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Abstract. Very recently, Furuta has shown a further extension of grand Furuta inequality. In this
paper, we obtain a more precise and clear expression of Furuta’s extension by considering a mean
theoretic proof of grand Furuta inequality. Moreover, we get a variant of Furuta’s extension by
scrutinizing the former argument.

1. Introduction

Throughout this paper, A and B are positive operators on a complex Hilbert space,
and we denote A > 0 (resp. A > 0) if A is a positive (resp. strictly positive) operator.

As an extension of Lowner-Heinz theorem “A > B > 0 ensures A% > B* for any
o € [0,1],” Furuta inequality was established in [8] (see also [2, 9, 12, 18, 20]).

THEOREM A. (Furuta inequality [8]) If A > B > 0, then for each r > 0,

ptr ptr

(i) (BSAPBE)T > BT and (i) AT > (A5BPAS)E
hold for p >0 and q > 1 with (14+r)q > p+r.

THEOREM B. ([3]) Let A> B >0 with A > 0. Then

1+r —r

f(p,r) =A7 (AZAPAZ)riF AT (1.1)
is decreasing for p > 1 and r > 0.
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For A >0 and B > 0, o-power mean f, for a € [0,1] is defined by A #4 B =

A2 (A%BA%)QA%. In this paper, we use this operator mean as our main tool. We
remark that the operator mean theory was established by Kubo-Ando [19].

It is known that o -power mean is very usful for investigating Furuta inequality.
As stated in [18], when A > 0 and B > 0, Furuta inequality can be arranged in terms
of o -power mean as follows: If A > B > 0 with A > 0, then

A>B>A""4,, B forp>1andr>0.
p+r

Similarly, (1.1) can be rewritten by
flp,r)=A"" {1 BP. (1.1°)
pEr

In [10], Furuta has shown an extension of Furuta inequality, which is called grand
Furuta inequality (see also [5, 7, 11, 12, 13, 16, 21, 22, 23]). We remark that grand
Furuta inequality is also an extension of Ando-Hiai inequality [1] which is equivalent
to the main result of log majorization, and we are also discussing Furuta inequality and
Ando-Hiai inequality in [4, 6, 17].

THEOREM C. (Grand Furuta inequality [10]) If A > B > 0 with A > 0, then for
each t €10,1] and p > 1,

F(rs)=AT {A3(A7 BPAT YAR} oA
is decreasing for r >t and s > 1, and
AT S (AS (AT BPAT ALY
holds for r >t and s > 1

By putting B = (p—1t)s+1¢ and y = r — ¢, we can arrange Theorem C in terms of
o -power mean as follows [5]: If A > B > 0 with A > 0, then for each ¢ € [0,1] and
p =1 with p#1,

F(B,y)=A"41.y (A5, B") isdecreasing for 8> p and y >0,
B+y P
and
A> B>A7ﬁ1+y (A"fp_ B?) forf>pandy>0, (1.2)
By =
where A f; B — Az (A%IBA%I)“A% for a real number s. (If s € [0,1], then f; = .)
Very recently, Furuta [14, 15] has dug for a further extension of grand Furuta
inequality, which is the following Theorem D. We call this “FGF inequality” here.
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THEOREM D. (FGF inequality [14, 15]) Let A>B >0 with A >0, r € [0,1] and
DP1,D2y -+, Pan—1 = 1 for natural number n. Then

G(r,pm) =A7 [AZ(A 2 {A2 (AT {Az
s (1.3)
% (ATBPIAT)PZAi}mA%) Az}P2" A7 )pZ"Az] i AT

is decreasing for r > t and py, > 1, and

AT S TAT (AT {AT. (AT (A2
> e Lrir (1.4)

X (AT BPAT ALY )P AB P AT g

holds for r >t and py, > 1, where

q2n) = ({---{(pr—t)p2+1}p3—1)pa+---+1}pou_1—1)pon+1.

In this paper, we obtain a more precise and clear expression of FGF inequality
by considering a mean theoretic proof of grand Furuta inequality. Moreover, we get a
variant of FGF inequality by scrutinizing the former argument.

2. FGF inequality

It is known that the following Lemma 2.1 plays an important role in the proof of
grand Furuta inequality (1.2).

LEMMA 2.1. ([5]) Let A> B >0 with A> 0. Then

1
AZ>B> (A" g, B')P
p—t
holds for t € [0,1], B> p>1and p #t.

For convenience, we prove this lemma given in [5].

Proof. We may also assume that B is invertible. Let [p, 8] divide into p = BO
Bi <...<B,=p suchthat 1 < Bﬁ’ <2.Let By=B and B; = (A’ hg o Bl’)ﬁz for

i=1,2,...,n. Then we show

B >BPifori=1,2,...,n and A>B>B >--->B, 2.1)
First, we can show BP > B? ' as follows:

BY = A"ty B" =B34, A' =B'(B "y, AT)BY
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since 1 < B" <2and€(0,1].

For some natural number k such that k < n — 1, assume that B?il > B? " for i =
.,k. We note that A > B > B| > --- > By is easily obtained by Lowner-Heinz
theorem. Then we obtain

Bﬁkﬂ Al hﬁkH*f BP = A hﬁk+l*t (At hM BP)

k+1 —
p—t ﬁk—/ p—t
=A hﬁk+1 4 Bﬁ = Bfk hﬁk*ﬂkﬂ Al = Bfk (Blzﬁk ﬁﬁkﬂ*ﬁk A_t)BEk
Bt Bt Br—t

- — B
S Bfk (By P Epi-p By I)Bfk =B

k*[

since 1 < Bt ﬁk <2 and 7 € [0, 1], so that the proof is complete. [

1
Next we show that a sequence {B;} such that B; = (A" 5, , % )P is decreasing.

l‘*
oG —

Theorem 2.2 is a key result in the proof of FGF inequality.

THEOREM 2.2. Let A > B > 0 with A > 0 and n be a natural number. Then for
€0,1], Biz i =1 and o #1t fori=1,2,...,n,

AZB>2B) > 2By 2By,
i
where By = B and B; = (A’ th B )i

Proof. By applying Lemma 2.1 to that A > B > 0 with A > 0, we have

=

A>B> (A5 BM)

oy —t

:Bl

fort €[0,1], B; > a; > 1 and oy #1¢, and also by applying Lemma 2.1 repeatedly to
that A>B;—; >0 with A >0 fori=1,2,...,n, we have

B 1>(A[Ihl3, 7)13 =B;

forr€10,1], Bi > o > 1 and o; #1¢, so that
AZB2B1 > 2B,

WV

By
Hence the proof is complete. [l

Furuta [15] has given an extension of Lemma 2.1 as an application of Theorem D.

THEOREM E. ([15]) Let A> B >0 with A >0, t € [0,1] and p1,p2,...,P2n—1,
pan = 1 for natural number n. Then

_ _ |
A>2B>{ %(ATthAT’)PzA%}M > >

A
[A% (A%{A% ..(A%{A%(A%BPIA%)PZA%}IHA%)IM...A%}pZ"*IA%)PZnA%] ﬁ7



FURTHER EXTENSION OF GRAND FURUTA INEQUALITY 329

where

ql2n]= ({---({(p1 —t)p2+1}p3—1)pa+ -+t }poa—1—1t)paa+1.
We can rewrite Theorem E by putting
Po=1, i =Pi—ipri—1, Bi= (i —1t)pri+t and y=r—t 2.2)

as follows:

THEOREM E’. Let A > B > 0 with A > 0 and n be a natural number: Thenfor
€01, Bizm=Bi1>0 1= =2P1 >0 >1and o5 #t fori=1,2,..

AZBZ>B >2--2B, | 2By,
1
where By =B and B; = (A" fj_, B )¥.
1

Therefore we recognize that Theorem 2.2 is a fine extension of Theorem E. More
precisely, B; > o4 > 1 in Theorem 2.2 is looser than 3, > o, = B 1 = 01 = -+ =
B1 > oy > 1 in Theorem E.

By using Theorem 2.2, we obtain an improvement of (1.4) in Theorem D and
Theorem E. Theorem 2.3 is a satellite form of Theorem D in our sense. Theorem 2.3
leads (1.4) in Theorem D by the same replacement to (2.2).

THEOREM 2.3. Let A > B > 0 with A > 0 and n be a natural number. Then for
€0, ]ﬁn?an>ﬁn1>06n1 2B za =21, y>20and oy #t,

A>B>A"81y BY>A" VtiHny SA Ty B2 A VﬁHyBﬁ

ap+y 1+Y ap+y 2+Y
>2ATE oy B AT b By > AT L Bl
Bi_1+7 Bnty

1
where By =B and B; = (A" i, Bﬁl)ﬁ“
F

Proof. Let By =1. By Theorem2.2, A > B; 1 holds for i = 1,2,...,n, so that we
have

AT 4, B
Bi— 1+Y
>A"4, BY, by Theorem B
a;+y
ZA" yﬁlw(Athﬁ,zB, ) =A" ﬁ1+yB’ by Theorem C
Bi+v Bity

since B; > o; > P;—1 > 1. Hence the proof is complete. [



330 MASATOSHI ITO AND EIZABURO KAMEI

3. Variant of FGF inequality

In this section, we obtain a variant of FGF inequality by scrutinizing the argument
in Section 2.

THEOREM 3.1. Let A > B > 0 with A > 0 and n be a natural number. Then for
ref01), e >1, 1< B2 <2 and oy 1 for i=1,2,.

Bi Bi
Bl l/B
1
where Bo =B and B; = (A" B?ﬁl)ﬁi'

Proof. We may also assume that B is invertible. By Theorem 2.2, A > B;_; holds
for i=1,2,...,n, so that we have

Bl =A' s B = B g A = B (B fyg ATOBL,
— —7 o —1

< ( _az ﬁﬁ, o —t )Bazl _Bﬁl

o1

B

since 1 < < 2 and 7 € [0,1]. Hence the proof is complete. [

THEOREM 3.2. Let A > B > 0 with A > 0 and n be a natural number. Then
fortE[O,l], ai>1) ﬁn>>ﬁ2>ﬁl>l; lg%gz! Y?Oandai#tfor
i=1,2,...,n,

A>B>A"4., BP >A" ijHyB?'}A "ﬁwB >A T4, BR
Bi+r B+ Bty Bty
>ATY 1y B> aAn VﬁwB AT VﬁwB
Bao_1+vY Bty

1
where By = B and B; = (A’ 0 it B?ﬁl)ﬁi'
=t

Proof. Let By = 1. By Theorems 2.2 and 3.1, A > B;_; and B?il > Blﬁ" for
i=1,...,n. Then we have

ATV E Ly lﬁ" >A T 1y Bﬁ by Theorem B since f8; > ;|
Bi_1+v Bi+v

ZA_Y ﬁﬂ Bi'7

Bit+v

so that the proof is complete. [J

REMARK. By Theorem 3.1, Bﬁl > B? by putting f; = and o; = p for i =
1,2,...,n, so we can obviously get a basis of this argument as follows: Let A > B > 0
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with A > 0 and n be a natural number. Then for ¢ € [0,1], p > 1, 1 < Bt <2,y20
and p #t.

AZB>A" yﬁlﬂ' (Athﬁer)>A yﬁlﬂ' (Athﬁer)

p—t p—t

>A7 ﬁlﬂ' (A tlﬁ t Bp)
B+y

1
where By =B and B; = (A" jg_, BY )P fori=1,2,....n
i

4. FGF-type operator function

Here, we attempt to trace a proof of grand Furuta inequality from the viewpoint of
1
asequence {B;} such that B; = (A" i . BP)F.

p—t

THEOREM 4.1. Let AZB>20withA>0,r€(0,1], p>1with p#t and y > 0.
Then

F(B)y=A"" frer (A" hp, BP) (4.1)

p—t
is decreasing for B > p.

Proof. Let n and m be natural numbers such that n <m and 8’ > 8 > p. For i =
1,2,...,n,n+1,...,m, divide [p,f] into p=PFo < P1 <...< Py, =P and [5,5] into
B=PB<Brr1 <...<PBn=P suchthat 1< BB’ <2,andlet B; = (A" p ,Bl’)ﬁz.

-t
Then, by (2.1) in the proof of Lemma 2.1, "

B >BPifori=12,...nn+1,...,m
and A>B>B >->B,>By1 > =By,

4.2)

Noting (4.2) and that F () = A7 # 1oy (A" 45, B?) = A" £ 1., B”, we have

Bit+y p—t Bit+y

FB1)=AT"H 14y Bﬁ’ L =AT yﬁl+y f}il by Theorem B since f8; > ;|

Bi—1+v Bi+y

>A" 1y BY = F(B)

Bi+v

for i=n+1,...,m. Therefore we get F(B) = F(By) = F(Bur1) = - = F(Bn) =
F(B"), so that the proof is complete. []

We remark that (4.1) is also decreasing for ¥ > 0 by Theorem B since A > B >0
with A > 0 ensures A > (A" § b BP) 5 by Lemma 2.1, so Theorem 4.1 is Theorem C

by putting B = (p—1)s+¢ and )/—r—t
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REMARK. Theorem 3.2 ensures Theorem 4.1 by putting oy = p > 1 and o =
Bi—1 for i=2,3,...,n since

| . 1
Bi= ('h g BONE =4y 5, (Ahg BT =y, BT
Bi_1—t Bi—1—t Bi—o—t ot

1 1
= (A"t BB = (A" 1, BY) P
Byt p—t

By applying Theorem 4.1 to Theorem 2.2, we can reform Theorem D immediately.

THEOREM 4.2. Let A > B > 0 with A > 0 and n be a natural number. Then for
elo1], Bizai=1fori=1,2,....n—1, 0, =21, y=20and o #t fori=1,2,....n

GBr)=A"4 11y (A ‘pt B o) (4.3)

Bty
1
is decreasing for B, > o, where By = B and B; = (A! hﬁ . BY ).

Proof. By Theorem?2.2, A > B;_; holds for i = 1,2,...,n, so that we have Theo-
rem 4.2 immediately by Theorem 4.1. [

(4.3) is also decreasing for ¥ > 0 by Theorem B since A > B > 0 with A >0
1
ensures A > B, = (A’ hﬁn s By )Bi by Theorem 2.2. Therefore, similarly to Theorem

2.2, we recognize that Theorem 4.2 is a slight extension of (1.3) in Theorem D.
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