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HUSEYIN YILDIRIM AND KAZIM ILARSLAN

(Communicated by A. Peterson)

Abstract. The general idea of this paper is to study a differential calculus for multivariable func-
tions on time scales. Such a calculus can be used to develop a theory of partial dynamic equations
on time scales.

1. Introduction

The unification and extension of continuous calculus, discrete calculus, g-calculus,
and indeed arbitrary real-number calculus to time scale calculus was first accomplished
by Hilger in his PhD thesis [9]. This theory is very important and useful in the math-
ematical modelling of several important dynamic processes. As a result the theory of
dynamic systems on time scales is developed in ([1], [2], [4]-[8], [11]-[15]).

The present paper deals with the differential calculus for multivariable functions
on time scales and intends to prepare an instrument for introducing and investigating
partial dynamic equations on time scales.

There are a number of differences between the calculus one and of two variables.
The calculus for functions of three or more variables differs only slightly from that of
two variables. Bohner and Guseinov have published a paper about the partial differ-
entiation on time scale. Here, authors introduced partial delta and nabla derivatives
and the chain rule for multivariable functions on time scale and also the concept of the
directional derivative [7].

The contents of this paper are as follows. In Section 2, we give a brief account
of time scale calculus which will be used later. In Section 3, we introduce partial delta
and nabla derivatives for multivariable functions on time scales and offer several new
concepts related to differentiability. In Section 4, we give several useful mean value
theorems for derivatives. In Section 5, we extend the chain rule for multivariable func-
tions on time scales. Finally, in Section 6 we investigate some properties of directional
derivative on time scales.
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2. Preliminaries from Time Scales Calculus

The following definitions and theorems will serve as a short primer on time scale
calculus; they can be found in ([5], [6]). A time scale T is any nonempty closed subset
of R. Within that set, define the jump operators p,o : T — T by

p(t)=sup{seT: s<t} and o(t)=inf{seT: s>1},

where inf@ := supT and sup@ := infT, where @ denotes the empty set. If o(¢) > 1,
then we say that 7 is right-scattered. If o(t) =t and ¢t < supT, we say that ¢ is right-
dense. The backward jump operator, left-scattered and left-dense points are defined in
similar way. If T has a right-scattered minimum m, define T) := T—{m}; otherwise,
set Ty =T. If T has a left-scattered maximum M, define T* .= T—{M}; otherwise,
set T = T. The so-called graininess functions are u(t) := o (¢) —t and v(t) :=t—p(t).

For f:T — R and ¢ € T, the delta derivative of f at ¢, denoted f*(¢), is the
number (provided it exists) with the property that given any € > 0, there is a neighbor-
hood U of ¢ such that

f(o() = f(s) = f20)[o(r) —s]| <elo() — s

forall s € U.For T =R, f2 = f', the usual derivative; for T = Z the delta derivative
is the forward difference operator, f2(¢) = f(t +1) — f(t).

THEOREM 1. If f,g: T — R are A—differentiable at t € T*, then
(i) f-+gis A—differentiable at t and
(f+8)" (1) = f2(1) +&*(0).
(ii) For any constant ¢, cf is A — differentiable at t and
(cf)* (1) =ef*(1).
(iii) f.g is A — differentiable at t and
(£8)* (1) = f*(0)g(t) + f(o(1))g*(¢)
=g () f(t) +5(c (1)) f4(2).
(iv) Ifg(t).g(o(t)) # O then ch is A — differentiable at t and
(1)A o P00 - r0s0).
g g(t)-g(o(t))
THEOREM 2. Let T be a time scale and v : T — R be a strictly increasing func-

tion such that T = v(T) is also a time > scale. by G we denote the jump function on T,
and by A we denote the derivative on T. Then

Voo =0oV.

THEOREM 3. (Chain Rule) Assume v :T — R is stricily increasing and T=
V(T) is a time scale. Let w:T — R. If v2(t) and w*(v(t)) exist for t € T*, then
(wo v)? exist at t and satisfies the chain rule

(wov)A = (wKo vivhart.
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Many other information concerning time scales and dynamic equations on time
scales can be found in the books ([5], [6]).

3. Partial Differentiation on time Scales
Let n € N be fixed and foreach i € {1,2,...,n}, T; denote a time scale. Let us set
N'=Ty xTyx ... x Ty ={(l1,hr,...,1;) : [; € T; forall i € {1,2,...,n}}.

We call A" an n-dimensional time scale. the set A" is a complete metric space with
the metric d defined by

1

n 2
d(t,s): <2tis,-|2> ,VI,SE/\H.
i=1

Let f: A" — R be a function. The partial delta derivative of f with respect to #; € TX
is defined as the limit

llm f(tl7t27"'7ti7176l' (ti)>ti+l7"'7tn) _f(t1>t2>-"7ti71>si>ti+l7"'7tn) — af(t)
o) = A

Higher order partial delta derivatives are similarly defined.

DEFINITION 1. We say that a function f: A" — R is completely delta differen-
tiable at the point 10 € T’f X T’; x ... x TX if there exist numbers Ay, ...,A, independent
of t = (t1,...,ta) € A" (but, generally, dependenton (¢}, ...,20)) such that all ¢ € Us(t°),

n n
F 3 st)) = flt1,105estn) = 2 AN —10) + Y, 04(1] 1) G.D
i=1 i=1
and, for j € {1,...,n} and all t € Us(¢?),

S5t 1 059),80 s s 1)) = 00 sttt tin s 1)

n n (3.2)
=A; [Gj(l?) —tj:| —‘rlZ,IA,' [t?—t,'] —‘rﬁj |:Gj(l‘?) —l‘j:| + z, Bi [t?—t,'] ,
i) i)

where § is a sufficiently small positive number, Us(¢°) is the the §—neighborhood of
% in A", o; = 0;(°,1) and B; = Bi(¢°,1) are defined on Us(¢°) such that they are equal
to zero at ¢ = t° and such that

1in(1)ai(t0,t):0 and lirr(l)ﬁi(to,t)zo forallic {1,...,n}.

1—t 1—t
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In the case T = ... =T, = R, this definition coincides with the classical(total)
differentiability of functions of n— variables ([3], [10]).

It follows from Definition 1 that if the function f : A" — R is completely delta
differentiable at the point 10 € T’f X T’; x ... x T, then it is continuous at that point and
has at 9 the first order partial delta derivatives equal, respectively, to Ay, ..., A, :

) )

All‘l T o Arzl‘n

ne

The continuity of f at 19 follows, in fact, from any one of (3.1) and (3.2) for
some j € {1,...,n}. Indeed, (3.1) obviously yields the continuity of f at 1. Let now
(3.2) hold for some j € {1,...,n}. In the case Gj(l‘?) = t?, (3.2) immediately gives the
continuity of f at #°. Consider the case o (t?) > t}). Exceptof f(¢), each term in (3.2)
has a limit as 7 — 9. Therefore f(¢) also has a limit as  — %, and passing to the limit
we get

f(t?7"'7t§‘)7170-/(t0)7t§)+17 R ) hmf( ) [Gj(t?)_t?}'

t—t0

Further, letting ¢ = 1Y in (3.2), we obtain

f(t(l)w"at;)flaG](to)at?+la 7t0) f(to):A][o-](t;))it?}

Comparing the last two relations gives

lim £ () = f(1°)

t—t

so that the continuity of f at ¥ is shown. Next, setting in (3.2) #; = to for all i# jand
then dividing both sides by 0']( 0y —¢; 7 and passing to the limit as 7; — t , We arrive

at 40—

= A;. This also shows the uniqueness of the numbers Ay,...,A, presented in

(3.1), (3.2). Note also that due to the continuity of f at ° we get from (3.2) in the case
0;(19) > 1Y the formula

af(to) 7f(t§')17"'at§')71ao-j(t0) t?+17 ?tl?) f(to)
Ajt; o;(t]) — 1

DEFINITION 2. We say thata function f: T x T, x ... x T,, — R is oj-completely
delta differentiable at a point 1 = (¢0,...,20) € TX x T x ... x TX if it is completely
delta differentiable at that point in the sense of conditions (3.1), (3.2) and moreover,
along with the numbers Ay, ...,A, presented in (3.1) and (3.2) there exists also numbers
Bi,...,B, independent of ¢ = (f1,...,t,) € Ty X Ty x ... x T, (but, generally, dependent

n (),...,t0)) such that for j € {1,...,n}

Fo1(1),02(19), .., 00 (1)) — f(t1,12, oo 1)

:Aj[gj(t?)ftj}+‘§Bi[o-i(ti0) ]+YJ{O-]() }+E%[Gz( ) — 1]

i l#/
3.3)
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for all # = (t1,....,t,) € VO (1,....,10), where V9 (¢?,...,19) is a union of some neigh-
borhoods of the points (¢, ...,z0) and (o1(2)),....,°...,0,()), and the functions y; =
vi(2%¢) and ¥; = y,(t%1) are equal to zero for (t1,...,2,) = (¢,...,t0) and

hmyj(t ;/)=0 and lim y,(t ;5) =0.
t—t0 l,4>l
Note that in (3.3) the function y;; depends only on the variable #;. Setting #; =
O1(t1)s s tic1 = 0i-1(tic1), ti # 0i(ti), tix1 = Oix1(tix1),--stn = Op(ty) in (3.3) yields

2f(01(19),02(8). . 1, -, 0(19)

B; =
! Ait;

For j =1, Definition 2 becomes the following: A function f: T; x Ty X ... x T, — R
is o7 - completely delta differentiable at a point 0 = (#0,...,20) € TX x T x ... x TX if
it is completely delta differentiable at that point in the sense of conditions (3.1), (3.2)
and moreover, along with the numbers Aj,...,A, presented in (3.1) and (3.2) there
exists also numbers By, ..., B, independent of ¢ = (¢1,...,t,) € Ty x Ty x ... x T, (but,
generally, dependent on (¢},...,10)) such that

F(o1()),02(8D), ..., 04 (t2)) — f (11,12, .. 1)

=A; [cl(tl)—tl]JrZB [0:(t)) —ti] + 1 [Gl(tl)—tl]-‘r;}/,[(f,( 9) —1]

i= 14
(3.4)
forall t =(11,...,t,) € VO (t(l)7 ..,19). Here if we take n =2, then we have i = 2 because
of j = 1. Therefore, equality (3.4) reduces:

f(01(1)),02(19)) — f(11,82) = Ay [01(1)) — 1] + B2 [02(29) — 12]
3.5
1 [Gl(f?) —]+n [Gz(fg) — 1]

) @).)

Aty Moty
Also, for j = 2 the equality (3.3) in Deﬁmtlon 2 becomes:

F(01(t2),02(t9), ..., 04 (t0)) — f(t1,12, s n)

where A| =

=A; [02(19) — 1] + S B; [0:(t)) —ti| + 12 [02(19) — 1] + S 1 [6:(t)) —1,] .
= =
(3.6)
Here if we take again n = 2, then we have i = 1 because of j = 2. Therefore, equality

(3.4) reduces to the following:

f(o1(1),02(89)) = f(11,12) = By [01 (1) —11] + A2 [02(29) — 1]
(3.7)
+11 [01(1)) —t1] + 12 [02(8)) — 1] .
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A1.08) |1 IS5)

Aty Aoty
reduces equalities (3.5) and (3.7) which are given in Definition 2.3 and 2.4, respectively
by Bohner et. al. [7].

where B| = . Consequently, for n =2 equality (3.4)

4. Mean Value Theorems

First we present mean value results in the single and two variables case ([7], [8]).

THEOREM 4. (Mean Value Theorem) Suppose that f is a continuous function on
[a,b] and has a delta derivative at each point of |a,b). Then there exist £,E' € [a,b)
such that

FAEN b —a) < f(b)— fla) < FHE) (b~ a).

THEOREM 5. Let a and b be two arbitrary points in T and let us set o =
min{a,b} and = max{a,b}. Let, further, f be a continuous function on [a, ] that
has a delta derivative at each point of o, ). Then there exist £,&' € [a,b) such that

AEN b —a) < f(b) - fla) < fA(E)(b—a).

THEOREM 6. (Mean Value Theorem) Let (ay,a;) and (b1,by) be any two points
in Ty x Ty and let us set

o; =min{a;,b;} and i = max{a;,b;} for i€ {1,2}.

Let, further, f : T1 x Ty — R be a continuous function on [y, 1] X [0p, 2] C Ty x T
that has first order partial derivatives %{?2) for each t € [ay,B1) and %l;’s) for
each s € [0, 32). Then there exist £,&' € (o, 1) and n,m' € [, Ba) such that

8f(§lt,az) (a1 —bl) + af(Abi;n)(az —b2) < f(al,az) —f(bhbz)
< M(m—bm‘?]pfi;’”(az—bz).

At

Also, if f has first order partial derivatives i tbz foreach t € [oy,B1) and 8f(a1 s)
foreach s € o, Ba), then there exist T,T' € [al,ﬁl) and 0,0’ € (o, B2) such that

8 / b a 9/
f(Arl; 2) (al_bl)“r%(az—bz)<f(a1,a2)—f(b17b2)
< M(alfbl)JrM(aszg).

At Aps

Passing now to the n-variable case, we consider functions f : T; x...x T, - R
of the variables (z1,...,t,) € T1 x ... x T,.
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THEOREM 7. (Mean Value Theorem) Let (ay,az,...,a,) and (by,b3,...,b,) be
any two points in Ty X ... X T,, and let us set
o; =min{a;, b;} and Pi=max{a;, b;} for i€ {1,2,...,n}.

Let, further, f be a continuous function on [ay,B] X ... X [0y, Bn] C T1 X ... x T,

that has first order partial derivatives af(bl’bz"”b"&;_’l""a"“""’a”) for each t; € [0y, ;)
141

i=1,...,n. Then there exist &,&! € [0y, ;) i=1,...,n such that

af(€{>a27"'7an) af(bl>ézl>a37"'7an)

—b —b
AL (a1 —Db1)+ Aoty (a2 —b2) +
Of(b1,bay.bi 1, E ai..., Of(b1,ba, ..., E!
+ f(l 2 llgl i+ an)(aifbi)+...+ f(l 2 51)(anib”)
Ajt; Aty

< flayy.yan) — f(b1y..eyby)

< (9f(§1,a2,...,an) (9f(b1,§2,a3,...,an)

A (a1 — bl) + Aot (a2 — bz) =+ ...
Of(b1,bys i1, i istsonn, Af(b1.b, ...
n f(b1,ba, Al Si aiv1 an)(ai_bi)+-.-+ f(b1,b2 én)(an_bn)-
ili Antn

“.1)

. . . . af(ahaz,...a',l,l',b' 15D )
Also, if f has first order partial derivatives . Lo for each t; €

[04,Bi) i=1,...,n. Then there exist n;,n! € (04, B;) i =1,...,n such that

8f(nj,b2,...,bn) 8f(a1,n§,b3,...,bn)
A—lt(al—bl)Jr Aty (a3 —by) + ...

v @i—1,M bis1, ..., b, un
+af(al7a2a ,aj 1’77,7 i1 1) ((lifbi)+...+af(al7a2’ 777”) ((lnfb”)
Ajt; Anty
< flay,..oan) — f(byy....by)
< 9f (b2, n)

af(al7n2ab37'"abn)

< —b —by)...
ALt (a1 —by) + Ais (ay —by)
P i TMisbist b I flar.a ...
n flar,az, ..., aim1,Mi byt ")(a,‘fb,-)Jr...Jr flai,a nn)(anfbn).
Aiti Antn
4.2)

Proof. To prove (4.1) we consider the difference
flay,...;an) — f(b1,....b,) = [f(ai,...,an) — f(b1,a2,....a3)]
+ [f(bl>a2>-~-7an) _f(bl>b27a37“'7an)]
+ [f(b],b2,d3,...7an) _f(b17b27b3>a47“'7an)]

+ [f(bl>"'7bi>ai+17"'7an) _f(b17'-'7bi7bi+l7ai+2>"-7an)]

+[f(b1,sbn—1,an) — f(b1,...,bn)]. 4.3)
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By Theorem 5 there exist &, &/ € [, f;) i =1,...,n such that

If(E]az,...stn f (€12,
%(al —b1) < flar,....an) = f(br,az, ....an) < %(al —by)

2 (b, 21 (b1.Er.a3,.-n
O S o) (g3 — ) < f(@1,estn) — fB1, 2, ey y) < LLOLE2) (4 )

Ait;

&) (@ — by) < f (B, ooesba1,0) = f(B1, o by) < 2LOR228) (g, ).

nin Aty

Adding these inequalities side by side and taking into account (4.3), we obtain (4.1).
Using the relation

f(al,...,an) 7f(b1,...,bn) = [f(al,bz...,bn) 7f(b1,b2,...,b”)}
+[f(al>a27b3>-~-7bn)_f(a17b2>"'7bn)]

+ [f(al7a2aa37b47"'aan) 7f(al7a2ab3a"'7b”)]
+ [f(ah"'aaiabi+l7"'abn) *f(ﬂl,...,Cl,;l,bi,...,bn)}

=+ [f(.alv-"aanflaan) 7f(a1a~-~7an717bn)]

the inequalities (4.2) can be proved similarly. [

REMARK 1. If we take n =2 in Theorem 7, then it reduces Theorem 4.2 proved
by Bohner et. al. [7]. So, our results are generalizations of the corresponding results of
Bohner et. al. and Guseinov et. al. ([7], [8]).

5. The Chain Rule

The chain rule for one-variable and two-variable functions on time scales have
been investigated in ([1], [S], [7]). To get an extension to n— variable functions on time
scales we start with a time scale T. Denote its forward jump operator by o; and its
delta differentiation operator by A; for i = 1,...,n. Let, further, n— functions

¢;:T—R fori=1,...,n
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be given. Let us set
@i(T) =T, for i=1,...,n.

We will assume that Ty, ..., T, are time scales. Denote by o1,A,...,0;,,A, the forward
jump operators and delta operators for Ty, ..., T,, respectively. Take a point £0 € T*
and put

1! =@i(E% fori=1,...,n.

We will also assume that
@i(0(E?) =0i(@i(E")) for i=1,...,n (5.1)
Under the above assumptions let a function f: T; x ... x T, — R be given.
THEOREM 8. Let the function f be oj—completely delta differentiable at the

point (t?, ...,t,?). If the function @; (i =1,...,n) has delta derivatives at the point E°,
then the composite function

F(&) = f(@1(S), -+, 0a(§)) for €T (5.2)

has a delta derivative at that point which is given by the formula

FA(go):M A@OHE”: af(cl(t?)7“'7t?7"'75n(tr?))(pA(50) (5.3)

Ajtj g i=1 Aiti i
i
foreach je{1,...,n}.
Proof. Using (5.1) and (3.3) with
D) e D)t ()

Ajtj At ’
we obtain

F(0(£%)~F(&) = f(91(0(E)), s 0u(0(E))) = f(@1 (&), .. 0u(E))
= (01(@1(8"))s -, 0u(@u(E7) = F(91(&), .. u(£))
0 0
_ af(o-l((pl(é )A);t]76n((pn(€ ))) I:Gj((pj(éo))_(pj(é)]

+ 21 If (01 (91 (E"), ~"’Z§§°), -+ 0n(¢n(£%)))
i

x [0:(0:(E°)) — @i(€)]
+9; [05(0;(E%) — 0, (E)] + X ¥ [0:(@i(E°)) — 0i(E))]

i=1
i#]
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0
_ s t) [0i(a(E%) — 9;(&))]

Ajt;
0 0
v 3 ()l s 0] [ 20)) )
I#J
1 l0i(0E) ~ ()] + S u[0(0(6) - aiE)].
i=1

i

Dividing both sides of this equality by ¢(£%)—& and passing to the limitas & — £°, we
get the formula (5.3) because & — &9 implies y; — 0 and y; — 0 for i=1,2,..,n. O

REMARK 2. Let n =2. Then, in the case j =1 and i =2 equality (5.3) in our
Theorem 8 reduces to equality (7.3) in Theorem 7.1. which is proved by Bohner et. al.
[7]. Further, in the case j =2 and i = 1, equality (5.3) in our Theorem 8 reduces to
equality in Theorem 7.2. which is proved by Bohner et. al. [7]. Hence our results in
Theorem 8 are generalizations of the corresponding results of Bohner et. al. ([1], [5],

[7D.

REMARK 3. One or all of the functions ¢y, ..., @, may be constant. In that case
one or all of Ty,...,T, will be a single point time scale. For a single point time scale
T; = {t;} we assume that o;(#;) =t and for each function g : T; — R we assume that

gAi (l,') =0.

Let now n-time scales Ty, ..., T(,) be given. Denote their forward jump operators
and delta differentiation operators by o(1),A(y), ..., 0(,),A(,), respectively. Let, also,
m— functions

Q; : T(U X ... X T(n) —-R, i=1,...m

of n—variables (&i,...,&,) € T(1) X ... x T(,), and a fixed point (§{,...,&7) € Tf

ke
X T’((n) be given. Let us set

= Ti(5107~-~7éi(117€i()+1,...,€,?) = (pl(élo7 50 17 z+1> :g'O)
and
(€, ..., EY), for i=1,...m

We will assume that Ty,...,T,, are time scales. Denote their forward jump operators
and delta differentiation operators by o7,A1,...,0,,A,, respectively. We will assume
foreach k € {1,...,n}

qol'(élo>"'7€l?—17O-(k)(éio)>él?+l7"'7€r?) = Gi((pi(élo7"'7519—175197€I?+17"'7;?)) (5.4)

for i = 1,...,m. Under the above conditions let a function f : T| x ... x T,, — R of
m—variables (11,...,t,) € T1 x ... x Ty, be given.
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If we take n =2, then k € {1,2}. So, in the case k = 1 equality (5.4) becomes the
following form:

oo (&), &) = oi(@i(&. &), i=1,...m.

Here, for m = 2 we have

01(00)(E).E9) = 011 (. &0)) 55)
® (61 (&), &) = oa(92(€).8)). '
On the other hand, in the case k = 2 equality (5.4) becomes the following form:
P&, 00)(&)) = oi(@i (&1, &)), i=1,..m.
Again, for m =2 we have
@1(51070(2%53)) = 01(@1(510,53)) (5.6)

02(E),00)(&)) = ama(@(ED, D))

So, for n =2, m =2 the equality (5.4) reduces equality (5.5) and (5.6) which is given
by Bohner et. al. [7].

THEOREM 9. Let the function f be oj—completely delta differentiable at the
point ( ) If the function @; (i =1,...,n) has first order partial delta deriva-
tives at the pomt E0=(&),...,EY), then the composite function

F(E") = f(@1(E"),..,0u(E") for E0=(&P,...80) € Ty x .. x Ty (5.7)

has a delta derivative at that point which is expresses by the formula

OF (&, &) _ of(r), 1) 09;(§}, . &)

Ay &k Ajt; Ak Sk
0 0 0 0 0 (5-8)
+ g af(o-l(tl)7 ol m(tm)) a(pl(él 7"'7&1)
l;l Ajti A(k)gk
i#]

foreach k€ {1,...,n}.

Proof. For the sake of simplicity, we take &' = (&), ...,5,?71751“5&1, ., ) and
0 0
&' =(&),....&0 |, E.EL |, ... EY). Using (5.4) and (3.3) with A; = W
il
af(o-l (t?) 7t107 i3 m(trgl))
Ajt;
F(ED, s &0 1,0y (6), 81, &) — F(E)
:f((pl(gf),...,é/?,b (gk) 5k+17 é )7 a(pM(glﬂ 5]?7170-(/()(5/?)’5/?4»1?"'75??))

and

Bi=

, we obtain
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—f(@1(E), ., om(E))
= f(01(@1(E")), s Om(@u(E"))) = f (@1 (E), ... ou(E")
_ 8f(61((p1(§0)),...,Gm(¢m(§0))) [O-j((pj(go)) *(pj(é/)]

Ajt;
(&0 0
+Z f(o1(@1(&° ))""’(fo oea OnlOnle D) (501(2%)) — g1(E)
#J
1 100E) - 0] + S [o0(€) - 9€)
#J
0
‘%{)[ (&0 &1, 00 (80), 81 s &) — 03(E1)]
m 0 0
+§llaf(61(tl)’“g;ii7 = (t )) [(pl(éh 75[( 17 )(€£)7€]?+1,7€,?)_¢1(5/)]
iij

+YJ [¢/(€P> 7&/? 1> O (ék) ék+1> 7&11) (P/(é )]
+2%[(Pz 517 75k 1,0 (’gk)'gmp ﬂgn) @i(§ )]

#J
On dividing both sides of this equality by G(k>(§,?) — & and passing to the limit as

& — &0 we get the formula (5.7) because & — £° implies y; — 0 and y; — O for
i=1..m O

REMARK 4. Let n =2. Then we have

OF (&, 85) _ 9f(t),-stp) 3%(51,52)

A& Ajt; mé1
m af(O'l( )7 7t107 - O (trez)) a@;(é?yé?) _
+ 2 At; Ay for k=1
#J
and
A& Ajtj A&
m Af(o1(t)),...10,....om(tn)) 0pi(E). &) _
+2 A A(2)§2 for k=2.

#J



PARTIAL A -DIFFERENTIATION 289

Here, let m = 2. Then for j = 1,i =2 we have the following equalities:

OF(E.&) _ 9f(11.13) 99;(&. &) | 9f(a1(1)).13) 99i(&). &)

_ n for k=1
Anéi Aty Amyéi Aoty A& o
(5.9)
and
IF(E.&) _ 9f(1}.13) 99;(£).8)) n If(o1(17),13) I¢i(E7. &5) for k=2
A& Aty A& Aoty A& '
(5.10)

Similarly way, for j =2,i =1 we have

IF(§).&) _ 9f(01()).13) 99;(&. &) | 9f(1].13) 99i(&. &)

= + f k=1
A& Aty A& Aoty A& o
(5.11)
and
IF(E).&) _ df(a()),13) d9;(&1,&7) N oUfH,13) 0080, &0)
= or k=2.
A& Aty A& Aoty A&
(5.12)

Therefore, for n =2, m =2 the equality (5.7) reduces equality (5.9)—(5.10) in Theorem
7.4 and (5.11)—(5.12) in Theorem 7.5 which are given by Bohner et. al. [7].

6. The Directional Derivative

Let T be a time scale with the forward jump operator ¢ and the delta operator A.
We will assume that 0 € T. Further, let w = (oy,...,,) € R" be a unit vector and let
(t),...,20) be a fixed point in R". Let us set

Ti={ti=1) +Ew;: E€T}, i=1,..,n

Then Ty,...,T, are time scales and tio € T; for i =1,...,n. Denote the forward jump
operators of T; by o;, the delta operators by A; for i =1,...,n.

DEFINITION 3. Let a function f: T x ... x T,, — R be given. The directional
delta derivative of the function f at the point (¢),...,0) in the direction of the vector
o (along w) is defined as the number

af(y,...19)

_ A
e = FAN0), ©.1)

provided it exists, where

F(E) = f(t) + Ewyyunt) +Ew,) for E€T. (6.2)
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THEOREM 10. Suppose that the function f is oj— completely delta differentiable
at the point (1},...,t0). Then the directional delta derivative of f at (10,...,t0) in the
direction of the vector @ exists and is expressed by the formula

Of (1}, sty) _ Of()

19
Aw it

Af(o1(tY),.st?, ..y 0 (20
j+2 GGG N ) PR
'#J

foreach je{1,...,n}.

Proof. The proof is obtained from the Definitions 3 and 10 by applying Theo-
rem8. O

af(t?,...,rS)

REMARK 5. For w; =1 and w; = 0, (6.3) coincides with —=_ while for
J J

af(lv 7 )

A because then T; = {t°} and hence

w; =0 and w; =1 it coincides with
0:(?) = 1) (see Remark 3).

REMARK 6. Let n =2. Thenfor j =1, i =2 we have

ofef 1) _ of(,13)  df(on(1),13)
Ao Aip w1+ Aoty ®

(6.4)

and

Af.8)  If(? 00 (t) Af, )
f(172): f(170'2(2))w1+ f(1>2)w2
Aw Ahy Moty
Therefore, for n = 2 equality (6.3) yields (6.4) and (6.5) which are proved by Bohner
et. al. [7].

(6.5)
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