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GEOMETRICALLY CONVEX FUNCTIONS AND ESTIMATION OF
REMAINDER TERMS FOR TAYLOR EXPANSION OF SOME FUNCTIONS

XIAOMING ZHANG AND NINGGUO ZHENG

(Communicated by A. C‘iimeiija)

Abstract. In this paper, we establish two integral inequalities for geometrically convex functions.
As consequences, we get the estimation for remainder terms of Taylor series for e, sinx and
COSX.

1. Introduction

Let I C (0,+00) be an interval and f : I — (0, +e0) be a continuous function.
f is said to be geometrically convex (or concave, resp.) on [ if

f(xy %) < (or =,resp.) £ (x) £ ()

forany x,y €1 and any o € [0,1].

The notion of geometrical convexity was introduced by P. Montel ([1]), in a beau-
tiful paper where analogues of the notion of a convex function in n variables are dis-
cussed. Recently, C. P. Niculescu ([2]) discussed an attractive class of inequalities,
which arise from the notion of geometrically convex functions.

The main purpose of this paper is to establish two integral inequalities for geomet-
rically convex functions. As applications, we get the estimation for remainder terms of
Taylor series for e, sinx and cosx.

The following well-known results will be used in next sections.

LEMMA 1. ([2]) If f:1C (0,400) — (0,+e0) is a twice differentiable function,
then f is a geometrically convex (or concave, resp.) if and only if

* [0 = (7 ()] +£ () () > (or <, resp.)0

forall xel.

LEMMA 2. ([2]) If f:[a,b] C (0,40) — (0,+o0) is geometrically convex (or
concave, resp.), and g (x) =log f (€), then g is convex (or concave, resp.) on [loga,logb].

LEMMA 3. ([4]) Supposethat f:(a,b) C (0,4o0) — (0,4-o0) is a geometrically
concave function. If g(x) = thf(t)dt and h(x) = [ f(¢)dt, then both g and h are
geometrically concave on (a,b).
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2. Integral inequalities for geometrically convex functions

THEOREM 1. Suppose that f :[a,b] C (0,4o0) — (0,4o0) is a geometrically con-
vex function. Then

2 af (a a_ﬂra
" f x> 1) T (bH T o ;“‘())) )
‘ (f (a) +af’. (a)a 7@
if f(a)+af) (a)#0, and
2 ®) br! (b)
ff@dx? L) — (bH JEU L ) -

(f (&) +bfL (b)) b 70T

if f(b)+bf" (b)+#0. Inequalities (1) and (2) become equality if and only if f is a
power function or constant function, while inequalities (1) and (2) are reversed if f is
a geometrically concave function.

Proof. If f is a geometrically convex function, then simple computation yields
that

m log f (c) —logf (a) ~ um log f (elogc) “log f (elOg“)

c—at+0  loge—loga c—a+0 logc —loga
ANY etfjr (et)
= (1 =
(ng(e ))+ I—loga f(e) r—ioga
_a-fi(a) _
@ 7~

Let ¢ € (a,b) be such that (log f (¢) —log f (a))/(logc —loga) # —1. For x € [c,b], let
t = (logx —logc)/(logx —loga). Then 0 <t < 1, (x/a)’ =x/c, c=d'x'", f(c) =
f(d'x'"), and

Fle)<(f@) (f'™. 3)
Therefore

(F()™ (f(@) ™7 < f(x),

logx—loga logx—loge

(f (e))Peeoee (f (@) Tecoes < f (x)

logx—logc

b b logx—loga _
/ f(x) dx 2 / (f (C)) logc—Toga (f (a>) logc—loga Jx
c c

0 0 b 0 g
— (f (C))7 logl:fllf)ga (f (a)) logl:fli)ga / (f (C)) l()glzfli:)ga (f (a))7 logltf)fl);ga dx.
c
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Now, by taking x = ", we get
b __ loga logc
/ f (x) dx 2 (f (C)) logc—Toga (f (a)) Togc—loga
c
logb u u
e (f (@) d )
1

ogc
__loga __loge
= (f (C)) logc—loga (f (a)) logc—loga
logh R 0 qu
. / |:€ (f (C)) logc—Toga . (f (a)) Togc—Toga |y
logce

loge

= (f (¢)) e ioga - (1 (a)) e oga
_bvhﬂmﬁm%fw»”Q%@—cgwnﬁ%ﬁufw»ﬂ@%@

|4 Joefla_ Togf(@)
logc—loga  logc—loga

b(F () e (£ (a)) e —c- (0

log f(c)—log f(a)
1+ logc—loga

logh—logc

b (%> Toge—loga c

| 4 e /() ~log /la)

logc—loga

=f(e)-

b-exp (iR - (log/ (o) —log/ (a) ) —¢

log f(c)—log f(a)
1+ logc—loga

=f(e) )

Let ¢ — a+0 in inequality (4). Then

b-exp (a (logh —loga) f/*(a)> —a

f(a)
af' (a)
fla)

b
L.ﬂﬂdXZfW)

1+

afl (a
L b (D) T g

f@+af @
(f (@)? _(yﬁﬁ?_awﬁ$>,

= (f(a))

af’, (a)

(f (@) +af}(a)a @

Equality (1) occurs only when equality (3) occurs, hence f is a power function or
constant function obviously.

Similarly we can prove inequality (2).

The proof of Theorem 1 is completed. [
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THEOREM 2. Let 0 <a <b and f: [a,b] — (0,4o0) be a geometrically convex
function. Then

/ flx dx<{10g <(>3 fofg(m)f( ) ‘log2, af(a)#bf(b), 5)
af (a)-logg, af (a) =bf (b).

The equality occurs only when f is a power function or constant function. Inequality
(5) is reversed if f is geometrically concave.

Proof. If f is a geometrically convex function and o = (logx—loga)/(logh—loga),
then

b 1
f(x)dx:/ £ (@ 5%) - b% - 1og Zdar.
0 a

a

If af (a) # bf (b), then
1- oc oc l—oo b
/f dx</f )£ (b) -~ log Zdar

=af(a)-log g / (bfg;)ad(x
ot (0|

af (a) b [bf(b) _
= e (0 - ) % Lf(a) 1}
_ bW-af@
log (b7 (b)) _log(af (@) "%a

If af (a) = bf (b), then we clearly see that

/ fx )logé O

0

\_/

3. Estimation of Remainder Term of Taylor Series for ¢

THEOREM 3. Forx>0, n€N, and T, (x) = e *—14x—x2/21+-- -+ (=1)""' x"/n!,
we have the following results.
i) Ifo<x<(n+2)/(n+1), then

n+1 n+1
2(n+1) X < |Ty ()] < nt2  x '
(n+1)! n+2+x (n+1)!

n4x4/(n+2+x)?%—4x
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ii) Ifx>(n+2)/(n+1), then
2(n+1 P
(nt1) — o S0
n+x+4/(n+24x)° —4x :
- 2(n+1) P
h (n+1)1"

n+l4x+1/(x+n+1)* —4x

Proof. Let n=2m— 1 if n is an odd number, and n = 2m if n is an even number.
According to the Taylor series expansion of e™*, we have
2 2m—1

R R >0,
+x +-- +(2m—1)!

T2m71 ()C) 21
2 x2m
Do) =€¢ ™ —1+x—ot 2 <0,
(X)) =e Fx— ot )l
2 x2m
- — —X _— —_— e e . —_—
Ty (x) = —e*+1 x—|—2! + m)! >

(0,+00), then f is a geometrically concave function by Lemma 1

If f(x)=eYx¢€

and a simple computation. On the other hand,
X X
/ eldt=1—e7%, / (1—e")ar
0 0
2

x X
/ (e —14x)dt=—e"+1—x+%,
0 2
Hence both 75,,—; and —T,,, are geometrically concave functions by Lemma 3
For 0 < a < x, according to Theorem 1, we get

=e¢ " —1+ux,

T2m 1( ) 1+ 1
Do n_ gty 6
[ o e < G ) ©
where
_x 1 2m 2
_'XTZml()_x< Fl=xt et oy 2)>>0
T2m71 ()C) T2m71 ()C) '
By taking a — 0+ in (6), we get
2 x2m xT2m71 ()C)

XTZImfl (x) '
Tom—1 (x)

1— <
o x+2,+ G -

It follows that
X" XTzzmq (x)
X2m 2

- T2m71 (X) + < )
(2m)! sz,l(x)+X< Rt R ¢ Tl )
2m

T.
— Topo1 () + T < on1 () TR
(2m)! sz_l(x)+x<—sz—1(X)+m>
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(x_ 1) T2 (x> N <_ x2m N x2m B x2m+l) - (x>
-1 Cm—1! " 2m)! @m)) !
x4m
T emyram =1 ST (),

and

) (2m — 14 x) x> xhm
Lt W)+ =t ) = s =5 2 0

Therefore

o (2m71+x)x2'" (2m71+x)2x4m n 4y
(2m)! (2m)1)2 @m)1(2m—1)!
2
—(2m—1+x)+ \/(Zm— L+x)°+8m  y2m

2 (2m)!
2m

T2m71 (X) 2

4m X
(2m)!

\/(Zm—1—|—x)2—|—8m+2m—1+x

4m x2m
- >, m) ™
2m—l+x+\/(2m+l—|—x) —4x ’

Since —T5,, is a geometrically concave function, by making use of the same method as
in Theorem 1, we get

4m+2 x2m+1
—Tom (x) > : (3)

-
2m+x+\/(2m+2+x)2—4x (Zm+ 1)t

For 0 < a < x, according to Theorem 2, we get

XTom—1 (x) — aTpp—1 (@)
log (xsz_l (x)) — log (ClTQm_l (a))

X X
/ Top—1 (t)dt > -log —
a a

and

logx —loga
log (xTam—1 (x)) — log (aTam—1 (a))

/ax Tom—1 (t)dt = (XTZm—l (x) —aly,-1 (a))
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Let a — 04. Using the L’Hospital rule, we get

/XT (t)dt = xTop—1 (x) - i o
) ‘2m-l 2 Xham—11* ag(l)lJr_M’
T2n171(a)
2 2m
Tom—
_e—x+1_x+x_'_|_...+ * '2 1 IT(/X) ’
2! 2m)! ™y 4 im “ur@

a—0+ Tom—1(a)

x2m < XTom—1 (x)

(2m)! ~ . aly, (@)
2 + ali%lJr T2/mfl (a)

—Tom—1 (X) +

x2m < XTom—1 (x)

—Topm—1(x)+ = —
2m—1 ( ) (2m); 2m+ lim lae <
a—0+ ¢
and
2m
X XTom—1 (x)
=T m— =
: l(X)—’—(Zm)! 2m+1
Therefore
(2m 4 1) x>
o) > (2m+1+x) T (x)
and
2m+1 x2m
T2m—l (x) < ( ) '

2m+1+x) (2m)!
Using the same method as above, we can get

(2m+2) K2l

~Ton () < Cm+2+x) 2m+1)!

21

©))

(10)

Since T,,—1 is a geometrically concave function, according to Lemma 1 we have

x (sz—l () - Tyt (%) = (Topy (x))2> + D1 (%) - Ty (x) <O

A simple computation yields that

, x2m—1
Tyt (X) = =Tom—1 (%) + m—11
and
x2m72 x2m71

T2/;n71 (x) =Tom-1 (x> + (zm_z)[ - (2m— 1)! ’
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Therefore
2mx2m—1+x2m x4m—l
— Ty () + ———— Ty (x) - ——— <0,
a1 () = 1) (2m—1)1)?
2mx2m—1 +x2n x4m—l
() - () ———5 >0
=l (2m—1)! (2m—1)1)>
and
2m+4x—/(x+2m)* —4x  2m-1
Ty 1 < .
-l 2 (2m—1)!
2x xm=l
- ' Y (11)
2m+x+ 1/ (2m+x)* — 4x (2m—1)!
_ 4m X2
= . '.
2m+x+ 1/ (2m+x)* — 4x (2m)!
Similarly, we can get
4 2 2m+1
T (x) < mt . (12)
2m+1—|—x—|—\/(2m+1—|—x)2—4x (2m+1)!
If 0 <x < (2n+41)/2n, then we can find
2m 4 2m
OntD X - T (13)
(Zm+1+x) (2m)! 2m+ x4/ (2m+x)* — 4x (2m)!

while inequality (13) is reversed if x > 2n+1)/2n. If 0 <x < (2n+2)/(2n+1), we
can find

(2m+2) x2m+1 S 4m 42 x2m+l

Z : ;14
! !
2m+2+x) (2m+1)! 2m+1—|—x—|—\/(2m+1—|—x)2—4x (2m+1)!

while inequality (14) is reversed if x > (2n+2)/(2n+1).
According to inequalities (7), (8), (9), (10), (11), (12), (13) and (14) we know that
Theorem 3 is true. [l

4. Estimation of Remainder Term of Taylor Series for sinx and cosx

THEOREM 4. If n € N, x € (0,7/2), S,(x) = sinx —x 4+ x°/3! — -~ +
(=1)"x¥=1/(2n—1)! and P, (x) = cosx — 1 +x2/2! — - (=1)"T1x2" /(2n)!, then

x2ntl 2n(2n+1) x2ntl (2n+2) (2n+3)

2D menr 12 SIS GE By a1 2
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and

x2t2 ~ (@2n+1)(2n+2) <P ()| < X2 ~ (2n+3)(2n+4)
2n+2)! 2nt ) 2n+2)+2 NS Qa2 g 3) 2nt4) 12

Proof. Let x € (0,7/2), and

. ¥ x*n=3 2 (A2
fl(x)z—smx+x—§+...+m, fz(x)zcosx—1+2—!_...+m,
f3(x):Sinx_x+§_"'+%: f4(x)=—cosx+1—;_2!+...+%7
fs(x)=—sinx+x_§_---+%, fé(x):cosx—1+;_2!_...+%7
f7(x)=sinx—x+)3c—3!_...+%, fg(x):—cosx+1—;_2!+...+%.

We can show that sin : x € (0,7/2) — sinx and cos : x € (0,7/2) — cosx are geometri-
cally concave functions according to Lemma 1 and simple computations. From Lemma
3, we clearly see that the following functions are geometrically concave on (0,7/2):

X X
/ sinzdt = 1 — cosx, / (1 —cost)dt = x—sinx,
0 0
2

* X
/ (t —sint)dt =cosx— 1+ —,---.
0 2

Hence functions f; (i =1,2,---,8) are geometrically concave on (O, %) .ForO0<a<x
and i=1,---,7,8, Theorem 2 leads to

. xfi (x) — afi (a)
/ SOt > e )~ log (afi (@)

Let a — O+. Then we have

- (logx —loga).

xfi (x)

. a-fl(a)
T lim

| siwar=

and

xfi (x)

. afla)’
! +al—1>I(];1+ fi(a)

fir1(x) = (15)

By making use of L’Hospital rule in inequality (15), we get

. )
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Therefore
xfi (x) xfi (x)
AWz PR
RIEIC)) xf4 (x)
falx) 2 4n42’° fs(x) = 4n+3’
sz( ) x2f1 (x) B x2 x4n—1
f3x) = il 4n(dn+1)  4n(4n+1) <_f3 () + (4n—1)!>’
x4n+l
An(dn+1) f3(x) > —2f3 (x) + Gn=1)1
and
xntl 4n(4n+1)
BO 2 @D I ) 12 (16)
Furthermore, we get
xf3 (x) 4n+3 4n+3 xhntl
h a0 < hw =T (hw ).
4n+1
xzfg(x)g—(4n+2)(4n+3)f3(x)+(4n+2)(4n+3)m
and
xhntl (4n+2) (4n+3)
S < (4n+1)! (4n+2)(4n+3)+ 22 (17)
According to (16) and (17), we have
Xl 4n(4n+1) xntl (4n+2) (4n+3)

2\f3()

(4n+1)! 4n(4n+1)+
Similarly, we can get

xhnt2 (4n+1)(4n+2) x#nt2 (4n+3)(4n+4)
(4n+2)! (4n+1)(4n+2)+x2 S < (4n+2)! (4n+3)(dn+4)+x2

(4n+1)! (4n+2)(4n+3)+22°

X3 (4n+2)(4n+3) X3 (4n+4) (4n+5)
(4n+3)! (4n+2)(4n+3)+22 ShW S (4n+3)! (4n+4)(4n+5)+x2

xdnta (4n+3) (4n+4) (D)< x4 (4n+5) (4n+6)
(An+4! (An+3)(dn+4)+2 S s (An+4)! (4n+5)(4n+6)+ 22’

so the proof of Theorem 4 is completed. [
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