1.1)
holdsfort€[0,1], p>1, r>t and s > 1.
The original proof of Theorem B is in [8], and an alternative one is in [4]. An

elementary one-page proof of (1.1) is in [9]. Further extensions of Theorem B and
related results are in [10], [12], [13], [16] and [22]. It is originally shown in [20] that

—rhr of the right hand of (1.1) is best possible and alternative
(p—t)s+r
ones are in [5], [21]. It is known that the operator inequality (1.1) interpolates Theorem
A and an inequality equivalent to the main result of Ando-Hiai log majorization [1] by
the parameter ¢ € [0, 1].

the exponent value
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2. Definitions of C, 3[2n]| and ¢[2n] and preparation

Let A>0,B>0,1t¢€ [0, 1] and P1;P2y--+5Pny- -5 P2(n—1)> P2n—1,P2n > 1 fora
natural number n. Let Cy 5[2n] be defined by:

Ca[2n] = Ca B[21;p1, P2, -, P2(n—1), P2n—1, P2n]

= AS{AT[AT. AT {AT(AT BP AT )RATYAT P AT|PrIAT Y PAT

— A7 and A? alternately n times — A7 and A? alternately n times

(2.1)

For examples,
CA’B[2] :A% (A%BPIA%’)[)ZA%

and t sty b ot =t L P4t
CA,B[4}:A2[A2{AZ(AZB’”AZ)”ZAZ}”»*AZ} Az

Particularly put A = B in Cy 5[2n] in (2.1). Then

Caal2n] = Caal2n;p1,02,- -, P2(n-1), P2n—1, P2n]

—AT{AT A2 [AT{AT(AT APTAT )RATYPIAT P AS|PEIAT Y PAS

— A7 and A? alternately n times — A7 and A? alternately n times
— AL-Rpi=0)p2+tlps =t} pattlps—..+lpon—1—1}pon+t (2.3)
Let ¢[2n] be defined by

C][zn} = 6][2”;I717P2a ey Py apZ(nfl)aPanlaPZn]
= the exponential power of A in (2.3)

={...l{llp1 —t)p2+1tlps—t}pa+itlps—...—t}pr,+1. (2.4)

—t and ¢ alternately n times appear

For examples,
q2] = (p1 —t)p2+1
and
ql4] :[{(Pl —l)p2+l}P3—t]p4+t.

For the sake of convenience, we define
Capl0]=B and ¢[0]=1 (2.5)

and these definitions in (2.5) may be naturally defined by (2.1) and (2.4).
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THEOREM C. [11] Let AZB>0withA>0, t€[0,1] and p1,pa,...,pm =1
for natural number n. Then the following inequality holds for r > t:

AT S LATIAT {AT . [AT {A2(AT BPY AT )2AT AT |PIAS ...}A%’]P%A%}qéﬁir

= =L .
< A2 ntimes and T»A 2 n times and
A2 n—1 times by turns A2 n—1 times by turns

(2.6)
where q[2n] is defined in (2.4).

We need the following lemmas.

LEMMA A. [8,Lemma 1] Let X be a positive invertible operator and Y be an
invertible operator. For any real number A,

(YXY* Y =YX? (XY YXIy—lxiy",

The following lemma is easily shown by (2.1), (2.4) and (2.5).

LEMMA 2.1. For A >0, B > 0 and any natural number n, the following (1) and
(ii) hold:

@ Cal2n] = A2{AT Cypl2(n—1)]P2-1A7 }P2As 2.7)
and

W q[2n) = {q[2(n — 1)] a1~ t}p2o +1 (2.8)
where Ca g[0] = B and ¢[0] = 1.

3. Further extension of Theorem B

We shall state further extension of Theorem B.

THEOREM 3.1. Let AZB >0 with A>0, t €[0,1] and py,pa,...,pm =1 for
natural number n. Then
Ga B[1; pan)

AT {ASAT (A AT {AE (AT BRI AT ARYIAT|PAS AT PrAs Y AT

—t —
b A7 n times and P A7 n times and
A2 n—1 times by turns A2 n—1 times by turns

(3.1)
is a decreasing function of pa, > 1 and r > t, and the following inequality holds
Gaalr, pan] = Ga glr, pan)s
that is,

AT AT[AT AS AT {AS (AT BRI AT )R ASYAT AL L JAT Al T

—t =t
;—A 2 n times and T»AT n times and
A2 n—1 times by turns A2 n—1 times by turns

(3.2)
where q[2n] is defined by (2.4).
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COROLLARY 3.2. I[fA>B>0 with A>0, t €[0,1] and p1,pa2,p3,pa =21,
Gaplr,ps) =A7T {A% [A%'{A%(A%'BplA%’)PzA%}PSA%’]MA%}mlq%
is a decreasing function of ps > 1 and r > t, and the following inequality holds

Gaalr, pa) = Gaglr, pa], that is,

I—t+r

AT S (AT AT (AT (AT BPIAT YA} P3AT |PAAT Y 0o ti)es g s

holds for t € [0,1], r >t and py,p2,p3,ps > 1.

REMARK 3.1. Theorem 3.1 yields Corollary 3.2 by putting n =2 and also Corol-
lary 3.2 yields Theorem B by putting p, = p3 = 1.

Proof of Theorem 3.1. (3.2) is (2.6) itself of Theorem C. Recall that (3.2) can be
described as by (2.1):

—t 14r—t

AT > (AT Cpp2n)AT )T (3.3)

By (2.7) we have
AT Crp2n]AT = AS{A7 Cup[2(n—1)]P1A7 JPA2, (3.4)

Put D = AthCA_,B 2(n— 1)}1’2'171A77' in (3.4) briefly in the proofs (a) and (b) under
below.
(a) Proof of the result that Ga g[r, pa,) is a decreasing function of r.

€ 10,1] for r > v > 0, we have

Raise each side of (3.3) to the power 4
I+r—t

A > (A K2 CAB[Zn]A T )W
(AZD”2"A2)W forr>v>0 by(@34) (3.5)
and we have
GA,B[V>p2n}:A%{A%CAB[ZH]A%’}%A% by (3.1) and (2.1)
—AT(AzppznAz) 2n+r AT by (3.4)

P2n r
=D7 (D ATDE ) ae 2"+”D2 by Lemma A
P Pon P q[2n]+r+v—t 1—g[2n] Pon

=D7{ (DT ATDTS") a2l }aere DT

Pzn ] [)2

—D7 {DlznAZ(AZDPZ"AZ) ppE= tAzD }q2n+r+\ ‘D7 byLemmaA

P p p 1—q[2n] P
> D (D AT DR T pt

= Gag[r+v,pal (3.6)
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i € [~1,0] holds and

taking inverses of both sides, so that G4 g[r, p2,] is decreasing function of r by (3.6).

and the last inequality follows by LH because (3.5) and

(b) Proof of the result that G4 g[r, pay| is a decreasing function of pay.
Raise each side of (3.3) to the power ﬁ € [0,1], we have
r—

AT > (AT Cop2n|A'T )W = (ASDPuAS )@ by (34)  (3.7)

and applying Lemma A to (3.7) and taking inverses of both sides, we have

" . _al2n]—t
(Dp% Aerz ) q2n]+r—t > DPan (38)
(3.8) and (2.8) imply
Pon Pon (g2(n=1)]ppp—1-1)P2n
(DZA'D?) (@R=Dlpop—1-Np2ntr > P2, (3.9)
. . v
and raise each side of (3.9) to the power — € [0, 1] for py, > v > 0, we have
P2n
by by @RE=Dlpy g0
(DTArDT) (qR(n=D)]p2p—1=1)P2n+r > DY for Pwm =V 0. (310)

Then we have

r +r—t
f('?PZn) (AzDI’2nA2)q2n+rt
14+r—t

(AszznAﬁ)W by (2.8)

, . R0=D)1pyy 1~ Py tv)Hr Itr—t
— {(AjDPznAQ ) (a2(n=1)]poy—1—0p2p+r } (a2(n=D)]poy—1-1)(p2p+v)+r

([(’1 Dlpop—1-t)v I+r—t
= {Azp%ﬂ(D%ﬂA’D%ﬂ) 2(n=1)]pp— I t)p2n+rD_%ﬂA } 2(n=D)pyp—1 =P tv)+r
(by Lemma A)

Ltr—
(AzDP2n+VA7) 2(n=D)]pap—1— ')(P2n+V)+r

= f(r,pan+v) (3.11)

1—t+r
(qR2(n—D)]pan—1-1)(pan+v)+r

[0,1], so that Ga g[r, paa| = AT f (r, pZn)A;fr is decreasing function of py, > 1 by
(3.11).

Finally Ga g[r, pan| is a decreasing function of both r > and p», > 1 by (a) and
(b). O

and the last inequality follows by LH because (3.10) and

S
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4. Satellite inequalities as an application of Theorem 3.1

PROPOSITION 4.1. F[A,B;p1,p2;,---Pa(n—1), P2n—1, P2n) is defined as follows for
natural number n;

e
F[A,B;p1,p2;- - Pa(n—1)s P2n—1, P2n] = (Ca p[2n]) 7. (4.1)

1 1

If pon =1, then (Ca p[2n]) P = (Cs p[2(n—1)]) 42011 holds, that is,

F[AaB;PhPZw~~P2(n71)7p2n717[)2n} :F[AaB;plaPZV"ap2(n71)]' (42)
Proof. 1f py, =1, then

Ca[2n] = Ca B[21;p1, D2, - - P2(n—1)> P2n—1; P2n]
= A2 {A7 Cyp2(n—1)]P1AZ }'AS by putting pa, = 1 in (2.7)
= Cap[2(n—1)]P>! 4.3)

on the other hand,

q[zn] = Q[zn;pbph .. ~p2(n71)7p2r1717p2n]
= (q[2(n—1)]p2a—1—1)1 +1 by putting ps, = 1in (2.8)
=q[2(n—1)]pan-1, (4.4)

and

F[A,B;p1,p2,- - Pa(n-1)s P2n—1,P2n] = (CA,BPHDﬁ
= (Capl2(n— 1)]P2n71)m by (4.3) and (4.4)
= (Cas[2(n— 1)) T0T
=FI[A,B;p1,p2;- -, Po(n—1)]
and (4.2) is shown. [

THEOREM 4.2. If A2 B >0 with A>0, 1t € [0,1] and py,p2,...,pan =1, then
the following inequality holds:

A>B
_ _ 1
> {A%(AT’BPIATt)pZA%}i(pl—r)szrt

1

>{A% [A7 {AZ(ATBPIAT )2 AT PP AT P }m

>
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>[AM{AT[A? (AT {AS(AT BPIAT )2ATY AT [P AT]PIAT JP0AT

—A7 and A? alternately n times —A7 and A? alternately n times

where q[2n] is defined in (2.4).
Proof. First of all, we recall the following relation by (4.1) and (3.1):

1 . ‘
F[A,B;p1,P2;---Pan—1)s P2n—1,P2n] = Ca B[2n] P = A2 Gy plt, p2u]A2.  (4.6)

Since Gy glt, pan] is a decreasing function of p,, > 1 by Theorem 3.1, (4.6) yields

F[A,B;p1,p2,.. .p2<n,1),p2n,1,p2n] is also a decreasing function of pj, > 1.
(4.7)
By (4.7) and Proposition 4.1, we have

A>B=FI[A,B;p,1]

P>
> F[A,B;p1,p2)

WV

F[A7B;pl7p27' . ap2(n71)]
=F[A,B;p1,p2;,- s P2(n—-1), P2n—1, 1]
F[A>B§P1>p2>- .. 7p2(n71)7p211717p2n]

and the proof of (4.5) is complete. [J

REMARK 4.1. Corollary 2 in § 3.2.5 of [10] states that if A > B > 0, then

A>B>{AS(ATBPAT YA} holds foreach € [0,1] and p,s > 1 (4.8)

and Theorem 4.2 is further extension of (4.8).
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