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THE EQUIVALENCE AMONG THE MODIFIED
MANN-ISHIKAWA AND NOOR ITERATIONS FOR UNIFORMLY
L-LIPSCHITZIAN MAPPINGS IN BANACH SPACES

ZHIQUN XUE

(Communicated by M. A. Noor)

Abstract. In this paper, the equivalence of the convergence among Mann-Ishikawa and Noor
iterations is obtained for uniformly L-Lipschitzian mappings in real Banach spaces. Our results
extend and improve the corresponding results in Chang [3] and Ofoedu [4].

1. Introduction

Let E be an arbitrary real Banach space and let J : E — 2E" be the normalized
duality mapping defined by

J@)={feE :{x.f) = lxI>=IfI’}, VxeE,

where E* denotes the dual space of E and (-,-) denotes the generalized duality pairing.
It is well known that if E* is strictly convex then J is single-valued. In the sequal we
shall denote single-valued normalized duality mapping by ;.

Let D be a nonempty closed convex subset of £ and 7 : D — D be a map. The
mapping 7 is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such
that

|77~ "] < Lllx—y]|

for any x,y € D and Vn > 1. The mapping 7T is said to be asymptotically pseudo-
contractive if there exists a sequence {k,} C [I,+o0) with limk, = 1 and for any

x,y € D there exists j(x—y) € J(x—y) such that
(T"x—=T"y,j(x =) <kallx—y[?, ¥n>1.

The concepts of asymptotically pseudo-contractive mapping and asymptotically
nonexpansive mapping were introduced by Goebel and Kirk [1], and Schu [2], respec-
tively. Recently, Ofoedu [4] has obtained that the strong convergence theorem for uni-
formly Lipschitzian asymptotically pseudo-contractive mapping in real Banach space
and the result is as follows.
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THEOREM 1. (Ofoedu [4,Theorem 3.2]) Let E be a real Banach space. Let K be
a nonempty closed and convex subset of E, T : K — K a uniformly L-Lipschitz asymp-
totically pseudocontractive mapping with sequence {kn}n>0 C [1,4+o0), limk, = 1.

Let x* € F(T) ={x € K:Tx=x}. Let {0}n>0 C [0,1] be such that ¥~ 0 = o,
Ss0 02 < oo and Y500 (ky — 1) < oo, For arbitrary xo € K, let {x,}n>0 be itera-
tively defined by

Xnt1 = (1 — o)X 4+ 0, T"xp,m = 0.

Suppose there exists a strictly increasing continuous function @ : [0,4e0) — [0, 4o0),
®(0) =0 such that

(T"x—x*, j(x—x")) < knflx —x"|> = @(||x —x])), VxeK.
Then, {x,}n>0 converges strongly to x* € F(T).
Currently, Chang [3] has proved the following theorem.

THEOREM 2. (Chang [3,Theorem 2.1]) Let E be a real Banach space, K be
a nonempty closed convex subset of E, T; : K — K, i = 1,2 be two uniformly L;-
Lipschitzian mappings with F(T1)\F(Tz) # 0, where F(T;) is the set of fixed points
of T; in K and x* be apointin F(T\)\F(Ta). Let {kn} C [1,40) be a sequence with
,}ijrjok" = 1. Let {o,} and {B,} be two sequences in [0,1] satisfying the following
conditions:
(i) ZnZO Oy = o,
(ii) Tz 0 < oo
(iii) X0 Pn <oo;
(iv) Zn}O O (kn - 1) < oo,
For any xo € K, let {x,} be iterative sequence defined by

Xn+1 = (1 - an)xn +anT1nyn»yn = (1 - ﬁn)xn +BnT2nxn'

If there exists a strict increasing function @ : [0,+e0) — [0, +o0) with ®(0) =0 such
that
(T'x =2, j(x = x)) < knflx = |> = D(flx = 7))

Sforall j(x—x*)eJ(x—x*) and x € K,i=1,2, then {x,} converges strongly to x*.

In the paper, the author discusses the equivalence of convergence results of the
modified Mann-Ishikawa, Noor iterative sequences for uniformly L-Lipschitzian map-
pings in real Banach spaces. In order to obtain the main results, the following iterations
and Lemmas are given.

The modified Mann-Ishikawa, Noor iterations are defined as follows:

Yu, € D (1.1
Up+1 = (1 _an)un +anT"up,n > 1, ’

is called the modified Mann iteration; and

Yvi € D
Va1 = (1 — an)vn + @y T"wy, (1.2)
wyp = (1—=bp)vy+b,T"vy,n > 1,
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is called the modified Ishikawa iteration; and

Vx1 €D
Xpr1 = (1 —an)xn + anT"yn,
Yn = (1 - bn)xn +bnTnZn7
=1 —cp)xn+cnT x,n > 1,

(1.3)

is called the modified Noor iteration [6], where the sequences {a,};_;,{bx};_; and
{cn}yr_, are three real sequences in [0, 1] satisfying some certain conditions.

LEMMA 1. ([3]) Let E be a real Banach space and J : E — 2E" be a normalized
duality mapping. Then

e+ I1? < [0l 24, jx+),

forall x,y € E and each j(x+y) € J(x+Y).

LEMMA 2. ([5]) Let {pn};r_, be a nonnegative real numbers sequence satisfying
the inequality

Pl < (1 - en)pn +0(6n)7

where 6, € (0,1) with ¥, 6, =oo. Then p, — 0 as n — oo.

n=1

2. Main Results

THEOREM 2.1. Let E be a real Banach space, D be a nonempty closed and
convex subset of E and T : D — D be a uniformly L-Lipschitzian mapping. Let
{kn}n=1 C [1,+o0) be a sequence with limk, =1. Let g€ F(T) ={x € K : Tx = x}.

n—oo
The sequence {uy};_, is defined by (1.1), with sequences {a,};_, satisfying: a, — 0
as n—oo; Y a, =oo. Suppose there exists a strictly increasing continuous function

n=1

@ :[0,400) — [0,4o0) with ®(0) =0 such that
(T"x—q,j(x—q)) < kallx =gl — @(|x—ql)), VxeD,Vn>1,

then {x,},>1 converges strongly to q.

Proof. Applying (1.1) and Lemma 1, we have

[[n11 _‘1”2 <1 _an)zuun _‘1||2+2an<Tn”n —T"q, j(un+1—q))
= (1= an)?|lun — gl +2an(T"tn 1 = T"q, (tens1 — 9))
+2an(T"up — T"un1, j(Un+1— q))
< (1= an)?lun = q* + 2an (ka1 = ql* = ©(|[en+1 — ql]))
+2anL|[un — tni1[| - a1 —qll, (2.1

and
llttn — ttni1 || = [|@n(n — T"up) || < @n(1+L)|lun—ql|- (2.2)
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Substituting (2.2) into (2.1), we obtain
tn 1= q11* < (1= @n)?||tw — ql|* + 2ankn[tn 1 — q1|* = 2a,® (||t 1 — ql|)
+2ayLan (14 L)||un — q|| - [ uns1—ql|
<(1 —a,,)zHu,, _CIH2+2anan”n+l _‘1”2 —2a,®(|[tn11 —ql])
+anL(1+ L) ([|un— ql* + |1 — q]1*)- (2.3)

Since 1im, . @nk, = lim, ...a?L(1+L) = 0, there exists a natural number Ny such
that

1
5 < 1=2ank —aL(l1+L)<1
for all n > Ny. Then (2.3) implies that

(1—ay)?+a2L(1+L)

1 =4l < 1—2a,,kn—agL(1+L)H””_qH2
- g —al)
<o+ 2 o
- e e —al)
< lun _‘1||2+4an5n||”n —61\\2—2an<1>(||un+1 —4ql), (2.4)

where 6, = (k,— 1)+ an+a,L(1+L) — 0 as n — oo,

Set inf,>y % = Ao. Then A9 = 0. If it is not the case, we assume that

. (i1 — .
Ao > 0. Let 0 < y9 < min{1,2¢}, then H > 1, i.e., O(|Juny1 —ql]) = 10+

Y0lltns1—ql|? = ¥0|luns1 — q||>. Thus, we obtain that from (2.4)

1+4a,8 2y — 46,
— 2 < 7}/1 n — 2 = 1 — 7” — 2. 2.5
Janss =4l < Tt =l = (0~ a5 b . @)
By ay, 8, — 0 as n — oo, we choose N| > Ny such that 123':)2_01‘?,’5 > forall n > Njp. It

follows from (2.5) that

< (1= anyo)|Jun — q|*
< (1 _anYO)(l _anleO)””nfl _CIH2
< (1=any)(1 = an—1%0) -+~ (1 — an,10)|Jun, —qll*

n

< luw, —ql*exp(— Y, ain) (2.6)
i=N,

||”n+1_CIH2

for all n > N;. Hence, ||u,+1 —¢q|| — 0 as n — oo is a contradiction and so A9 = 0.
Therefore there exists an infinite subsequence such that [, 11 — gl — 0 as j — oo.
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Next we want to prove ||uy;+m —q|| — 0 as j — oo for any natural number m. Let

Ve € (0,1), choose n; > N such that [ju,,+1 —ql| <€, Oy41 < (1(%)2) First we
want to prove ||u,,+2 —q|| < €. Suppose it is not this case, then [[u,, 12 —¢| > €. It
implies ®(||un;+2—ql|) > ®(€). Using the formula (2.4), we now obtain the following

estimates:

Hunj+2 —61||2 < Huanrl _q||2+4anj+15nj+l Huanrl _q”Z
—Zan,+1q)(Hun_,-+2 —qll)
<& —ap1P(e) < € (2.7)

is a contradiction. Hence [[un;+2 —¢q|| < €. Repeat the above course, we can easily
prove that it holds for m = k+ 1. Therefore, we obtain ||u, —g|| — 0 as n — eo. This
completes the proof. O

REMARK 1. Our Theorem 2.1 in the proof methods is different from Theorems of
Ofoedu [4]; On the other hand, the assumptions that 2 a? < oo and 2 an(ky—1) <oo

n=1

in [4] are replaced by the more weaker condition lim,_..a, =0.

THEOREM 2.2. Let E be a real Banach space, D be a nonempty closed convex
subset of E and T : D — D be a uniformly L-Lipschitzian mapping. Let {k,}n>1 C
[1,4+00) be a sequence with limk, = 1. Let g€ F(T) ={x € K : Tx = x}. The se-

n—oo

quences {un}y | {va}i_ and {x,};_, are defined by (1.1), (1.2) and (1.3), respec-
tively, with sequences {an}y 1 Abu}y and {c,}5_ satisfying: (i) an,bp,cp — 0

as n — oo; (ii) Z a, = o. lIf there exists a strictly increasing continuous function
=1

D :[0,400) — [0 +o0),®(0) = 0 such that
(T = T, j(x— ) < Kallr— | = @), ¥,y € D, > 1

then the following assertions are equivalent:
(i) The modified Mann iteration (1.1) converges strongly to the fixed point q of T ;
(ii) The modified Ishikawa iteration (1.2) converges strongly to the fixed point q of

(iii) The modified Noor iteration (1.3) converges strongly to the fixed point q of T .

Proof. We can only prove the conclusion (i) <> (iii). If the modified Noor iteration
(1.3) converges to the fixed point ¢, then by putting b, = ¢,, = 0, we can get the con-
vergence of the modified Mann iteration (1.1). Conversely, we only need to show (i) =
(iii), i.e., |lun —q|| = 0 as n — o0 = |x, —¢q|| — 0 as n — oo.
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Using (1.1), (1.3) and Lemmal, we have

Hxn+l_un+1||2 = [I(1 — an) (xn — tn) + an(T"yn — Tn“n)H2

<(1 —an)2||x,, - ”nHz +2a,(T"yn — T"tn, j(Xn1— Un+1))

<(1 —an)2||x,, - ”nHz +2a,(T"yp — T"Xn 11, J (Xnt1 — Uny1))
+2an(T"Xp 1 — T i1, J(Xns1 — Uny1))
+2a,(T" w1 — T "t j(Xpg1 — tns1))

<(1 —an)2||x,, - ”nHz +2anL||yn — Xnt1]| - 1Xnt1 — thnr1 |
+ 20 (k|| X1 = s 1]|* = D1 = w1 ]]))
+ 2apLlupi1 — tnl| - [|[Xn+1 — ns1]]- (2.3)

Observe that

l[yn = X4 1]l = llan(en — T"yn) = bp(xn — T"2) |
< anl|xn =gl + anl| T"yn = T"q| + bul[xn — gl + bul| T"20 — T"q]|
< anllxn = qll + anL{|yn = qll + ballxn — gl + buLl|zn — ]|
< nl|xXn — gl + anL((1 = by) [|xn — gl + bl T" 20 — T"ql|)
+ bullxn — gl + baL((1 = cn) X0 — gl 4 cal T"xa — T"q]|)
< anl|xn — ql| + @nL(|]x2 — ql| + buL (|| X0 — gl + caLl]x2 — ql[))
+ bullxn — ql| + buL(||xXn — gl| + caLl]x2 — q]|)
= Apl|xn — 4, (2.9)

where A, = a, + b, +a,L+ b,L(1 +c,L)(1+a,L).
Substituting (2.9) into (2.8), we obtain

Hxn+l_’4n-~-1||2 <(1- an)szn - un||2 + 2anLAn(|[%n — | + |1t = ql]) - [[Xn-+1 — ns1 |

+ 2an(kn [ Xn+1 — un+1H2 = O([|xp41 = un11]))
+2anL ||t g1 = ]| - [ 1 = |

< (1= an)? 30— | + @nL A (120 = ]|+ 10 = q11)? + X1 = sn1[|)
+ 2ay (kn|Xp+1 — un+1H2 — O([|xp+1 — unt1ll)
+ anL|[tniy — tn]| (14 [[xn1 — un+1H2)

< —an)zllxn - ”nH2 + anLAn (2% — ”n”2 + 21| — 51”2"' %01 — ”n+l||2)
+ 2an (k| Xnt1 — tnt1 H2 — O([[xp41 — un11]))

—|—anLHu,,+1—un||(1—|—Hxn+1—un+1H2). (2.10)

Without loss of generality, we assume that

0 < 1—2ank, — ayAnL — apL||upi1 — un|| < L.
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Then (2.10) implies that

(1—a,)*+2a,A,L
1 —2auky — ayAyL — ayL||tys1 — uy ||

[P 1=t 1| < e —

2a,LA, ||y — q||* + anLttn 1 — |
1 —2azky, — ayAnL — anL||uy 1 — uy|

2ay,
O(||xps1 —uns1l])  (2.11)

1= 2amk, — apA,L — anL||up+1 — un|

Since 2anky + apAnL + ay Lty 1 — || — O as n — oo, then there exists N such that
2anky + ayAnL+ anL||uy 1 — up|| < % forany n > N, i.e.,

(n>N).

N =

1> 1—2ayk, — ayAyL — anL||ty 11 — un|| >

Thus, we have
(kn — 1)+ an+3anAuL+ L||upr1 — un|
1 —2auky, — anA,L — ayL||ty 11 — uy|
2LA ||un — CIH2 + Lty 1 — |
1 —2auky, — anAyL — ay Lty 11 — |

||xn_”nH2

(1% +1—Uns1 H2 < o — ’/‘n”2 +2ay

+ay

2a,

- o _
1 — 2ankp — anAnL — anLl[ 1 — tn]| (141 — 1))

< en — unH2 +4anBy||xn _“nHz +2a,Cp — 2a, (|| X1 — tp41]) (2.12)
where
B, = (kn—1)4+apn+3anAnL+ L||upy1 —un|| =0 as n— oo,
Co = 2LA |ty — gl + Lty 11 — ]| = 0 as n — oo,

Set inf, >y M = A. Then A = 0. If it is not the case, we assume that
n+1—*n+

. O 1 =1 ) :
A >0.Let 0<y<min{l,A}, then FA TR >v,ie.,

D([Jxn 41— tnp1ll) = ¥+ VX1 — “n+l||2 > Y|Xng1 — un-&-le-

Thus
1+4a,B 2aC,
2 nDPn 2 n—n
_ < ———— %0 —tn
X011 — ttpy 1| 1+ 2ayy o — 2an* + 1+ 2ayy
2y —4B, 2, @G
(1 — g 2Y =B _ _Tnen 2.13
( a"1+2any)Hx" uall” ¥ 1 +2a,y R

2y—4B,
1+20my

Since a,,B,, — 0 as n — oo, we choose N; > N such that >y for all n > Nj.

It follows from (2.6) that

[Pt = 112 < (1= @) [n — el > +
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for all n > N;. It follows from Lemma 2 that ||x,4; — ty41]] — O as n — oo, this
is a contradiction and so A = 0. Thus, there exists an infinite subsequence such that
HxnjH — ;41 || — 0 as j — oo. Next we want to prove that Hxnj+m — Un;tm|| — 0 as
Jj — oo by induction. Let Ve € (0,1), choose n; > N such that |x,;+1 — un;41]] <€,

( ). First we want to prove ||x;+2 — tn;+2[| < €. Suppose

Bn,+l < (1-(-£)2) Cn,+1 <
it is not this case. Then ||xnj+2 un+2|| = €, this implies D ([, 12 — un;+2[]) = P(€).

Using the formula (2.12), we now obtain the following estimates:

||xnj+2 - u"j+2||2 < ||x"j+1 — Unj+1 H2 +4anj+anj+1 Hxanrl — Unj+1 ”2
+2a;+1Cn; 1 — 205,11 DP(||Xnj 42 — ttnj+21])
<€ —ay41P(e) < €7 (2.14)

is a contradiction. Hence ||x,;+2 — ty;+2[| < €. Assume that it holds for m = k. Then
by the argument above, we easily prove that it holds for m = k+ 1. Hence, we obtain
|, — un|| — 0 as n — oo. Owing to ||u, —¢q|| — 0 as n — o and the inequality 0 <
1% — ql| < |]xn — tn|| + ||ten — ql| , we can get ||x, — q|| — O as n — oo. This completes
the proof. O

THEOREM 2.3. Let E be a real Banach space, D be a nonempty closed convex
subset of E and T : D — D be a uniformly L-Lipschitzian mapping. Let {k;}n>1 C
[1,4o0) be a sequence with limk =1. Let g€ F(T)={xe K:Tx=x}. The
sequences {vp Yo {x,}_ | are deﬁned by (1.2) and (1.3), respectively, with Sequences
{an}y 1 Abn}i_ and {cp )5, satisfying: (i) an,bn,cn — 0 as n— oo; (ii) Z ap = oo.

If there exists a strictly increasing continuous function @ : [0,+o0) — [0 —|—°°), (0)=
such that

(T"x—q,j(x—q)) <kallx—g|> = @(|lx — ql)), ¥x € D,¥n > 1

then the modified Ishikawa iteration (1.2) and the Noor iteration (1.3) converge strongly
to the fixed point q of T.

Proof. From Theorem 2.1 and Theorem 2.2, we obtain directly the conclusion of
Theorem 2.3. O

THEOREM 2.4. Let E be a real Banach space, D be a nonempty closed and
convex subset of E and T; : D — D (i =1,2,3) be three uniformly L-Lipschitzian map-
pings with g € F(T1) NF(Ta) NF(T3) # 0. Let {ky}n>1 C [1,420) be a sequence with
limk, = 1. Let {a,};_;,{bu};_, and {cn};_, be three sequences in [0,1] satisfy-

n—oo

ing the following conditions: (i) an,b,,cn, — 0 as n — oo; (ii) Z a, = oo. For any
n=1

given uy € D,vy € D,x| € D, define the sequence {un}o |, {va}ri:{xn}r; C D by

the iterative schemes [7], individually.

unr1 = (1 —ay)uy + anT{'up,n > 1, (2.15)
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{ wn = (1 =b,)vy+ b, T} vy,n > 1 (2.16)
Vnt+l =

( an)Vn+anT Wy,h 2= 1;

= =ca)xn+cnTixy,n>1,
= (1— bu)n + buTlzn > 1, (2.17)
Xni1 = (1= an)xn + anT{'yn,n > 1.

If there exists a strict increasing continuous function @ : [0, +e0) — [0, +o0) with ®(0) =
0, and sequence {k,},>1 C [1,+e0), lim k, = 1 such that
n—oo

(T =Ty, j(x = y)) <kallx =y = @(|x =), Vx,y €D, Vn > 1,i = 1,2,3.

Then the following three assertions are equivalent:
(i) (2.15) converges strongly to the fixed point q of Ty ;
(ii)(2.16) converges strongly to the fixed point q of TI N T ;
(iii)(2.17) converges strongly to the fixed point g of TTNTo,NT3.

COROLLARY 2.5. Let E be a real Banach space, D be a nonempty closed and
convex subset of E and T; : D — D (i = 1,2) be three uniformly L-Lipschitzian map-
pingswith g € F(T\)NF(T2) #0. Let {ky}n>1 C [1,+20) be a sequence with lim k, =

n—oo

1. Let {a,}_, and {b,};_, be two sequences in [0,1] satisfying the following con-

ditions: (i) an,b, — 0 as n — o, (ii) Y, a, = . For any given v\ € D, define the

n=1
sequence {v,}w_| C D by the iterative schemes [7],
wn = (1 =b,)vy + b, T} vy, n > 1,
{vnH:(l—an)vn—FanT wy,n > 1. (2.18)

If there exists a strict increasing continuous function @ : [0, 4o0) — [0, 4-o0) with ®(0) =
0, and sequence {k,},>1 C [1,+e0), lim k, = 1 such that
n—oo

(T~ 4. j(x — 4)) < kallx — g|> = ®(|x—gll).x € DV > 1,i = 1,2,

Then the (2.18) converges strongly to the fixed point q of T1 N T;.
REMARK 2. Corollary 2.5 reduces the condltlons of Theorem 2.1 in [3], i.e., it
is that from conditions 2 OC < oo, 2 B < oo, 2 O (kn — 1) < oo to ay,by, — 0 as

n=1
n — oo, Therefore, Our results extend and 1mprove the results of Chang [3], and also

cover all results of Ofoedu [4].
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