lournal of
athematical
nequalities

Volume 3, Number 4 (2009), 577-589

MAPPINGS CONNECTED WITH HERMITE-HADAMARD
INEQUALITIES FOR SUPERQUADRATIC FUNCTIONS

S. BANIC
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Abstract. Using some characterizations of superquadratic functions we obtain some results on
two mappings H and F connected with Hermite-Hadamard inequality. Our results general-
ize corresponding results for convex functions. Especially, when the superquadratic function is
convex at the same time, then our results represent also the refinements of those results.

1. Introduction

Let ¢ : I — R be a convex function on interval / CR, g: [a,h] — R be a con-
tinuous function on the closed interval [a,h] C R such that g ([a,b]) C I, and let p :
[a,b] — R be a positive integrable function.

In [7] Y. J. Cho, M. Mati¢ and J. Pecari¢ considered the following two mappings
H,F:[0,1] — R defined as

1 b
HO)=5 [ pWots)+(1-ngds (11
and L b
FO) =55 [ [ p@p0)0slo)+(1-1)g()dxdy (12)
where . _—
P=[pwar  z=5 [ pWekar (13)

They established convexity and the following estimates for the values of these two
mappings:

inf H(t)=H(0) and sup H(t)=H(1) (a)
t€(0,1] t€[0,1]

inf F(t)=F <£> and sup F (1) =F(0)=F (1) (b)
1€[0,1] 2 1€[0,1]

F(1)>max{H (1),H(1-1)},  Vre[0,1]. (©
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In this paper we established analogies of the above results for superquadratic func-
tions, a new class of functions recently introduced by S. Abramovich, G. Jameson
and G. Sinnamon in their papers [2] and [3]. In the special case of nonnegative su-
perquadratic function ¢, these analogies represent the refinements of the above results.

First we quote definition of this class of functions, some characterizations and
basic properties used to obtain the results in this paper.

DEFINITION 1. [2] A function @ : [0,00) — R is superquadratic provided that
forall x>0 there exists a constant C(x) € R such that

P)Zex)+Cx)(y—x)+o(ly—x]) (1.4)
forall y >0

Jensen’s inequality for superquadratic function was first proved in [2], and here
we use its following version:

0 <113/abp(x)f(x)dx) < ;_a/ubp(x) (o (f(x))—(p(}f(x)—ﬂ)] dx, (1.5)

As it was shown in [6], the function ¢ is superquadratic if and only if the following
inequality

@Ay +(1=24)y2) <A (1) +(1=24) @ (y2)
—Ap((L=A)y1=»)—1=A)eAy1—xn])  (1.6)

holds for all y;,y» >0 and A €[0,1].

Superquadratic function ¢ has the following properties: ¢ (0) <0 and
(S1) if @(0) = ¢’(0) =0, then C(x) = @’(x) whenever @ is differentiable at x > 0;
(S2) if @ >0, then ¢ is convex and @(0)= ¢'(0) =0.

In [5] authors proved the following pair of inequalities, that is called Hermite-
Hadamard inequalities for superquadratic functions:

THEOREM 1. Let ¢ :[0,00) — R be a continuous superquadratic function, and
0<a<b, then

q)(a—;b) ( a+del - a/ ol (1.7)
< co(a);rw(b) (b_la> /ab[(b_z)q)(t—aH(z—a)q)(b—t)}dz. (1.8)

This pair of inequalities represents an analogue (and a refinement in the special
case when ¢ > 0) of the well-known Hermite-Hadamard inequalities:

(532 <5ty [owac 58 g
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which hold for any convex function ¢ : / — R and a,b € 1.

To see some examples of superquadratic functions and the construction of these
functions in one and in several variables, readers are refered to [1] and [2].

In the second section we obtain the results for superquadratic function analogous
to some results of Cho, Mati¢ and Pecari¢ in [7] related to convex functions and its
refinements in the case of nonnegative superquadratic function.

In the third section we give generalizations of results by M. Akkouchi [4] and
obtain new inequalities for some special means. All our results in this section are
established for differentiable superquadratic function ¢ and represent the refinements
of Akkouchi’s results in the special case when ¢ > 0 and therefore a convex function.

2. The results on the mappings H and F

Now we consider the case when ¢ : [0,o0) — R is a continuous superquadratic
function, and g is a nonnegative continuous function on [a,b]. In this case we obtain
the following results:

THEOREM 2. Let @ :[0,00) — R be a continuous superquadratic function,
g : |a,b] — [0,00) be a continuous function and p : [a,b] — (0,0) be an integrable

function. Then for the function H defined by (1.1) and for all t € [0,1] the following
inequalities:

P/p 0 (1]g () ~E)dx < H(1) 1
<H(1)—-(1-1) /p —gl)dx

—t—/p (1-0)lg 0~ Fhas—(1-1)% [ P00 T
(2.2)

hold, where P and g are defined by (1.3).

Proof. Applying inequality (1.6) to the superquadratic function ¢, for A =t €
[0,1], y; = g(x) and y, =g, then applying (1.5) for the function g instead of f we

get
\tF/p ))dx—+(1—1) < /p )

[ 1—r>|g<x>—g|>dx—<1—t>FL p() 0 (t]g (x) — ) dx

< £ [ r0o@a—1-0% [ peels -z ax
—z—/p (-0l F)dx— (117 [ p() 0 1) )
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Hence, inequality (2.2) holds for all 7 € [0,1].
On the other hand, applying (1.5) with the substitution

fx) =1g(x)+(1-1)g,

for each 1 € [0,1], we have

> (p(t—/ p(x)g(x)dx+(1—1) ) /p ot|lgx)—g|)dx

+3 / p(x)@(r]g(x)—gl)dx
It means that (2.1) holds for all ¢ € [0,1].

REMARK 1. If the superquadratic function ¢ is also nonnegative, then by prop-
erty (S2) ¢ is also convex. In this case, since p is positive, all the integrals in (2.1) and
(2.2), which are subtracted from H (1) or added to H (0), are nonnegative. Therefore
these two inequalities represent refinements of the inequalities

HO)<H@<H(1), refo,1],
which hold for a convex function ¢ (see (a) above and [7]).

In the rest of the paper, we use the following notations and definitions:
The generalized logarithmic mean

L, (a,b) [WI_“W r £b, a,b>0 R\{-1,0}. (23)
ab)=|—| , a#b, ab>0, g€ —1,0}. .
a (b—a)(g+1)
The arithmetic mean
b
A(a,b)z";r . ab>0. (2.4)

Applying Theorem 2 and (1.8) we get the following result which refines one of
Dragomir’s results in [8].

EXAMPLE 1. The function ¢ (x) = x4 (x > 0) is superquadratic for g > 2 ([2]).
Applying this function to Theorem 2 for the special case p(x) =1 and g(x) =
(x € [a,b] C[0,°0)), then applying inequality (1.8) to the same function ¢ (x) = x4,
using (2.3) and (2.4), we get that

1 [t(b—a)]? a+b b—a a+b b-a
AY(a,b) + —— < L - ,
(a, )+q [ 3 } i\ 1 5t

< Lf(a,b) — —— (b;“)qu —O [ (=0t ]

qg+1
_aq —a q
<A(aq,b‘1)—(qi_(li)(qlz)—qil(bz ) (=) [t ]

(2.5)
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holds for all # € (0, 1]. In particular, for t = % we get
1 (b—a\’ 3a+b a+3b
AY(a,b)+ — < L ;
ooz (7)< 8 (5 5)

2(b—a)? 1 b—a 1
<A°ﬂ””‘xq+1xq+zf‘zm+1>< 2 ) P*qu} 20

REMARK 2. Since ¢ > 2, t € (0,1] and b > a > 0, all the additional terms
n (2.5) (added to or subtracted from means) are nonnegative, so inequalities (2.5)
represent refinements of the inequalities

<a+b b—a a+b b—a

A% (a,b) < I8 )<4mm<ﬂﬂwx

2 T T
proved by S. S. Dragomir in [8].

Now we establish results for the function F' defined by (1.2) for a superquadratic
and continuous function ¢.

THEOREM 3. Let ¢ : [0,o0) — R be a continuous superquadratic function, g :
[a,b] — [0,°0) be a continuous function and p : [a,b] — (0,%0) be an integrable func-

tion. Then, for the function F defined by (1.2) and for all t € [0,1] the following
inequalities:

F (1) +§/h/hp(x>p(y><p ('(2’_ ”(gz(x)_g(y”')dxdys F(r) @7
< 4—//p ((1-1)[g (x) ~ g ()] dxdy
-0 [ [ P00l g 0))avay 2.8)

hold, where P and g are defined by (1.3).

Proof. Analogously to the proof of the previous theorem, applying inequality (1.6)
to a superquadratic function @, for A =¢, y; = g(x) and y; = g(y) we get inequality
2.8).

Furthermore, applying inequality (1.6)to A =1/2, y; =tg(x)+ (1 —1)g(y) and
y2=tg(y)+(1—1)g(x) toasuperquadratic function @ and to a nonnegative function
g which is continuous on [a,b] C [0,0), we get

o (F5EY) < S0 s+ (1080 + 0 eb) + (1 - 0)]

(2t =1)(g(x) —g ()
_(p< !
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Multiplying the above inequality by p(x) > 0 and p (y) > 0, then integrating it over
[a,b] x [a,b] and dividing it by P?, we obtain (2.7).

It is important to remark that in (2.8) we can replace F (0) with F (1), because
F(0)=F(1).

REMARK 3. In particular in the case of nonnegative superquadratic function @,
all the integrals in (2.7) and (2.8) are nonnegative. Since in this case the function
@ is convex, then for all 7 € [0,1] obtained inequalities represent refinements of the
inequalities

F(%) <F(t) <F(1)=F(0)

from [7], which hold for convex function ¢ (see () in Introduction).

In the special case that p (x) =1 and g (x) = x (for all x € [a,b] C [0,0)) we get
from (2.7)

(b—a // ( )dxdy< ! 2/h/b(p(tx—|—(1—t)y)d)cdy
o),

If the function ¢ is nonnegative superquadratic, then the previous inequality refines the
inequality

(b—a) // <x+y>ddy\(b_ //(ptx+(1—t) ) dxdy,

for a convex function ¢ as obtained by Dragomir [8, Theorem 2].

Relations between the functions F' and H when ¢ is a continuous superquadratic
function are given in the following theorem:

THEOREM 4. Under the same assumptions as in the previous two theorems, the
following inequality

b
rozmax{a0)+ 3 [ 0000l -Bhdx
b
-0+ 5 [pWetlew-ghaf @9
holds for all t € [0,1].

Proof. Applying (1.5) to the function g (y) =g (x)+ (1 —1) g (y) (instead of f (x))
for an arbitrarily chosen and fixed x € [a,b] and 7 € [0,1], where @ is a superquadratic
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function, we get

PO =5 [ 2|5 [ p0)0ls 0+ 1 -0e0) ] ax

= P(x)<P<I—J/a PO g () + (1 —1)g ()] dy ) dx

l/hpoc) [1/hp<y><p<<1—t><g(y>—g>>dy] s
=L [ r0os+ (-0 as

v [ / PP ) (1=1)|(g () ~B))dyd
=H<z>+;,/a PO)O((1-1) (5 0) By

for all ¢ € [0,1]. Arguing quite analogously as in the previous part of the proof, but
applying (1.5) to the function g(x) =rg(x)+ (1 —¢)g(y) (instead of f(x)) for an ar-
bitrarily chosen and fixed y € [a,b] and ¢ € [0, 1], and for a superquadratic function @,
we obtain that

1 b —
FOZH1=0+5 [ p) el -g))dr 2.10)
holds for all ¢ € [0, 1]. Finally, from the first part of the proof and (2.10) we get (2.9).
REMARK 4. If the function ¢ in the previous theorem is nonnegative (and there-

fore also convex), both integrals on the right hand side of inequality (2.9) are nonneg-
ative, so the above inequality represents refinement of inequality

F(t) >max{H (t),H(1—1)}, t€10,1],

obtained in [7] for a convex function @ (see (c¢) in Introduction).

3. Further results related to the mapping H

In the special case when p(x) =1 and g (x) = x for all x € [a,b], the mapping H

b
H(t):blTa/a (p(tx+(1—t)a;b>dx 3.1)

is

From this H(¢) and from the properties quoted in the previous section, a connection
between the mapping H and Hermite-Hadamard inequalities (1.9) can be easily seen.
Namely, those inequalities can be written as
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The mapping H defined by (3.1) was introduced by S.S. Dragomir in [8] where
he used it to get some refinements of Hermite-Hadamard inequalities.

In [4], M. Akkouchi proved some inequalities for the mapping H, defined by
(3.1), where ¢ is a convex and differentiable function. He proved the following theo-
rem:

THEOREM 5. [4, Theorem 2.1] Let ¢ : [a,b] — R be a convex and differentiable
function. Then for all t € [0,1], we have the following inequalities
0<(I—=0)[H(1)-H(0)] <H(1)—H (1)

{«p(a)ﬂp(b)_
2

<(1-0)[HA)—HO)]+7(1—1) H(l)} (3.2)

where the mapping H is defined by (3.1).

To Akkouchi’s result we add the following upper bound:

PROPOSITION 1. Under the same conditions as in Theorem 5, inequality

o 100

(l—z)[H(l)—H(O)H-t(l—t)[ 3

< max {00 - HO) #0010 | 220 ||
((P(“)Jzﬂﬂ(b) —H(0)>2

_ 7 (33)
4 <¢(“);¢(b) —H(l))

holds for all t € [0,1].

Proof. Using the notations A= H (1) —H(0) and B= M —H(1), we
are looking for a maximum of the function 4 : [0,1] — R,

h(t)=(1—1t)A+1(1—1)B=—B*+ (B—A)t +A.

Aswehave B>A>0,by asimple calculation, we get that max,c( 11/ (1) =h (55*)

2
B which is (3.3).

EXAMPLE 2. Let 0 < a < b and consider the function ¢ : [a,b] = R, @ (x) =x7,
q > 1. For this function we have

1 b patl _ qatl
O R T R L I

and

H(O):( 5 )q:Aq(a,b). (3.5)
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Applying Proposition 1, we get

(1—1)[L (a,b) — A (a,b)] +1(1 —1) [A(a?,b7) — LY (a,b)]
(A (a9,b7) — A% (a,b))’
< .
4(A(at,b?) — Li (a,b))

So, the above inequality gives an upper bound for Akkouchi’s inequalities [4]:
0< (1—1)[L(a,b)—A%(a,b)]

at+b b—a a+b b—a
Lg(a,b)—LZ< - )

N

t t
2 272 + 2
< (1—1)[Le(a,b)—AT(a,b)| +1(1—1) [A(a?,b7) = LI (a,b)].  (3.6)
In the case of weighted version of the function H (defined by (1.1)) we are able
to prove only the first two inequalities of Theorem 5.

When the function @ is superquadratic, and H is as defined in (3.1), we obtain
in the following Theorem 6, Corollary 1, Remark 5 and Example 3, analogous results
to Theorem 5, and when the function ¢ is also positive we get refinements of Theorem
5 and its consequence ([4, Corollary 2.1]):

THEOREM 6. Let @ : [0,00) — R be a superquadratic and differentiable function
with @ (0) = ¢’ (0) =0 and let [a,b] C [0,00), a < b. Then forall t € [0,1], we have
the following inequalities

(1-t)[H1)—H@O)]+A< H(1)—H(r)

<(1—-t)[H(1)—H(0)]+2(1—1)
where

A

= b_a/ub [t (1=0)x—2) +(1-1)@ (t|x—42|)]dx.  (3.8)

Proof. Since ¢ is superquadratic, using (1.6) we get
¢ (1x+(1—1)442) <19 (x) + (1 —1) 9 (442)
—t9 ((1=0) r=52)) = (1= @ (t}x—552]).

Integrating both sides of this inequality over the segment [a,b], and multiplying it by
1/ (b— a) we obtain

H@)<tH(1)+(1—1)

1 b
b—ala

(0)

H
[to (1—1)|x—L2) + (1 —1) @ (¢t |x— <52])] dx.
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Hence we have

H()—H (1)< (1-1)[H(0)—H(1)]

[tk s 00 el s

from which we get the first inequality in (3.7).

Since the function ¢ is superquadratic and differentiable with ¢ (0) = ¢’ (0) =0,
then by Definition 1 and property (S1) of superquadratic function, for all x > 0 and
t € [0,1] we have

@ tx+(1-0)%2) =@ () = (1-1)(F2—x) 0’ () + o ((1-1) |x—42]) (3.9
and

O (it (1=)%2) =9 (57) 21 (x=42) 0/ () +o (rr—432]) . (3.10)
Multiplying (3.9) by 7 and (3.10) by (1 —7) and summing, we get
L) —to(x) — (1-1) 9 (“32)

2
D(F" =x) 0" () + (= 452) ¢’ (57)]
+t<P(< = 2) + A =00 (rlx—22]).

¢ (tx+ (1 —t)

Integrating both sides of this inequality over the segment [@,b], and multiplying it by
1/ (b— a) we obtain

H(t)—tH(1)— (1—1)H (0)
D[ e ar g (40) [ - o) o
b [ o=k 2+ =00 e 42 .

Integrating by parts, we have

[ = [ gloyan- Lot ro)

a+b)

and since [7 (x— dx=0, we get

H()=H(1)+(1—-2)[H(1)—H(0)]

TE] PSS CORD)

+bia/ub 1o (1 =) [x = 452]) + (1 = 1)@ (¢ ]x — #52[)] dx

The last inequality implies the second inequality in (3.7).



MAPPINGS CONNECTED WITH HERMITE-HADAMARD INEQUALITIES 587

The left hand side of Hermite-Hadamard inequality for superquadratic functions
(1.7) multiplied by (1 —17), 0<r<1is

1 b b
(1-0HO-HO)>— [[(1-ne(|x-7 ax. @11
b—ala 2
which is analogous to the first inequality in Theorem 5.
As seen before, for a nonnegative superquadratic function @, the above inequality
represents a refinement of the first inequality in (3.2).

In the case of weighted version of the function H (defined by (1.1)) we are able
to prove only the first inequality of Theorem 6.

By setting r = 1/2 in Theorem 6 we get the following corollary:

COROLLARY 1. Let ¢ :[0,0) — R be a superquadratic and differentiable func-
tion with @ (0) = ¢’ (0) = 0 and let [a,b] C [0,0), a < b. Then we have

sl eeme(S)]

a+3b

2 7
/q) dx—b a/3“+’> o (x)dx

b
Aot Lo (£2)] 413501 Pt

(3.12)

Ac= 2 /b(p l|x b ) dx (3.13)
b—ala 2 '

REMARK 5. Consider inequalities (3.7), proved in Theorem 6. When ¢, the
superquadratic and differentiable function is also nonnegative, the term A defined by
(3.8) is nonnegative. As by property (S2) @ is also convex and @ (0) = ¢’ (0) =0, we
get that inequalities (3.2) also hold, so the first inequality in (3.7) refines the second
inequality in (3.2). Similarly, in this case the second inequality in (3.7) refines the
third inequality in (3.2).

In the same way, we consider (3.12). Because for nonnegative ¢ we have A¢ >0,
the results of Corollary 1 refine the results of the corresponding Akkouchi’s corollary
in [4, Corollary 2.1] (inequalities (3.12) without terms Ac ).

where

EXAMPLE 3. Consider again inequalities (3.7) in Theorem 6, this time for the
superquadratic function @ : [0,00) — R, @ (x) = x9 with g > 2. For this function and
0 < a < b we calculated the additional term A (now denoted by Ag) and obtain:

1 _ q
Ap = [b a
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Using (3.4), (3.5) and

+b b-— +b b-—

and applying Theorem 6 we get the following inequalities
(l—t)[ (a,b) —A?(a,b)] + Ag
a+b b—a a+b b-a
< Li(a,b)— L1 —t , t
g(a:b) q( 2 2 2 T )
<(1—1)[LI(a,b) =A% (a,b)] +1(1 —1) [A(a?,b7) — LI (a,b)] —Ap . (3.15)

Since in this case we have Ag > 0, the inequalities in (3.15) are refinements of the
second and third inequality in (3.6).

EXAMPLE 4. Consider inequality (3.11) for superquadratic function ¢ (x) = x9,
q > 2. Using the notations (2.3) and (2.4) we obtain:

— —al?
(1—1)[LE(a,b)— A‘“gﬁ)]}%[l)z } : (3.16)

Now, from the first inequality in (3.15) using (3.16) we get:

q a—l—b_ b—a a+b b—a
Lq< 7 = +1 7
< Li(a,b)— (1 —1) [L] (a,b) — AT (a,D)] (3.17)

1
( ) 1(1—1) l—t)q_1+t‘1‘1]
q+1

1 b—a -1
<L2(a,b>—ﬁ< 2 ) (a-nftrra-ntee] G

Comparing the above inequalities with the inequalities in (2.5) we conclude that the
first inequality in (3.15) (which is equivalent to inequality (3.17)) represents a refine-
ment of the second inequality in (2.5).

REMARK 6. For t = 1/2 we obtain from this example that:

3a+b a+3b 1 1 b—a\1?
14 < = [L9(a, A9(a,b)] — ——
( i 32 ) 3 (L (@) + A% (a,D)] q+1< 4 )

1 b—a\? 1
<I8(ab) - (224) 1]
o0 g (72) )

which is a refinement of the second inequality in (2.6).
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