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APPLICATIONS OF CERTAIN DIFFERENTIAL INEQUALITIES
TO THE UNIVALENCE OF AN INTEGRAL OPERATOR

GEORGIA IRINA OROS

Dedicated to Professor Josip Pecaric¢
on the occasion of his 60th birthday

Abstract. In [1] we have introduced the integral operator denoted by I(f1,f2,...,fm) given in
Definition 2. Also, certain sufficient conditions of univalence were given for this operator. In
this paper we take a different approach for proving the univalence of this operator.

1. Introduction and preliminaries
Let U denote the unit disc of the complex plane:

U={zeC: |7 <1}

and B
U={zeC: [z <1}.
Let s#(U) denote the space of holomorphic functions in U and let
Ap={feHWU), f)=z+a,112" " +..., €U}
with A} =A.

Let
S={f€A: fisunivalentin U}.

DEFINITION 1. (St. Ruscheweyh [3]). For f €A, ne€ NU{0}, let R" be the
operator defined by R" : A — A
Rf(z) = f(2)
(n+ DR f(z) = z[R"f(2)] +nR"f(z2), z€U.

REMARK 1. If f€A
f@)=z+Y a7, zeU
j=2
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then

R”f(z)zz—I—ZCZJrj,lajzj, zeU. (1)
=2

In [1] we have defined the following integral operator:

DEFINITION 2. [1] Let n,m € NU{0}, i € {1,2,3,...,m}, 0, € C, a € C,
Rea>0,A"=AxAXx...xA. Welet [ : A" — A be the integral operator given by
————

m times

I(f1,f2s- - fmn)(2) = F(2) (2)

o froer (RLOY" L (RY* )

where f; € A, i€ {1,2,3,...,n} and R" is the Ruscheweyh differential operator (Def-
inition 1).

In order to prove our main results, we shall use the following lemma:

LEMMA A. [2, Theorem 5] Let n,m € NU{0}, a be a complex number with

Re o > 0 and ¢ a complex number with |c| <1, c# —1. If €A, 4 €C, k€
{1,2,...,m} and if

z (2
a f(z2)

clzP* + (1 |z*%)

)

holds for all z € U, where f is given by

fz) :/OZ (@)al... (@)%dr, z€U,

with R" given by Definition I, then the function F given by (2), belongs to the class S.

REMARK 2. In [1], the author has shown that this operator is a generalization of
other operators.

REMARK 3. In [1], the author has stated and proven the following theorems:

THEOREM 1. Let n,m € NU{0},a € C with Rea. >0, fi€ A, o €C, i€
{1,2,...,m} with oy |+|oa|+ ...+ || < 1.
If
2(R"fi(2))’
R fi(z)
then F(z) given by (2) belongs to the class S.

THEOREM 2. Let nym € NU{0},a,p € C, with Ref 2 Re o >0, let fi € A
andlet o, € C, i € {1,2,...,m}, with |oy|+ |aa| + ...+ |ogm] < 1.
If

—1‘ <1, zeU,ie{l1,2,....,m}

Z(R" fi(2))'
R fi(z)

—1‘ <1, zeU,ie{l1,2,....,m}
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where R" is the Ruschweyh differential operator, then the function given by

@) Fy(2) = [B [ (@) (W) d,] ’
belongs to the class S.

THEOREM 3. Let nym € NU{0},u >0, € C with Rect >0, f; €A, o; € C,
i€{1,2,...,m} with |ay|+ ||+ ...+ 04| <

2u+1°
If
(i) [R"fi(2)| < u,
(ii) ZR ) 1‘<1,ZEU, ic{1,2,....m}
RGP

where R" is the Ruschweyh differential operator, then the function F(z) given by (2)
belongs to the class S.

THEOREM 4. Let nym € NU{0},u > 0,a,p € C, with Re B > Re o > 0, let
1
fi€Aandlet o € C, i€ {1,2,...,m}, with |ay |+ |op|+ ...+ |0m| < il
If
(i) IR"fi(2)| < u,
Z (R fi(2) ‘ .
(ii) —-1/<1,zeU, ie{l,2,....m
RGEP { J

where R" is the Ruschweyh differential operator, then the function F(z) given by (2°)
belongs to the class S.

2. Main results

THEOREM 5. Let n,m € NU{0},u >0, and ¢ be complex numbers with Re o >
c| <1, c#—1andlet fr €A, 04 €C, ke {1,2,...,m}.

>

If
i) loa |+ |0al + .+ o] < (1= Je]) ——1F
e L+u(l+]al)
1= [2(R fi(2)
iii) L {Z(Ignfké)z))z) —IH<1,zeU,ke{1,2,...,m},

where R" is the Ruscheweyh differential operator, then the function F given by (2)
belongs to the class S.

Proof. Let
f(z)z/oZ [Mrl...[w]%da zeU. 4)

t t
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By differentiating (4), we obtain

fl(z)= [szl(z)] 1...[Lf;"(z)] m:1+pzz+p322+...,
zeU.
By differentiating (5), after a short calculation, we have
2f"(2) _ [Z(R”fl(z))’_ } [Z(R”fm(z))’_ ]
70 o R G) 1| +...+ 0y 7R"fm(z) 1|, zeU.
In order to prove the theorem, using (6), we evaluate
L=z zf"(z) _‘I—ZIZ“ [(R”fl()) }
‘ o« | “TrRaw T
L= 2> [2(R"fu(2))
T ’”[ R fo2) H
1—[2]*] |z(R*fi(2))
Sl = R ‘
1= [2*] [2(R" fu(2))'
+Hom| R ) 1‘
1—[2]*] [|z(R"f1 (Z))’
1— '206 z(R" - !
+ 0| i { (R";m((i) +1}
1—[2*| [|2(R"/1(2))'| |R*fi(2)
= lauf|— | ®hor || +1]+...
1= [2*| [| (R fn(2))'| |R"fin(2)
ol | = | [Tt |2+
1—[2*] [| (R f1(2))
<t || || 1+
1— '206 '2 R - 1
el | ||| 1
1— '206
= (o] + o) | L2
1= [2]*| |22 (R"f1(2)’
‘HOQ‘ (Rnfl( ))2 U+
L= 2P| |22(R" fu(2))'|
+Ham| ® iR | "
1_|Z‘2a

= (loua[+ ool + .. +[om])

®)

(6)

(7
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1— '205 '2 R" !
slanl| = [T |11
L= 2P| [| 2R ()| .
+‘O¢m| |: (R"fm(Z))z 1+1:| H
l_|Z|2oc
<(|oc1+062+..~+|05m)'7
1 — |z]>* Z(R" fi(z))
_1_‘7 [|051| W—l"ﬂ‘F-”
+| | (R"fm(Z))2 IH H
_ |52
+‘ﬂ ullog| +loa|+ ...+ |ot]

—[z**

1
= (|oc1+|oc2|+...+|ocm|)‘ (u+D)+p(log|+...+|awml)

< (loa |+ [0l + ..+ |atnl) o (1 1)+ pr(Jea] + ...+ e

|ot]
1 1
W}gl_d,

:(|a1+...+am|)[ el

Using (7), we evaluate

L—[2P* 2f"(2)
a f'(2)

<le|+1—]c|=1.

C‘Z|2a +

1—[2P* 2f"(2)
<ol e+ | =R L

By applying Lemma A, we obtain that function F given by (2) belongs to the class
S. O

1 3
EXAMPLE 1. Let n e NU{0}, m=2, u=2, a =3—4i, \a\:5,c:§+i§,
1 3 3 1
'C':?“lzz”%’“Fg—ig’f1<z>=z+azi,R"f1<z>=z+l<n+1>az2,
=z+b7%, R = 1)bz?, wh — |b| < =———,z€U.
fo(z) =z+0bz f2(z) =z+ (n+1)bz*, where |a|<2(n+1) | |<2(n+1) Z€

The conditions given by the hypothesis of Theorem 5 become

o _ 3

) Jou] + o] < 2 < (1—1e)
i <= —le)) —————= ==
HTI=s g 1+u(ja[+1) 39

i) |2+ (n+1)az?| < |z [1 + n+l)|a||z|]<1+(n+1)|a||z|<2
|2+ (n+ 1)b22| < |z| 1+ (n+ 1) |b] |2]] < 1+ (n+1) || |2] <
i) 1 — |z]?* [22(14— (n+1)az?) ”_'1 |z|?* ' n+1)az
Z2(1+ (n+1)az) 1+ (n+1)az
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_ |2 .20
1—z**  (n+1)la| 2] <1 2] <L
o] 1—(n+1)la|lz] |ot] [«

‘1— ‘Z|2a |:12(1+2(n+1)az2) B 1:| l _ 1— ‘Z|2a . (n+1)bz
o 2(1+ (n+1)az) S e L+ (n+1)bz|

L—[zP*  (n+1)[b]le] < 1— o>
laf  1T=(+1)plle] e

< <L

From Theorem 5, we have

i
F(2)={3 - 41)/ 24 (0 Da PR L+ (o D)be) S~ han = e s,
0
forall ze U.
o) >
1
I—H and ¢ a complex numberwith |c| <1, c#£—1, o4 €C, fr €A, ke {1,2,...,m}.
—le
If
f"(2)
1 — |z]2%)% <1 ®)
-l LE

zf"(2)
f'(2)

for all z € U, where

is given by (6), then the function F given by (2) belongs
to the class S.

Proof. If z€ U, |z] < 1, we obtain
% < 1.
In order to prove the theorem, using (6) and (8), we evaluate

2a 2a Zf”(Z)
P (- oy 8

< |cz2°‘}+|(1 P

C‘Z f/(Z) X O(f/()
_ 20 120 Zf () L 1
—ellfe+ |- P L) <+ —— <

1—lc|

By applying Lemma A, we obtain that function F given by (2) belongs to the class
S. O

1 3
EXAMPLE 2. Let n € NU{0}, m=2, o =5-2i, |a| = V29, ¢ = g—ig,
2
el =5, o =1—i, = 1+i, fi(z) =z+az®, R'fi(z) = 2+ (n+ 1)az, fo(2) =
2+b2%, R f>(z) = z+ (n+ 1)bz?, where

1 1

< hevary P i avar
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and

of"(z) (1—4) [I—I—Z(n—l-l)azz_l] ) [1+2(n+1)bz_1]

@ 1+ (n+1)az L+ (n+1)bz)
_ ~ (n+1az . (n+1)bz
= e T T T e e
We evaluate
" . (nt1az o (nt1)bz
‘(1—z|2 )- [(1—z>m+<””m}
<[1=1aPl- ’(1 _i>1511(:Jlr);1)zaz+(l+i)14(:1(j;j1t)f)zbz
. (nt1)]allz| ,(n41)bllz|
S e T T iR

_ 3. | atDallz (n+1) bl ] V2 V2
V2 [1—(n+1)|a|1|+1—(n+1)|b|ZI} NENAEN A

From Theorem 6 we deduce

F(z) ={(5— 2i)/ozz4*2i [1+ (n+ Dar] " [L+ (n+ )bt Hide} 57 € 8,

forall ze U.
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