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AN ITERATIVE ALGORITHM FOR SYSTEM
OF MIXED VARIATIONAL-LIKE INEQUALITIES

LU-CHUAN CENG AND JEN-CHIH YAO

(Communicated by H. Srivastava)

Abstract. In this paper we consider a system of mixed variational-like inequalities (for short,
SMVLI) involving nondifferentiable terms, and its related system of auxiliary problems in the
setting of real Hilbert spaces. An existence theorem for the system of auxiliary problems is
established. By exploiting this theorem, an iterative algorithm for SMVLI is constructed. We
derive the existence of a unique solution of SMVLI and discuss the convergence analysis of
the proposed iterative algorithm. Our results represent the generalization, improvement and
development of the previously known results in the literature.

1. Introduction

In 1980, Aubin [1] has pointed out that the Nash equilibrium problem [18] for dif-
ferentiable functions can be formulated in the form of a variational inequality problem
defined over the product of sets (for short, VIPPS). Further, Pang [19] showed that not
only Nash equilibrium problem but also various equilibrium-type problems, like, traffic
equilibrium, spatial equilibrium, and general equilibrium programming problems from
operations research, economics, game theory, mathematical physics and other areas,
can also be uniformly modeled as a VIPPS. Later, it is found that VIPPS is equivalent
to the problem of system of variational inequalities (for short, SVI), see for example
[12, 16] and references therein. Pang [19] suggested parallel and serial algorithms to
compute the approximate solutions of a VIPPS. He also studied the convergence of the
approximate solutions obtained by his algorithms to the exact solution of a VIPPS. The
approximation methods for solving a VIPPS are also studied by Cohen and Chaplais
[7]1, Ferris and Pang [8], Konnov [14, 15] and Makler-Sceimberg et al. [17]. In 1999,
Ansari and Yao [4] used a fixed point theorem for a family of multivalued maps to
prove the existence of a solution of SVI. Since than several authors, see for instance
[2, 3, 4,5, 12, 11, 16], studied the existence theory of various classes of systems of
variational(-like) inequalities by exploiting fixed point theorems and maximal element
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theorems for a family of multivalued maps. In the recent past, system of variational(-
like) inequalities and system of generalized variational(-like) inequalities emerged as
tools to prove the existence of a solution of Nash equilibrium problem [18] for differ-
entiable and non-differentiable functions, respectively. See for example [2, 3, 4, 5, 12]
and references therein. On the other hand, only a few iterative algorithms have been
constructed for finding the approximate solutions of systems of variational inequalities,
see for example [7, 8, 14, 15, 17, 19] and references therein.

In this paper, we consider a system of mixed variational-like inequalities which
includes system of variational(-like) inequalities as a special case. We propose a sys-
tem of auxiliary problems and prove the existence of its unique solution. Further, by
exploiting our existence result for a unique solution of our auxiliary problem, we pro-
pose an iterative algorithm for computing the approximate solutions of our system of
mixed variational-like inequalities. Finally, we prove the existence of a unique solu-
tion of our system of mixed variational-like inequalities and discuss the convergence
of the approximate solutions obtained by proposed algorithm to the solution of system
of mixed variational-like inequalities. The results of this paper generalize and improve
several results appeared in the literature.

2. Formulations and preliminaries

Throughout the paper, unless otherwise stated, we assume that I = {1,2,...,N}
is an index set and for each i € I, H; is a real Hilbert space whose inner product and
norm are denoted by (.,.); and | - |;, respectively. We set H = [ [ H;. Foreach i €1,

il
let F;: H— H; and n; : H; X H; — H; be nonlinear mappings.E For each i € 1, let
b; : H; x H; — R be a bifunction which is not necessarily differentiable and satisfies the
following properties:

(a) b; is linear in the first argument;

(b) b; is bounded, that is, there exists a constant y; > 0 such that

bi(ui,vi) < Yilluillillvilli;  Vui,vi € His

(©) bi(ui,vi) — bi(ui,wi) < bi(ui,vi —w;), Vui,vi,w; € Hy;
(d) b; is convex in the second argument.

REMARK 2.1. Asin [[10], Remark 2.1], we have

(i) Foreach i €I and for arbitrary u;,v; € H;, property (a) implies that —b;(u;,v;) =
bi(—u;,v;) and property (b) implies that b;(—u;,v;) < ¥illu;l|i||vi|l;- Hence, we
have

|bi (i, vi)| < Yillwillil|villis - Vi, vi € Hyji €1,

bi(u;,0) = bi(0,v;) =0, Vu;,v; €Hjicl.
(i1) Foreach i € [, it follows from properties (b) and (c) that, for all u;,v;,w; € H;,

bi(ui,vi) — bi(ui, wi) < ¥illuil|il|vi — willi,
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bi(ui,wi) — bi(ui,vi) < Yilluil|i||wi — vil|i-

Therefore

|bi(ui, vi) = bi(ui,wi)| < Yillwillillvi—willi,  Vui,vi,wi € Hj.
This implies that for each i € I, b; is continuous with respect to the second
argument.

We consider the following system of mixed variational-like inequalities (for short, SMVLI):

Find (x1,x2,...,xy) € H such that
(Fi(x1,%2,..,.xn ), M (y1,%1)) | +b1(x1,y1) —bi(x1,x1) >0, Vy; € Hy,
(Fa(x1,X2,..,xN ), M2 (¥2,%2) )2 + b2(x2,y2) — ba(x2,x2) >0, Vy2 € Ha, (2.1)

(Fn(x1,%2, -, XN ), N (YN, XN )y + B (Xv, YN ) — by (X, xn) >0, Vyn € Hy.
The following definitions, assumptions and results will be used in the sequel.
DEFINITION 2.1. Foreach i €1, let ; : H; X H; — H; is a mapping. A mapping
F; : H — H; is said to be
(1) a; — n;-strongly monotone in the ith argument if there exists a constant ¢ > 0
such that

(Fi(uy,uz,...,un) — F(vi,uz,...,un ), Ni(ui, vi));
> ollui—vill},  Vui,vi € Hy, (uy,...uy) € H;

(i) (Bi, B, .., Bin) -Lipschitz continuous if there exist constants S, By, ..., Bin >0
such that

||E(u17u2,...,u]v)_F}(V17V27...,VN)H1'
< Bitllur —villi + Bialluz — vall2 + - - - + Biv ||un — viv||v
for all (uy,uz,....,un),(vi,va,...,vN) €EH.
ASSUMPTION 2.1. Foreach i€, F;: H— H; and n; : H; X H; — H; satisfy the
following conditions:

(i) Forall (x1,xp,...,xy) € H, there exists a constant 7; > 0 such that

1 (ers X2 e X)) < T (el [afl2 - 4 ] a) s

(i) mi(xi zi) = Mixi,yi) +Mi(vis zi) > Vxi,vi,2i € Hi
(iii) n; is affine in the second argument;

(iv) For each fixed u; € H;, the mapping v; — 1;(u;,v;) is continuous from the weak
topology to the weak topology.
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REMARK 2.2. It is easy to see that condition (ii) in Assumption 2.1 implies the
following conclusions: For all u;,v; € H;

() Mi(ui,u;) =0
() mi(vi,ui) = —mi(ui,vi).
LEMMA 2.1. [6] Let X be a nonempty, closed and convex subset of a real Haus-

dorff topological vector space E and let ¢,y : X X X — R be mappings satisfying the
following conditions:

1) w(x,y) <o(x,y), forall x,y € X and y(x,x) >0, forall x € X;
(ii) For each fixed x € X, the mapping y — ¢(x,y) is upper semicontinuous;
(iii) Foreachy € X, the set {x € X : w(x,y) < 0} is convex;
(iv) There exists a nonempty compact set K C X and xo € K such that
y(xp,y) <0, VYyeX\K.

Then, there exists y* € K such that ¢(x,y*) >0, forall x€ X.

LEMMA 2.2. [20] Let K be a nonempty and convex subset of a real Hilbert
space H and f : K — R be a lower semicontinuous and convex functional. Then, f is
weakly lower semicontinuous.

REMARK 2.3. [20] By using the same argument as in the proof of Lemma 2.2,
it is easy to see that f: K — R is upper semicontinuous and concave if f is weakly
upper semicontinuous.

3. System of auxiliary problems and an iterative algorithm

Related to SMVLIP (2.1), we introduce the following system of auxiliary problems
(for short, SAP):

Given (x1,x3,...,xy) € H, find (z1,22,...,2v) € H such that
(M (z1,x1)+PFi(x1,x2,...,x8), M1 (y1,21)), +P [b1(x1,y1)—b1 (x1,x1)] =0,
Vyl S Hla
(M2(22,%2) +PF2(x1,%2, ..., X8 ), M2 (2,22) )2 +P [b2(x2,y2) —b2(x2,x2)] > 0,
vyZ S H27

(v (zv X8 )+ FN (X1, X2, X8 ), IN (YN, 23 )y +0 [N (v, yv ) =D (xv, xn )] = 0,
VyN € Hy,
(3.1)
where p > 0 is a constant.
We establish the following existence result for a solution of SAP.
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THEOREM 3.1. Foreach i € I, let the mapping 1; : H; x H; — H; be ©;-strongly
monotone and 0;-Lipschitz continuous and the bifunction b; : H; X H; — R satisfy the
conditions (a)-(d). If the Assumption 2.1 holds, then SAP has a solution.

Proof. For each i € I, define the mappings ¢;,y; : H; x H; — R by

0i(vi,zi) = (Mi(i,xi) + pFi(x1,x2,....xn5), i (Vi  2i)); + P [bi(xi,yi) — bi(xi, zi)]

and

Vi(yi,zi) = (Mi(zi,xi) + PFi(x1,x2, ... xn ), Mi(vi, 2i)); + P [Bi(xi, i) — bi(xi, 2i)]

for all y;,z; € H; and for a given (x,x3,...,xy) € H. For each i € I, we show that
the mappings ¢; and y; satisfy all the conditions of Lemma 2.1 in the weak topology.
Indeed, since condition (ii) in Assumption 2.1 implies (b) in Remark 2.2, we have

0 < [Imi(yirz)|I? = (Mi(viszi), Mi iy i) i
= (Mi(yi, xi) + Ni(xi,zi), MiVis zi) )i
= (Mi(yi, xi) — Milzi, xi), Vi, 2i))is
and hence
(Mi(zisxi)sMi(vir zi))i < (Mi (i Xi) s Mi (i 20) )i

Thus, it follows that ¢; and y; satisfy condition (i) of Lemma 2.1. Since the bifunc-
tion b; is convex in the second argument and 1); is affine in the second argument, it
follows from Remark 2.1 (ii) and Assumption 2.1 (iv) that z; — @;(y;,z;) is weakly
upper semicontinuous. Further, it is easy to show that for each fixed z; € H;, the set
{yi € H; : wi(yi,z;) < 0} is convex, and so the conditions (ii) and (iii) of Lemma 2.1
hold.

Foreach i€, let

o; =07 2 (87 xilli+ w8 (lxilly + -+ + lxn ) + pvillxilli)
and
K, = {Zi €H;: HZi”i < ﬂ)i}.

Then, for each i € I, K; is a weakly compact subset of H;. For any fixed z; € H; \ K;,
take vo, = 0 € K;. From Assumption 2.1, Lipschitz continuity and strong monotonicity
of 7n;, and Remark 2.1, we have

vi(vo;,zi) = vi(0,z)
= (Mi(zi,x:)+pFi(x1,x2,...,xn5),Mi(0,2;)) +p [bi(xi,0) —bi(xi, z;)]
= —(Mi(0,zi),Mi(0,2:))i+(:(0,x:),M:(0,2:)):
+p(F(x1,x2,...,x8),Mi(0,2:))i  +p[bi(xi,0)—bi(xi,2i)]
< =07 |laill;+87 Ixillillzill i TS ([1xa 14+ + b ) lzi o7l il
= =07 [lzilli{|lzilli—o; 2 (&7 |Ixilli+pwdi(lxt [l 1+ - +llxen W) +owillxilli) }
< 0.
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Hence, condition (iv) of Lemma 2.1 holds. Thus, by Lemma 2.1, for each i € I, there
exists z; € H; such that
0i(vi,zj) >0, Vy;€H,,
that is,
(Mi(yi,xi) + PFi(x1, X2, ., X8), Mi (i, 27 )); + P [bi(xi,yi) — bilxi,27)] = 0, Vy; € H;.

(3.2)

For arbitrary 7 € (0,1] and y; € H;, let y;, :==ty;+ (1 —¢)z; . By replacing y; by y;; in

(3.2), we obtain

<Th(}’zz;x1) +,0E(X1,X2, ©y N)a ni(}’i,zyz;“»i‘|’.0[bi(xia}’i,t) - bi(‘xiﬁz;}()]

<Th(xz,}’zz) .OFl(xler; . N)ani(Z;'k7yi,f)>i+p[bi(xiayi,l)_bl'(xiaz;k)]

<tnl(XI7yl) (l_t)ni(xivzi)_pF‘i(xl7x27 ,XN) lni(Z;‘»yi)

+ (1 =0)ni(z,27))i + pthi(xi,yi) + (1 = 1)bi(xi, 27 ) — bilxi, 27 )]

t<”h(xuyz) (l_t)nl(xhzl) pE(xtha"') N)ani(Z?7yi)>i

+1p[bi(xi,yi) — bi(xi,z;)].

Hence, we have
<tni(xi,}’i) —+ (1 —t)n,-(xi,Z;f) _,OE()CI,XZ, "'axN)a ni(Z;F:)’i»i
+p [bi(xi,yi) = bi(xi,z; )] = 0.

Letting ¢t — 0", we have

(Mi(xi,27) — PFi(x1, X2, 0,08 ), M2, i) + P [bi(xi,yi) — bilxi, )] = 0, Vy; € Hi,

which implies that

(M2 xi) + PFi(x1,x2, X8 ), Mi(Vi 7))+ 0 [Di(xi,yi) — bi(xiz7)] 2 0, Vy; € H;.
Therefore, (2,25, ...,2y) € H is the solution of SAP. [J

Based on Theorem 3.1, we construct an iterative algorithm for computing the ap-
proximate solutions of SMVLIP (2.1) in the following way.
For given (x(l),xg, ...,x?v) € H, from Theorem 3.1, SAP has a solution, say,
(xh,xb,...,x}) € H, that is,
<n1 (xhx(l)) +pF1(x(1)7x(2)7 "‘7x§)\/)7 nl(ylvx%)>1 +p [bl(x(l)vyl) bl(xlvxl)] > 0
vyl € H17
(M (x5,29) + pFa(x), %9, ... 2%), T)z()’z,xé»z +p [bz(xg,n) - bz(x(z)’xé)] =0,
vy2 € H27

<nN(X}V,XR/)+pFN(X(1),X(2),. X ) nN(}’N,xN)> +p [bN(xNayN) bN(XR/,.X}v):I >0a
Vyn € Hy.
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Again by Theorem 3.1, for given (x1,x},...,x}) € H, SAP has a solution (x},x3,...,x%) €
H , that is,

(M (x3,x}) +pFi(x],x, xy) My, xd)) 4o [br(x],y1) — bi(x],x3)] =0,

<TI2(X%7X£) +pF2(x{7xév "'7x11\/)7 772()’2»)5%»2 +p l:b2(xé7y2) - bQ(XérX%)] > Oa

<nN(x]2V7x11\/) +PFN(X%7xé7 ~~~»x11v)»7”lN(yN7x12v)>N +P [bN(xll\hyN) - bN(x]l\hx]zv)] 2 07
Vyn € Hy.

By induction, we construct the following iterative algorithm for finding the approximate
solutions of SMVLIP (2.1):

ALGORITHM 3.1. For given (x{, x9, ..., x%) € H, compute a sequence
{(x},x5,...,x},)} of approximate solutions in H for SMVLIP (2.1) by the following
iterative scheme

(xR (88, xy) (v X)) o [br (v —bi (6] > 0,

vyl S H17

(Mo (T X+ (X8, o), M2 (v2, X5 1)), +p b2 (o, y2) —ba (¥, x5 )] > 0,
vyZ S H27
(M QT X )+ Fy (7,8, o ), v v, X)) 0 (B (X, v ) =B (i )] 2 0,
V YN € HN,
(3.3)

where p > 0 is a constant.

4. Existence of a unique solution and convergence analysis

We prove the existence of a unique solution of SMVLIP (2.1) and discuss the
convergence analysis of the sequences generated by Algorithm 3.1.

THEOREM 4.1. For each i € I, let the mapping F; : H — H; be o;-n);-strongly
monotone in the ith argument and (B;1, By, ..., Bin ) -Lipschitz continuous, the mapping
n; : Hi x H; — H; be o;-strongly monotone and 0;-Lipschitz continuous and the bi-
function b; : H; x H; — R satisfy the properties (a)-(d). Assume that the Assumption
2.1 hold and the following conditions hold for p > 0

V(=22 — (82— 1) (B} —r7e?)
<

2.2 )
Bii —17°¢;

‘ O(,‘—tl-zgi
T p2_ 2.2
Bii —17°¢;

4.1)

o > e+ \/ 2) (B2 —r2e?) and B>,
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where
2 N
O;
ti ::g’ and ¢g:=— + 2 Bﬂ i=1,2,..,N.
i i Jj=1,j#i t’

Then the approximate solution (x},x5,...,x},) generated by Algorithm 3.1 strongly con-
verges to a solution (x7,x3,...,xx) of SMVLIP (2.1).

Proof. For any (y1,v2,...,yN) € H, it follows from (3.3) that

(mELE D +eR g™ ) m o),

+p [br(& Ly —bi ()] >0,
(M3, D4R A~ ), m(2.1)),

+p (b2 ) —ba (5 )] >

<77N(x}1wx;lv71)+PFN(X}11717)C;717 "‘7%71)7 nN(vax%)>N
+p [by ()b ()] =0 (42)

and

<771 (x’f“,x’f)—i—pFl (1,02, 52y ), (01 ,x'f+l)>
(

1 1
<n2(x’§+1,xg)+pF2(x’1’,x’§, "'7x;l\7)7 nz(y2»x§+l)>2

<nN(~X7V+1ax;lV)+pFN(xrllaxg7' ) TIN )’N7 >N
+0 [by (X, yn)—bn (X, x5 H] = 0. (4.3)

Taking y; = xl’.”rl in the ith inequality of (4.2) and y; = x in the ith inequality of (4.3),
we obtain

(i D) +pF (A ), mi ),
+p [ X —bi( )] > 0, (4.4)

1

4

<ni(X},?+lax?)+PFi(X}f;X}§7 "'ax;l\/)7 ni('xlr‘laxlr‘l+l)>'
+p [bi( x7) —bi(x 1] > 0. (4.5)

Adding (4.4) and (4.5), we get
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PRt ) = B, ), i ).

<Th i i (1
+p [bil ™ =) + b — 2]

< (i) = p (R g ) = B, x), mi (),
b ()~ )

(4.6)
Since n; is o;-strongly monotone and &; -Lipschitz continuous, from (4.6) we obtain

o =
< |[|mi ) RO )) ] ([t
0 i i T e A
< | ) —p (et D)= B ) =

1

+ 0% || =, | x"+1||
which implies that
HX” X"“H
L[|t ) —p (R i )= F () |
+P%|\x =]
< a,. HTh 1,x?)—p(F,-(x’f_1 xg L Xy D) (4.7)
F( x2 1,. 11? l+17 xnl H

D B A el ey )] )
+ovi —x" 1H]

Since F; is o;-n;-strongly monotone in the ith argument and (B;1,82,---, Biv) -
Lipschitz continuous, we deduce that

i~ ) — PzFi(X’f_l»X’S_lw-»X’fv_l) T CY A RS e V0 A X’fv_l))Hf
—||nl 1 Bl
—2p(F; ('f 1#65’ L =R T X ) i ag)
+p? || R ,x';zl,..-,xN‘>—E(x’f;,x2 L an" x?H% ol
< [t —2pai|\ﬁ‘l—§?H +02 B3 ||
= (82-2pi+p?B3) [~ 7|}
(4.8)
and
[ FC o X o) — B, )
N
< Bij x"_l—xf;"j. (4.9)

=L
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It follows from (4.7), (4.8) and (4.9) that

It ), < o [3/52 20+ 0283 +om] !

N
> Bl

i =LA

l—x’;Hj. (4.10)

Taking i = 1,2,...,N in (4.10) and summing the resultant inequalities, we obtain

< +1
X -,
j=1 J
[ )
< {012 {51 /5 2P051+P2ﬁ11+l)7/1} 4P 2ﬁ21+ 4P NﬁNl } Hxn _x1H1
[ [ )
+{eodey [52\/622—2pa2+92ﬁ22+m/2] +2 ;§3Z+--~+P e L,

+{p51ﬁ11v+ +P5N01ﬁ1v 1N+ [SN\/(S;\Z/—ZPOCN+PZBI\2/N+PYN} } Hxlnv—l_x;quN

N 1

< max {6; : z<N}2Hx”

(4.11)
where foreach i € 1

1 ;B
0 ;= p [ \/5 —2p0; +p2B3+04 + 2 P Bj (4.12)
J=Lj#i Gj

Now, define the norm || - ||, on H = H?':lHj by
1Oy2, W) e = [Iyille+ y2ll2 4+ lywllv, - Y1y2,-08) €H. (4.13)
We observe that (H, || -||«) is a Banach space. Hence, (4.12) implies that
([0, o) = (L5,
<max{6;: 1 \z\N}}y(x7*1,xg*1,...,x'1’v*1)—(x'f,xg,...,xx)ﬂ*. (4.14)

From condition (4.1), it follows that max{6;: 1 <i < N} € (0,1) and hence (4.14) im-
plies that {(x},x5,...,x})} isa Cauchy sequencein H. Let (x|, x5, ...,x},) — (x],X3,...,xy)
in H as n — c. From (3.3), and from the fact that Fi,F>,....Fy, N1i,N2,..., N
by,bs,...,by are continuous, we have for each (y1,y2,...,yn) € H,

(M (e, X)) +PFL (], x5, -2y ), M X)) 1+ (b1 (7, 1) —bi (x7,47)] > 0,
(M2(x3,3)+PFa (X7, %3, -, Xy ), M2 (v2,%3) )2 +0[b2(x3,2) —ba (x5, %3)] > 0,

(v (e Xy )+ Fy (X, X3, X3 ) v (9 33 ) ) vHR [ (i yv ) — by (e Xy )] 2 0,
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that is,

<Fl (XT»XE»-~~7x;‘v)7nl(y1»x9f)>l+b1 (ﬁ;yl)—bl(x’f,x’f) > Oa
<F2()CT,X§, "'7x;(\/)7 n2(y27x§)>2+b2(x§7y2)_b2(x§7x§) > Oa

(Fv (x],%5, .., X% ), In (v, Xy ) ) N +D (x5, yv ) —bn (X, Xy ) = 0.

Therefore, (x7,x3,...,xx) is a solution of SMVLIP (2.1). O

REMARK 4.1. Zeng et al. [20] considered the single mixed variational-like in-

equality problem involving set-valued mappings. There is no doubt that it is of further
research interest to extend the method presented in this paper for iterative approxima-
tions of solutions of the SMVLIP involving set-valued mappings, that is, utilizing the
method presented in this paper, one can extend Theorems 3.1 and 4.1 to the system of
N-mixed variational-like inequality problems involving set-valued mappings where N
is any given positive integer.

[1]
[2]
[3]
[4]
[5]
[6]
[7]
[8]
[9]
[10]
[11]
[12]
[13]
[14]
[15]

[16]

REFERENCES

J. P. AUBIN, Mathematical Methods of Game Theory and Economics, North-Holland, Amsterdam
(1982).

Q. H. ANSARI, S. SCHAIBLE, J. C. YAO, System of vector equilibrium problems and its applications,
J. Optim. Theory Appl., 107 (3) (2000), 547-557.

Q. H. ANSARI, S. SCHAIBLE, J. C. YAO, System of generalized vector equilibrium problems with
applications, J. Global Optim., 22 (2002), 3-16.

Q. H. ANSARL J. C. YAO, A fixed point theorem and its applications to the system of variational
inequalities, Bull. Austral. Math. Soc., 59 (1999), 433-442.

Q. H. ANSARL, J. C. YAO, System of generalized variational inequalities and their applications,
Appl. Anal., 76 (3-4) (2000), 203-217.

S. S. CHANG, S. W. XIANG, On the existence of solutions for a class of quasi-bilinear variational
inequalities, J. Syst. Sci. Math. Sci., 16 (1996), 136-140.

C. COHEN, F. CHAPLAIS, Nested monotony for variational inequalities over product of spaces and
convergence of iterative algorithms, J. Optim. Theory Appl., 59 (1988), 360-390.

M. FERRIS, J. S. PANG, Engineering and economic applications of complementarity problems, SIAM
Rev., 39 (1997), 669-713.

R. GLOWINSKI, J. L. LIONS, R. TREMOLIERES, Numerical Analysis of Variational Inequalities,
North-Holland, Amsterdam, Netherlands (1981).

N. J. HUANG, C. X. DENG, Auxiliary principle and iterative algorithms for generalized set-valued
strongly nonlinear mixed variational-like inequalities, J. Math. Anal. Appl., 256 (2001), 345-359.

G. KASSAY,J. KOLUMBAN, System of multi-valued variational inequalities, Publ. Math. Debrecen,
56 (2000), 185-195.

Z. KHAN, System of Variational Inequalities and Multiobjective Games, Ph. D. Thesis, Aligarh Mus-
lim University, Aligarh, India (2003).

D. KINDERLEHRER, G. STAMPACCHIA, An Introduction to Variational Inequalities and Their Appli-
cations, Academic Press, New York (1980).

I. V. KONNoOV, Combined Relaxation Methods for Variational Inequalities Over Product Sets,
Lobachevskii J. Math., 2 (1999), 3-9.

I. V. KONNoOV, Combined Relaxation Methods for Decomposable Variational Inequalities, Optim.
Methods and Software, 10 (1999), 711-728.

1. V. KONNOV, Relatively monotone variational inequalities over product sets, Oper. Res. Lett., 28
(2001), 21-26.



106

[17]

[18]
[19]

[20]

[21]

[22]
(23]
[24]
[25]
[26]
[27]
(28]
[29]
[30]
[31]
(32]

[33]

LU-CHUAN CENG AND JEN-CHIH YAO

S. MAKLER-SCHEIMBERG, V. H. NGUYEN, J. J. STRODIOT, Family of perturbation methods for
variational inequalities, J. Optim. Theory Appl., 89 (1996), 423-452.

J. F. NASH, Equilibrium Point in n-Person Games, Proc. Nat. Acad. Sci. U. S. A., 36 (1950), 48—49.
J. S. PANG, Asymmetric variational inequalities over product of sets: applications and iterative meth-
ods, Math. Prog., 31 (1985), 206-219.

L. C. ZENG, S. SCHAIBLE, J. C. YAO, lterative algorithm for mixed variational-like inequalities, J.
Optim. Theory Appl., 124 (2005), 725-738.

L. C. ZENG, S. M. Guu, J. C. YAO, lterative algorithm for completely generalized set-valued
strongly nonlinear mixed variational-like inequalities, Comput. Math. Appl., 50, (5-6) (2005), 935—
945.

A. NAGURNEY, Network Economics: a Variational Inequality Approach, Kluwer Academic Publish-
ers, Dordrecht (1993).

L. C. ZENG, Iterative algorithm for finding approximate solutions of a class of mixed variational-like
inequalities, Acta Math. Appl. Sinicam, English, Ser. 20 (3) (2004), 477-486.

L. C. CENG, J. C. YAO, Approximate proximal algorithms for generalized variational inequalities
with pseudomonotone multifunctions, J. Comput. Appl. Math., 213 (2008), 423—438.

L. C. ZENG, N. C. WONG,J. C. YAO, Convergence of hybrid steepest-descent methods for general-
ized variational inequalities, Acta Math. Sinica, English, Ser. 22 (1) (2006), 1-12.

L. C. ZENG, J. C. YAO, Strong convergence theorem by an extragradient method for fixed point
problems and variational inequality problems, Taiwan. J. Math., 10 (5) (2006), 1293-1303.

M. A. NOOR, Auxiliary principle for generalized mixed variational-like inequalities, J. Math. Anal.
Appl., 215 (1997), 78-85.

M. A. NOOR, lterative schemes for multivalued quasi-variational inclusions, J. Global Optim., 19
(2001), 141-150.

R. U. VERMA, Projection methods, algorithms and a new system of nonlinear variational inequalities,
Comput. Math. Appl., 41 (2001), 1025-1031.

Q. H. ANSARL J. C. YAO, A fixed point theorem and its applications to a system of variational
inequalities, Bull. Aust. Math. Soc., 59 (1999), 433-442.

Q. H. ANSARLJ. C. YAO, Iterative schemes for solving mixed variational-like inequalities, J. Optim.
Theory. Appl., 108 (2001), 527-541.

S. SCHAIBLE, J. C. YAO, L. C. ZENG, On the existence and convergence of approximate solutions
for mixed variational-like inequalities, Optimization, 56 (1-2) (2007), 105-114.

L. C. ZENG, L. J. LIN,J. C. YAO, Auxiliary problem method for mixed variational-like inequalities,
Taiwan. J. Math., 10 (2) (2006), 515-529.

(Received July 1, 2008) Lu-Chuan Ceng

Department of Mathematics
Shanghai Normal University
Shanghai 200234

China

e-mail: zenglc@hotmail.com

Jen-Chih Yao

Department of Applied Mathematics
National Sun Yat-sen University
Kaohsiung

Taiwan 804

e-mail: yaojc@math.nsysu.edu.tw

Journal of Mathematical Inequalities

www.ele-math.com

jmi@e

cle-math.com



