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BOUNDS IMPROVEMENT FOR ALTERNATING MATHIEU TYPE SERIES

TIBOR K. POGANY AND ZIVORAD TOMOVSKI

(Communicated by N. Elezovic)

Abstract. The aim of this research paper is to establish some precise, new bounding inequalities
for the generalized alternating Mathieu series using their integral representations and the classical
CBS inequality. The obtained inequalities improve certain bounds derived recently by Tomovski
and Hilfer in [17].

1. Motivation with introduction
The special function defined by series

i 2
S(r) = ; s +"r2)2 r>0 (L.1)

is called Mathieu—series, after his ‘ancestor’ EL. Mathieu, who introduced it in his
classical book [7] treating problematics in mathematical physics. Bounds on this series
have been used in discussing boundary value problems for the biharmonic equations in
2D rectangular domains [11, p. 258, Eq. (54)]. The alternating variant of S(r), viz.

- 2
S(r) = 2(_1)}7_1@ r>0 (1.2)

has been introduced recently by Pogany et al. in [9]. After that few article have been
devoted to alternating Mathieu series and its generalizations, such as alternating gen-
eralized Mathieu series, alternating Mathieu a—series and alternating Mathieu (a,A)—
series. Good sources for bounding ineqaulities for alternating Mathieu’s and alternating
Mathieu type series are the recent articles [9, 15, 17, 18]. However, further research
clearly showes that in [17] the authors didn’t take into account the oscillatory nature
of the Bessel function of the first kind in integrands. Clearly the mistake appears in
the proofs of related bounding inequalities. These cases are pointed out here and the
erroneous places are corrected in a set of theorems remarking in the same time that this
article is essentially not a corrigendum to [17].
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Several interesting problems and solutions dealing with integral representations
and bounding inequalities for the slight generalization of S(r),S(r) to Mathieu series
with a fractional power

- 2n
S =) ———>— u—1>0 1.3
u(r) gl(nzﬂz)u ru (1.3)
can be found in an older article by Diananda [4] and in recent works by Tomovski and
Trencevski [19] and Cerone and Lenard [3]. Motivated essentially by [3] and by [10] a
family of so—called generalized Mathieu series, reads

SL&,B)(,; (an)N) =: SLQ’B)(r;a) = 2

n=1

rno,Bu>0  (1.4)

has been defined in [14], tacitly assumed that the positive sequence a = (a,,)y monotono-
usly diverges to the infinity, i.e. lim,_..a, = o and the series (1.4) converges, that is

the auxiliary series
— 1
ng'l ay P
is convergent. Specifiying parameters in (1.4) one recognizes S»>(r) = S(r), Su(r) =

S,(f’l)(r, N) etc. compare some parts of [3, 4, 10, 15].

Introducing

. B
| ne 2ay,
S,(Ha,ﬁ)(r; (an)n) ::Sff"ﬁ)(r;a) = (-1 1m

n=1

no,B,u>0 (15)

as the alternating variant of (1.4), in [9, 14, 16] several integral representations of

SLa’B )(r;a) and S‘EX’B )(r;a) in terms of different variants of generalized hypergeo-
metric functions and Bessel functions of the first kind were established.

2. Integral representations of S’Ex’ﬁ ) (r;(an)n)

The generalized hypergeometric function is defined by

oo P -
aapl 1 prapl )y iy (@0 2
qu{bl’...’bq x:| a qu[bq x] ‘_mgo Hg:l(b/&')m m! (21)
where
r
(Do =1, (T)m := r(r+1)---(r+m—1):_(;(J;)m) meN

denotes the shifted factorial or Pochhammer symbol. Here, and in what follows, ,¥,
denotes the Fox—Wright generalization of the hypergeometric ,F; function with p nu-
merator and g denominator parameters (e.g. [14, p. 4, Eq. (2.4)]) defined by

(a1,0) 2 (@p ) [ 1w [(amap)| 1. o T T(ar+oum) xm
Pl oy o 1= o) )= Z R o ) o
2.2)
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for suitably bounded values of |x|, when the parameters involved satisfy
- . q p
a[6R+7£:17p’ BJGR-F?]:LQs 1+2ﬁ[_2aj>0
(=1 j=1

So that, obviously

1) [(ar)---T(ap) a _
w [ D] - Dm0 asobezy. @3
P4 (bq,l) X F(bl)r(bq) rtq bq X aj> k€ 0 ( )
The following integral representations are closely connected to one reported in [9, Egs.
(8.12), (9.7)] and to certain results (for Mathieu type series) reported in [14]. Denote in

the sequel N° := (n®) & > 0. Hence

oo Y(Ho—pB)—1
B (Y 2 / x (u,1) 2 ya
S NY) = ¥ - dv, (2.4
SO0 =5 | e Y was Bpe | 4 @4
valid for r,a, B,y,y(uoe — B) — 1 > 0 and
o yalu—B/e)-1 24
S(0B) (. Na/oy 2 / x! u T
S N9/ = F 7
wo (N T(glu—B/al) Jo — e+1 1‘I[A(q;q(lut—ﬁ/(%))) q‘f}
2.5)
where
A A+qg—1
ra,B,qu—p/o)—1>0; A(q;?t):(—,---,#),qu.
q q
Finally, for all r,u > O there holds [9, Eq. (5.12)]
o 1/2
/2 \2ley _ T _ VT / xt
Sut (N )—S#H(r)—(2")#71/21_‘(“_’_1) A ex_i_lJ#,l/z(rx)dx. (2.6)

3. Laplace transforms of generalized hypergeometric functions

In the Bessel functions theory it is fairly well-known [6, p. 688, Eq. 6.612.3] that

o 1 o> +cr+n?

R/ Jp(hx)dx = ——=0Q,,_ 7>

/(; e h(C.X) h( )C) ﬂ\/}EQb 1/2< 2Yhe )
when o, c,h,b+1/2>0. Here

BB+1,1/2) _[B/2+1,(B+1)/2|
QB(Z>:W2FI{ B+3/2 ]

stands for the Legendre function of the second kind in which B is the familiar Euler
Beta—function. Substituting oo = 1,b=u —1/2,c =h=r in (3.1), we get

© 1 1
—x72 _
/0 e Jy—l/z("x)dx—EQM—l(l"'ﬁ)

_ B(u,1/2)" F[(u+1)/2, M/Z’ 4rt ]
(22 2L p12 (a2l

(3.1)

(3.2)
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The next generation of hypergeometric type functions we will need in the sequel is the
Srivastava—Daoust generalization of Kampé de Fériet hypergeometric function in two
variables defined by double hypergeometric series [12, p. 199]

:B;B’ [(a):67q)]:[(b): };[(b/): /} :B:B
S (1) -o.61 ) - malia) - ] 1Y) =7 ()

_ i i G T(aj+mBj+n®)) [T (b + my)) [T, T(8; +ny)) Xy
n=0i=0 [15-1 T(cj+md;+nej) [17- T(d; +mn;) [17-, T(d} +nnj) m! n!
(3.3)

where the coefficients

617"'76147"'717{7"'7‘”6’ >0,

for the sake of brevity (a) is taken to denote the sequence of A parametars aj,---,aq,
with the similar interpretations for (b),---, (d’). Srivastava and Daoust find [13, p. 155]
that the series (3.3) converges absolutely for all x,y € C when

C D A B
A=1438+ -2 6= v >0,
=1 j=1 =1 j=1

C D A B
A/=1+2£j+2n}—zq)j— l[/J/->O.
j=1 j=1 Jj=1

j=1

It could be mention that the case A = A’ = 0 has been discussed also in [13, pp. 154—
155], while the remaining case, when at least one of A, A’ is negative results in formal
power series, that is (3.3) converges only in trivial situation x =y = 0.

THEOREM 1. Assume u,X,Y >0,ZW € R, g € N and R{s} > 0. Then we
have:

/Owe_sx {1‘{’1 {((;:}1% ‘ —ny] }zdx
=g ! yolllll ( [l _YA{)]([‘;L], [g’[‘l;} l} SZY ) SZY> , 3.4)
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Proof. By definition it is

/O°°eﬂx {1‘1’1 [(()L(L:Il/)) ' —ny} }zdx
_/ e & & T(u+m)D(p+n)(—2z)mtn xY omtn)
m= On * T(X+Ym)'(X+Yn) o

i E & T )N m) D) (—2/5
=5 z 2 (X +Ym)['(X +Yn) m'n!

(3.6)

such that coincides with the right-hand expression in the display (3.4).
The formula (3.5) we prove analogously, firstly expressing the I'—function terms
of the | F; function in the integrand in Pochhammer symbol terms.

4. Bounding inequalities

Now, we expose our new results concerning upper bounds for alternating Mathieu
series S(r),Sy41 (r)j}fx’ﬁ) (r;NY) ,S’Tf’ﬁ) (r;N/%) derived by means of the celebrated
Cauchy-Bunyakovsky—Schwarz (CBS) inequality.

THEOREM 2. Forall r € R there holds

S(r) < 13:{(4: ( — Bl(r)> . @.1)

Here is £(3) = 1.2020569... the famous Apéry’s constant.

Proof. Consider the integral representation formula [9, Eq. (2.8)]

~ 1 [ xsi
S(r)y=- / xsin(rx) dx reR.
o e +1

By the CBS inequality one concludes

~ 1= X > sin?(rx)
2 (r) < —/ dx - / dx
NSzl a1k "o

Substituting a =2,b =1 into

) 1
/Oef:de—bi( —2"")(a)¢(a)  min(R{a},R{p}) >0, (42

we get

o x2 3
dx=-_(3).
Jy wrer=340)
On the other hand

o gin2 o 2
sin”(rx) e .2 2r
dx</ x dxr=—.
/0 e'+1 p ¢ s 1+4r2
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Collecting all derived bounds we obtain

3¢3)
14+4r2°

The Theorem is proved.

REMARK 1. The upper bound (4.1) corrects the bound [17, Eq. (2.7)] when
u = 2. On the other hand the authors report on [18, §4, B]

~ 7-[2

S(r) < —
)< 15
Comparing the bounds Bj(r) in (4.1) with B;(r) we conclude

Bi(r) < By(r) re (07r0]
Bl(r)>Bg(r) r>r

=:By(r).

although both bounds have the same asymptotical magnitude when r — oo. Here
2
ro= —— _0.8667817....
4328 (3) —4m*
THEOREM 3. Forall r,uu > 0 we have

(u+1)/2,u/2) 4 2

N ~ u y U r :|

Su+1(r) < Cu(r) <2F1[ w412 ‘ +27) ) ; (4.3)

where

C —
uln) = 3= 121 4-2r2)1/2 B(u+1,u+1/2)°

. Vr2+1/p) \/ (p 2 BEHELL/2)

Proof. Applying the CBS inequality to the integral in (2.6) we deduce

2 2
oo l+1/2 oo 2+l oo Juil/z(rx)
—J, dx|] < dx - - dx
(0 o R /0 o+l /0 o +1

Putting a =2u+2,b=1 in (4.2) we readily get

oox2,u+1
0o e¥+1

Making use of Laplace—transform formula (3.2) we obtain

oo J2 (rx) oo
u-1/2 / —x 72
———dx< e *J rx)dx
/0 0 “71/2( )

e +1
BB D2 )4
(22 2 pr12 0 (122

Majorizing (2.6) by the achieved bounds we arrive at (4.3).

de=(1-27""29T2u+2){2u+2) <T2u+2)¢2u+2).
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REMARK 2. To correct the erroneous bound [17, Eq. (2.23)] it is enough to re-
place it by the upper bound (4.3).

THEOREM 4. We have

1+ 47 )

u—1/2
Suni() =0 (r RITES T

r— oo, 4.4)

Proof. Ramanujan’s asymptotic relation for zero-balanced F; (cf. e.g. [2]),
reads

“B(a,b) - 2F1[ a,b

X = v@ o) +2

+In(l—x)+0((1-x)In(1-x)) x—1-
where y(x) = I(x)/I'(x) is the familiar digamma-function, while y denotes the fa-
mous Euler—Mascheroni constant. Applying this asymptotic formula with

44
(1+2r2)?
to the Gaussian term in (4.3), we conclude the assertion.

In [1, Eq. (1.2)] Alzer has been proved the sharpness of the inequality

1

X =

B(x,y)—— >0 min(x,y) > 1 4.5)
xy
given already by Dragomir et al. [5]. It is obvious that (4.5) is equivalent to
Flx+y) <Tx+1)-Ty+1) (4.6)

on the same range of x,y.

THEOREM 5. Forall r,a,,y >0, y(uc —B) > 1 we have

S () < Py [ TR | =] @)
where
P ) = Jr (2r(no—B) —1) ¢ (2y(uo—B) —1).

Proof. The Srivastava—Daoust . —function in (3.4) has been majorized by a square
of a ,'¥; —function expression via (4.6) specifying x =Ym+1/2, y=Yn+1/2 to eval-
uate the double indexed I"'—term in (3.6), that is:

/Oooefsx (1‘1’1 [((;;:11/)) ‘ —nybzdx

é(i (3/2+ Ym)C(1t +m) (—Z/SY)m>2

(X +Ym) m!

- é (¥ (3/2(’;7)%()“’ ) | _zﬂDz. .8)



322 TiBOR K. POGANY AND ZIVORAD TOMOVSKI

Specifying here X = y(ua — B),Y = ya, Z = r? the upper bound in (4.8) becomes

S S e -2 ])’ @9

The CBS inequality one transforms (2.4) into

oo 2y(na—B)—1]
<§Locﬁ)(r;NY)>2< 2 /Ox dx

I'(u) e 41
(u,1) a])?
'/ow <1Tl[(ywa{e€lyla) ’—rzxy D dr.  (4.10)

Since, by usual reasons

e+ 1
and by (4.8) and (4.9) it is

o 2lr(pa—p)-1]
/0 A <T(2p(ua—B)—1)¢(2y(ua—p)—1),

dx

Is (1] (y(uo(ff }a)wa) - ae])’
0

e+ 1

</O°°e*x(1‘1’1[( (,uo(c!fg)) )‘—rzxmbzdx
<(2‘111[((3/;302/06[3 ),ye) ‘_ D

we immediately deduce the asserted bound (4.7).

REMARK 3. By this estimation procedure we just have to replace [17, Eq. (2.27)]
by (4.7). However, a question on the existence of the upper bound offered by the authors
in [17] in the form

®
S P (r) <M (rey) = (1+2)<

remains open; here ® = ®(u, o, f,7) and Kk = k(u, o, B,7) are absolute constants.

THEOREM 6. Forall geN;r, o, B, q(u—B/ct) —1> 0 there holds the bounding
inequality

e (3/2,0), (1, 1) ]
SEP ) <K@ 2 (g giglu—prag). 1) |70 @D

where

ReB)(g) = qqm_zﬁ(/zgzzr(m \/F(Zq(u ~B/a) - 1)L (2q(u—B/a) —1).
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Proof. By (3.5), having on mind the Dragomir—Alzer inequality we conclude

(| TG o (/2.0 @, :
/0 ¢ (qu[bH_quD drs S (%2‘1’4[(3/2((?),(1)1 g —g}) .

Taking here a; = u, (b) = A(q;qlu — B/a]), W = r?q~7 one gets

. u x4 ’
/0 e <1Fql(A(q;q[u—ﬁ/aD> ‘_7]> "

1 (T2, T(b)) (3/2,9), (1,1) 2 1\
<;< T(a;) Z\Pq[(A(q;q[M—ﬁ/OﬂMl)‘_WD'

Applying once more the CBS inequality, now for the right hand side of the integral
representation (2.5), taking s = 1, we conclude

" , w y2lalu—B/a]-1)
(SL B (e )>2<F(q[,uiﬁ/(x])/0 le+1 dx
u
./w <1F‘1[(A(q;q[u—ﬁ/a})> ‘
0

e +1
i (3/2,),(u.1) )
< (ki ﬁ)(")f (2% (A(q;q[uq— ﬁ‘;a}%l) = qu.

Having in mind (4.2) with a =2(q[u—B/a]—1),b =1, we arrive at the asserted upper
bound, since

~(a,B) _21_[[1'_1 ([.u B/ +]/‘1
R = e pray VT

g—1
=qq[u2g(/2a” IZF VT Calu—Bfe)— 1) (2q(u—B/er)— 1)

q(u—pB/a)—1)¢(2q(u—pB/a)—-1)

by the well-known Gauss—Legendre multiplication formula for Gamma function.

REMARK 4. The bounding ineqaulity (4.11) replaces [17, Eq. (2.25)].
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