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ITERATIVE APPROXIMATIONS FOR A FAMILY OF

MULTIVALUED MAPPINGS IN BANACH SPACES

ZHANFEI ZUO

Abstract. In this paper we consider the convergence of iterative processes for a family of mul-
tivalued nonexpansive mappings. Under somewhat different conditions the sequences of Noor,
Mann and Ishikawa iterates converge to the common fixed point of the family of multivalued
nonexpansive mappings.

1. Introduction

Let X be a Banach space and K a nonempty subset of X . Let 2X denote the
family of all subsets of X , CB(X) the family of all nonempty closed bounded subsets
of X and C(X) the family of nonempty compact subsets of X . A multivalued mapping
T : K → 2X is said to be nonexpansive (resp, contractive) if

H(Tx,Ty) � ‖x− y‖, x,y ∈ K,

(resp. H(Tx,Ty) � k‖x− y‖, for some k ∈ (0,1)).

where H(·, ·) denotes the Hausdorff metric on CB(X) defined by

H(A,B) := max{sup
x∈A

inf
y∈B

‖x− y‖, sup
y∈B

inf
x∈A

‖x− y‖}, A,B ∈CB(X).

A point x is called a fixed point of T if x ∈ Tx . Since Banach’s Contraction Mapping
Principle was extended nicely to multivalued mappings by Nadler in 1969 (see [8]),
many authors have studied the fixed point theory for multivalued mappings (e.g. see[1,
4, 5, 6, 16, 21,]). For a single-valued nonexpansive mapping T , Mann [7] and Ishikawa
[3] respectively introduced new iteration procedure for approximating its fixed point in
a Banach space as follows:

xn+1 = (1− tn)Txn + tnxn (1)

and
xn+1 = (1− tn)Tyn + tnxn,yn = (1− sn)Txn + snxn, (2)

where {tn} and {sn} are sequences in [0,1] . Obviously, Mann iteration is a special
case of Ishikawa iteration. Subsequently, Mann iteration and Ishikawa iteration have
extensively been studied for constructions of fixed points of nonlinear mappings and
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of solutions of nonlinear operator equations involving monotone, accretive and pseu-
docontractive operators. It is a very natural question whether the strongly convergent
results of {xn} defined by (1) or (2) for a single-valued nonexpansive mapping T can
be extended to the multivalued case.

In this paper we consider the following iteration for a family of multivalued non-
expansive mapping {Tn} . Let K be a nonempty closed convex subset of Banach space
X and Tn : K →CB(K) be a family of multivalued nonexpansive mappings. For a given
x1 ∈ K and s1 ∈ T1x1 let

z1 = (1−a1)x1 +a1s1.

There exists t1 ∈ T1z1 such that ‖t1− s1‖ � H(T1z1,T1x1) . Let

y1 = (1−b1− c1)x1 +b1t1 + c1s1.

There exists r1 ∈T1y1 such that ‖r1−t1‖� H(T1y1,T1z1) and ‖r1−s1‖� H(T1y1,T1x1) .
Let

x2 = (1−α1−β1− γ1)x1 +α1r1 +β1t1 + γ1s1.

There exists s2 ∈ T2x2 such that ‖s2 − r1‖ � H(T2x2,T1y1) , ‖s2 − t1‖ � H(T2x2,T1z1)
and ‖s2− s1‖ � H(T2x2,T1x1) . Inductively, we can get the sequence {xn} as follows:

zn = (1−an)xn +ansn

yn = (1−bn− cn)xn +bntn + cnsn (3)

xn+1 = (1−αn−βn− γn)xn +αnrn +βntn + γnsn,

where {an},{bn},{cn},{bn + cn},{αn},{βn},{γn} and {αn + βn + γn} are appropri-
ate sequence in [0,1] , furthermore sn ∈ Tnxn,tn ∈ Tnzn,rn ∈ Tnyn such that ‖tn− sn‖ �
H(Tnzn,Tnxn) , ‖rn − tn‖ � H(Tnyn,Tnzn) , ‖rn − sn‖ � H(Tnyn,Tnxn) , ‖sn+1 − rn‖ �
H(Tn+1xn+1,Tnyn) , ‖sn+1−tn‖� H(Tn+1xn+1,Tnzn) and ‖sn+1−sn‖� H(Tn+1xn+1,Tnxn) .
The iterative scheme (3) is called Noor multivalued iterative scheme. If an = cn = βn =
γn ≡ 0 or let an = bn = cn = βn = γn ≡ 0, we get the algorithms in [22]

xn+1 = (1−αn)xn +αnrn, yn = (1−bn)xn +bntn ∀n ∈ N, (4)

xn+1 = (1−αn)xn +αnrn, (5)

We call the iteration (4) and (5) is Ishikawa iteration and Mann iteration for a family
of multivalued nonexpansive mappings. In fact let γn ≡ 0 or cn = βn = γn ≡ 0 or
bn = cn = αn = γn ≡ 0, we also have the other three algorithms.

DEFINITION 1.1. A family of multivalued mappings Tn : K → CB(K) is said
to satisfy Condition (A’) if there is a nondecreasing function f : [0,∞) → [0,∞) with
f (0) = 0, f (x) > 0 for x ∈ (0,∞) such that

d(x,Tnx) � f (d(x,F(∩nTn)) for all x ∈ K, .

where F(∩nTn) �= /0 is the common fixed point set of the family of multivalued map-
pings {Tn} . From now on, F(∩nTn) stands for the common fixed point set of the family
of multivalued mappings {Tn} .
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2. Preliminaries

A Banach space X is said to be satisfy Opial’s condition [14] if, for any sequence
{xn} in X , xn ⇀ x(n → ∞) implies the following inequality:

limsup
n→∞

‖xn− x‖ < limsup
n→∞

‖xn− y‖

for all y ∈ X with y �= x . It is well known that Hilbert spaces and lp (1 < p <∞) have
the Opial’s condition. The following Lemmas will be useful in this paper.

LEMMA 2.1. Let {bn} , {αn} be two real sequences such that

(i) bn,αn ∈ [0,1];

(ii) limn→∞ bn → 0 ;

(iii) ∑∞
n=1 bnαn = ∞ .

Let {γn} be a nonnegative real sequence such that ∑∞
n=1 bnαn(1− bn)γn is bounded.

Then {γn} has a subsequence which converges to zero.

LEMMA 2.2. (see [20]) Let {xn} and {yn} be bounded sequences in a Banach
space X such that

xn+1 = αnxn +(1−αn)yn, n � 0

where {αn} is a sequence in [0,1] such that

0 < liminf
n→∞

αn � limsup
n→∞

αn < 1

limsup
n→∞

(‖yn+1− yn‖−‖xn+1− xn‖) � 0.

Then limn→∞ ‖yn− xn‖ = 0.

LEMMA 2.3. (see [10]) Let {xn},{yn} and {zn} be sequence in uniformly convex
Banach space X . Suppose that {αn},{βn} and {γn} are sequence in [0,1] with αn +
βn + γn = 1 , limsupn ‖xn‖ � d, limsupn ‖yn‖ � d, limsupn ‖zn‖ � d, and limn ‖αnxn +
βnyn + γnzn‖ = d. If liminfnαn > 0 and liminfnβn > 0 , then limn ‖xn− yn‖ = 0.

LEMMA 2.4. (see [9]) Let X be a uniformly convex Banach space and Br := {x∈
X : ‖x‖ � r},r > 0 . Then there exists a continuous strictly increasing convex function
g : [0,∞) → [0,∞) with g(0) = 0 such that

‖λx + μy+ ξ z+ϑω‖2 � λ‖x‖2 + μ‖y‖2 + ξ‖z‖2 +ϑ‖ω‖2

−1
3
ϑ(λg(‖x−ω‖)+ μg(‖y−ω‖)+ξg(‖z−ω‖))

for all x,y,z,ω ∈ Br and λ ,μ ,ξ ,ϑ ∈ [0,1] with λ + μ+ ξ +ϑ = 1 .
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3. Main results

THEOREM 3.1. Let K be a nonempty compact convex subset of a uniformly
convex Banach space X . Suppose that Tn : K → CB(K) be a family of multivalued
nonexpansive mappings and F(∩nTn) �= /0 satisfying Tn(p) = {p} for any fixed point
p ∈ F(∩nTn) and {xn} be the sequence of Ishikawa iterates defined by (4). Assume
that

(i) αn,bn ∈ [0,1];

(ii) limn→∞ bn → 0 ;

(iii) ∑∞
n=1αnbn = ∞ .

Then, as n → ∞ , the sequence {xn} strongly converges to a common fixed point of Tn .

Proof. Take p∈F(∩nTn) , noting that Tn(p)= {p} for any fixed point p∈F(∩nTn) ,
then ‖un− p‖ = d(un,Tnp) . Using Lemma 2.4, we have

‖xn+1− p‖2 � (1−αn)‖xn− p‖2 +αn‖rn− p‖2− 1
3
αn(1−αn)g(‖xn− rn‖)

� (1−αn)‖xn− p‖2 +αn(H(Tnyn,Tnp))2

� (1−αn)‖xn− p‖2 +αn‖yn− p‖2

� (1−αn)‖xn− p‖2 +αn[(1−bn)‖xn− p‖2 +bn‖tn− p‖2

−1
3
bn(1−bn)g(‖xn− tn‖)]

� (1−αn)‖xn− p‖2 +αn[(1−bn)‖xn− p‖2 +bn(H(Tnxn,Tnp))2

−1
3
bn(1−bn)g(‖xn− tn‖)]

� ‖xn− p‖2− 1
3
αnbn(1−bn)g(‖xn− tn‖).

Therefore,

‖xn+1− p‖2 � ‖xn− p‖2,
1
3
αnbn(1−bn)g(‖xn− tn‖) � ‖xn− p‖2−‖xn+1− p‖2.

Then {‖xn− p‖} is a decreasing sequence and further limn→∞ ‖xn− p‖ exists for each
p ∈ F(∩nTn) . It follows from that we have

1
3

∞

∑
n=0

αnbn(1−bn)g(‖xn− tn‖) � ‖x1− p‖2.

From Lemma 2.1, there exists a subsequence {xnk −tnk} of {xn−tn} such that g(‖xnk −
tnk‖) → 0 as k → ∞ , therefore we get ‖xnk − tnk‖ → 0, by the continuity and strictly
increasing nature of g . By the compactness of K , we may assume that xnk → q for
some q ∈ K . Thus for any n ∈ N ,

d(q,Tnq) � ‖q− xnk‖+d(xnk,Tnxnk)+H(Tnxnk ,Tnq)
� ‖q− xnk‖+‖xnk − tnk‖+‖xnk −q‖→ 0.
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Hence q is a common fixed point of {Tn} . Now we can take q in place of p , we get
that {‖xn − q‖} is a decreasing sequence, Since ‖xnk − q‖ → 0 as k → ∞ , it follows
that {‖xn−q‖}→ 0, so the desired conclusion follows.

THEOREM 3.2. Let X be a Banach space which satifies Opial’s condition and K
be a nonempty weakly compact convex subset of X . Tn , {xn} and the condition be the
same as Theorem 3.1, furthermore

(i) bn,αn ∈ [0,1];

(ii) limn→∞ bn → 0 ;

(iii) ∑∞
n=1 bnαn = ∞ .

Then, as n → ∞ , the sequence {xn} weakly converges to a common fixed point of Tn .

Proof. From Theorem 3.1, there exist a subsequence {xnk} of {xn} such that

xnk ⇀ p ∈ F(∩nTn) as nk → ∞.

(Here ⇀ denotes the weak convergence.) Suppose that xn is not weakly convergent to
p ∈ F(∩nTn) , then there exist a subsequence {xni} ⊂ {xn} (i �= k) , such that {xni} ⇀
q ∈ F(∩nTn) , and p �= q . Since X satisfies Opial’s condition, we have

lim
n→∞

‖xn− p‖ = lim
k→∞

‖xnk − p‖
< lim

k→∞
‖xnk −q‖ = lim

i→∞
‖xni −q‖

< lim
i→∞

‖xnk − p‖ = lim
n→∞

‖xn− p‖.

This is a contraction, so the desired conclusion follows.

THEOREM 3.3. Let K be a nonempty closed convex subset of a uniformly convex
Banach space X . Suppose that Tn , {xn} be the same as in Theorem 3.1 and bn,αn ∈
[a,b] ⊂ (0,1). Then, as n → ∞ , the sequence {xn} strongly converges to a common
fixed point of Tn .

Proof. Using a similar proof of Theorem 3.1, we obtain that limn→∞ ‖xn − p‖2

exists for p ∈ F(∩nTn) and

1
3
αnbn(1−bn)ϕ(‖xn− tn‖) � ‖xn− p‖2−‖xn+1− p‖2.

Then we have

1
3
a2(1−b)ϕ(‖xn− tn‖) � ‖xn− p‖2−‖xn+1− p‖2.

Therefore limn→∞ϕ(‖xn − tn‖) = 0 and limn→∞ ‖xn − tn‖ = 0. Since tn ∈ Tnxn , then
d(xn,Tnxn) � ‖xn − tn‖ . Therefore, limn→∞ d(xn,Tnxn) = 0, and condition A’ implies
limn→∞ d(xn,F(∩nTn)) = 0. Since limn→∞ d(xn,F(∩nTn)) = 0, given ε > 0, there exist
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Nε > 0 and zε ∈ F(∩nTn) such that ‖xn − zε‖ < ε for all n � Nε . Take εk = 1
2k for

k ∈ N then corresponding to each εk there is an Nk > 0 and a zk ∈ F(∩nTn) such that

‖xn− zk‖ � εk
4

for all n � Nk.

When Nk+1 � Nk for all k ∈ N ,

‖zk − zk+1‖ = ‖zk − xNk+1 + xNk+1 − zk+1‖ <
εk
4

+
εk+1

4
=

3εk+1

4
.

Let S(z,r) = {x ∈ X : ‖x− z‖� r}. For x ∈ S(zk+1,εk+1) we have

‖zk − x‖ = ‖zk − zk+1 + zk+1− x‖ <
3εk+1

4
+ εk+1 < 2εk+1 = εk.

This implies S(zk+1,εk+1) ⊂ S(zk,εk) for k ∈ N . By the Cantor intersection theorem,
there exist a single point p such that

∩∞
k=1S(zk,εk) = {p},

then ‖zk− p‖� εk → 0 as k→∞ which assure limn→∞ ‖xn− p‖= 0 since limk→∞Nk =
∞ implies n → ∞ . For any n ∈ N and x ∈ Tnp , noting Tnzk = {zk} , we get

‖p− x‖ � ‖p− zk‖+d(x,Tnzk) � ‖p− zk‖+H(Tnp,Tnzk)
� 2‖p− zk‖→ 0 as k → ∞.

Then p is a common fixed point of Tn and {xn} strongly converges to p .

REMARK 3.4. The above results holds for Mann iteration (5).

THEOREM 3.5. Let K be a nonempty compact convex subset of a Banach space
X . Suppose that Tn : K → CB(K) be a family of multivalued mappings satisfying
H(Tix,Tjy) � ‖x− y‖ for any i, j ∈ N . Let {xn} be the sequence of Mann iterates
defined by (5). Assume that F(∩nTn) �= /0 and ∀n ∈ N , Tn(p) = {p} for any fixed point
p ∈ F(∩nTn) . Assume that

0 < liminf
n→∞

αn � limsup
n→∞

αn < 1.

Then, as n → ∞ , the sequence {xn} strongly converges to a common fixed point of Tn .

Proof. Take p ∈ F(∩nTn) , noting that Tnp = {p} and ‖rn − p‖ = d(rn,Tnp) , we
have

‖xn+1− p‖ � (1−αn)‖xn− p‖+αn‖rn− p‖
� (1−αn)‖xn− p‖+αn(H(Tnxn,Tnp))
� ‖xn− p‖.
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Then {‖xn − p‖} is a decreasing sequence and limn→∞ ‖xn − p‖ exists for each p ∈
F(∩nTn) . It follows from the definition of Mann iteration (5) that

‖rn+1− rn‖ � H(Tn+1xn+1,Tnxn) � ‖xn+1− xn‖.
Therefore we get limsupn→∞(‖rn+1− rn‖−‖xn+1− xn‖) � 0. By Lemma 2.2, we ob-
tain limn→∞ ‖rn−xn‖= 0. Since rn ∈ Tnxn , then d(xn,Tnxn) � ‖xn− rn‖ , which assure
that limn→∞ d(xn,Tnxn) = 0. The remainder of the proof is the same as Theorem 3.1.

THEOREM 3.6. Let K be a nonempty closed convex subset of Banach space X .
Suppose that Tn : K →CB(K) be a family of multivalued nonexpansive mappings satis-
fying Condition A’ and for any i, j ∈ N H(Tix,Tjy) � ‖x− y‖ . Tn , {xn} and condition
be the same as Theorem 3.5. Assume that

0 < liminf
n→∞

αn � limsup
n→∞

αn < 1.

Then as n → ∞ , the sequence {xn} strongly converges to common fixed point of Tn .

Proof. It follows from the proof of Theorem 3.5 that limn→∞ ‖xn − p‖ exists for
each p ∈ F(∩nTn) and limn→∞ d(xn,Tnxn) = 0. Since Tn satisfying the Condition A’,
then we have limn→∞ d(xn,F(∩nTn)) = 0. The remainder of the proof is the same as
Theorem 3.3.

THEOREM 3.7. Let X be a Banach space satisfying Opial’s condition and K be a
nonempty weakly compact convex subset of X . Suppose that Tn : K →C(K) be a family
of multivalued nonexpansive mappings that satisfies for any i, j ∈ N H(Tix,Tjy) �
‖x− y‖ . Tn , {xn} and condition be the same as Theorem 3.5. Assume that

0 < liminf
n→∞

αn � limsup
n→∞

αn < 1.

Then as n → ∞ , the sequence {xn} weakly converges to a common fixed point of Tn .

Proof. From the proof of Theorem 3.5 that lim
n→∞

‖xn − p‖ exists for each p ∈
F(∩nTn) . Since K is weakly compact, there exists a subsequence {xnk} of {xn} such
that xnk ⇀ x∗ for some x∗ ∈ K. Suppose there exists n ∈ N and x∗ does not belong
to Tnx∗ . By the compactness of Tnx∗ , for any given xnk , there is pk ∈ Tnx∗ such that
‖xnk − pk‖ = d(xnk ,Tnx∗) and pk → p ∈ Tnx∗ then x∗ �= p . Since X satisfies Opial’s
condition, then we get

limsup
k→∞

‖xnk − p‖ � limsup
k→∞

[‖xnk − pk‖+‖pk− p‖] = limsup
k→∞

‖xnk − pk‖
� limsup

k→∞
[d(xnk ,Tnxnk)+H(Tnxnk ,Tnx

∗)]

� limsup
k→∞

‖xnk − x∗‖ < limsup
k→∞

‖xnk − p‖.

This is a contraction. Hence x∗ ∈ Tnx∗ for any n ∈ N . The remainder of the proof is
the same as Theorem 3.2.
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LEMMA 3.8. Let X be a real Banach space and K be a nonempty convex subset of
X . Let Tn : K →CB(K) be a multivalued nonexpansivemapping for which F(∩nTn) �= /0
and Tn(p) = {p} for any fixed point p∈F(∩nTn) . Let {xn} be a sequence in K defined
by (3), then we have the following conclusions:

lim
n
‖xn− p‖ exists for any p ∈ F(∩nTn)

Proof. . Let p ∈ F(∩nTn) , from iterative scheme (3), note that Tn(p) = {p} for
any fixed point p ∈ F(∩nTn) , we have

‖zn− p‖ � (1−an)‖xn− p‖+an‖sn− p‖
= (1−an)‖xn− p‖+and(sn,Tnp)
� (1−an)‖xn− p‖+anH(Tnxn,Tnp)
� ‖xn− p‖,

similarly ‖yn− p‖ � ‖xn− p‖ , and so we have

‖xn+1− p‖ � (1−αn−βn− γn)‖xn− p‖+αn‖rn− p‖
+βn‖tn− p‖+ γn‖sn− p‖

� (1−αn−βn− γn)‖xn− p‖+αnd(Tnyn,Tnp)
+βnH(Tnzn,Tnp)+ γnH(Tnxn,Tnp)

� (1−αn−βn− γn)‖xn− p‖+αn‖yn− p‖
+βn‖zn − p‖+ γn‖xn− p‖

� ‖xn− p‖.

Then {‖xn− p‖} is a decreasing sequence and hence limn ‖xn− p‖ exists for any p ∈
F(∩nTn) .

LEMMA 3.9. Let X be a uniformly convex Banach space and K be a nonempty
convex subset of X . Let Tn : K →CB(K) be a multivalued nonexpansive mapping for
which F(∩nTn) �= /0 and Tn(p) = {p} for any fixed point p ∈ F(∩nTn) . Let {xn} be
a sequence in K defined by (3). If the coefficient satisfy one of the following control
conditions:

(i) 0 < liminfnβn � limsupn(αn +βn + γn) < 1 and limsupn an < 1;

(ii) 0 < liminfn γn � limsupn(αn +βn + γn) < 1;

(iii) 0 < liminfn(αnbn +βn) and 0 < liminfn an � limsupn an < 1 ,

then we have limn d(xn,Tnxn) = 0 .

Proof. By Lemma 3.8, it is well known that limn ‖xn − p‖ exists for any p ∈
F(∩nTn) , then it follows that {sn− p},{tn− p},and{rn− p} are all bounded. We may
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assume that these sequences belong to Br where r > 0. Note that Tn(p) = {p} for any
fixed point p ∈ F(∩nTn) . By Lemma 2.4, we get

‖zn− p‖2 � (1−an)‖xn− p‖2 +an‖sn− p‖2

= (1−an)‖xn− p‖2 +and(sn,Tnp)2

� (1−an)‖xn− p‖2 +anH(Tnxn,Tnp)2

� ‖xn− p‖2,

‖yn− p‖2 � (1−bn− cn)‖xn− p‖2 +bn‖tn− p‖2 + cn‖sn− p‖2

−1
3
(1−bn− cn)(bng(‖tn− xn‖)+ cng(‖sn− xn‖)

� (1−bn− cn)‖xn− p‖2 +bnH(Tnzn,Tnp)2 + cnH(Tnxn,Tnp)2

−1
3
(1−bn− cn)bng(‖tn− xn‖)

� ‖xn− p‖2− 1
3
(1−bn− cn)bng(‖tn− xn‖),

therefore we have

‖xn+1− p‖2 � (1−αn−βn− γn)‖xn− p‖2 +αn‖rn− p‖2 +βn‖tn− p‖2

+γn‖sn− p‖2− 1
3
(1−αn−βn− γn)[αng(‖xn− rn‖)

+βng(‖xn− tn‖)+ γng(‖xn− sn‖)]
� (1−αn−βn− γn)‖xn− p‖2 +αnH(Tnyn,Tnp)2 +βnH(Tnzn,Tnp)2

+γnH(Tnxn,Tnp)2 − 1
3
(1−αn−βn− γn)[αng(‖xn− rn‖)

+βng(‖xn− tn‖)+ γng(‖xn− sn‖)]
� ‖xn− p‖2− αn

3
(1−bn− cn)bng(‖tn− xn‖)− 1

3
(1−αn−βn−

γn)[αng(‖xn− rn‖)+βng(‖xn− tn‖)+ γng(‖xn− sn‖)].
Then

(1−αn−βn− γn)αng(‖xn− rn‖) � 3(‖xn− p‖2−‖xn+1− p‖2), (6)

(1−αn−βn− γn)βng(‖xn− tn‖) � 3(‖xn− p‖2−‖xn+1− p‖2), (7)

(1−αn−βn− γn)γng(‖xn− sn‖) � 3(‖xn− p‖2−‖xn+1− p‖2), (8)

and

αn(1−bn− cn)bng(‖tn− xn‖) � 3(‖xn− p‖2−‖xn+1− p‖2). (9)

Since limn ‖xn− p‖ exists for any p ∈ F(∩nTn) , it follows from (6) that limn(1−αn−
βn − γn)αng(‖xn − rn‖) = 0. From g is continuous strictly increasing with g(0) = 0
and 0 < liminfnαn � limsupn(αn +βn + γn) < 1, then

lim
n
‖xn− rn‖ = 0. (10)
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Using a similarly method together with inequalities (7) and 0 < liminfnβn � limsupn(αn+
βn + γn) < 1, then

lim
n
‖xn− tn‖ = 0. (11)

Similarly, from (8) and 0 < liminfn γn � limsupn(αn +βn+γn) < 1, we have limn ‖xn−
sn‖ = 0, since sn ∈ Tnxn , then 0 � limn d(xn,Tnxn) � limn ‖xn − sn‖ = 0, thus we get
(ii).

If 0 < liminfnβn � limsupn(αn +βn + γn) < 1 and limsupn an < 1, we will prove
(i).

‖sn− xn‖ � ‖sn− tn‖+‖tn− xn‖ � H(Tnxn,Tnzn)+‖tn− xn‖
� ‖xn− zn‖+‖tn− xn‖
� an‖xn− sn‖+‖tn− xn‖. (12)

Since limsupn an < 1, then

liminf
n

(1−an) = 1− limsup
n

an > 0.

This together with (11), (12), we obtain the result.
Finally, we will prove (iii). From iterative scheme (3) and Lemma 3.1, we have

‖xn+1− p‖ � (1−αn−βn− γn)‖xn− p‖+αn‖rn− p‖
+βn‖tn− p‖+ γn‖sn− p‖

� (1−αn−βn− γn)‖xn− p‖+αn‖yn− p‖
+βn‖zn− p‖+ γn‖xn− p‖.

� (1−αn−βn)‖xn− p‖+αn[(1−bn)‖xn− p‖
+bn‖zn− p‖]+βn‖zn − p‖,

which implies

‖xn+1− p‖−‖xn− p‖+(αnbn +βn)‖xn− p‖� (αnbn +βn)‖zn − p‖.
Notice that

0 < liminf
n

(αnbn +βn) and lim
n
‖xn− p‖ exists.

Hence we have

d = lim
n
‖xn− p‖ � liminf

n
‖zn − p‖� limsup‖zn− p‖ � d.

Thus we have

d = lim
n
‖zn− p‖ = lim

n
‖(1−an)‖xn− p‖+an‖sn − p‖.

By Lemma 2.3 and 0 < liminfn an � limsupn an < 1, we have 0 � limn d(xn,Txn) �
limn ‖xn− sn‖ = 0.
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THEOREM 3.10. Let X ,Tn and {xn} be the same as in Lemma 3.9, K be a
nonempty compact convex subset of a Banach space X , then {xn} converges strongly
to a common fixed point of Tn .

Proof. By Lemma 3.9, we have limn d(xn,Tnxn) = 0. Since K be a nonempty
compact convex subset, then there exist a subsequence {xnk} of {xn} such that limk→∞ ‖xnk −
q‖ = 0 for some q ∈ K . Thus,

d(q,Tq) � ‖q− xnk‖+d(xnk,Tnkxnk)+H(Tnkxnk ,Tnkq)
� 2‖q− xnk‖+d(xnk,Tnkxnk) → 0.

Hence q is a fixed point of Tn . Now taking q in place of p , we get that limn→∞ ‖xn−q‖
exists. So the desired conclusion follows.

THEOREM 3.11. Let X ,K,Tn and {xn} be the same as in Lemma 3.9, if Tn sat-
isfies Condition A’ with respect to the sequence {xn} , then {xn} converges strongly to
a common fixed point of Tn .

Proof. By Lemma 3.9, we have limn d(xn,Tnxn) = 0. Since Tn satisfies Condition
A’ with respect to {xn} . Thus we get d(xn,F(∩nTn)) = 0. The remainder of the proof
is similar as Theorem 2.4 in [19], we omit it.

THEOREM 3.12. Let X ,Tn and {xn} be the same as in Lemma 3.9 , K be a
nonempty weakly compact convex subset of a Banach space X and X satisfies Opial’s
condition, then {xn} converges weakly to a common fixed point of Tn .

Proof. The proof of the Theorem is similar as Theorem 2.5 in [19], we omit it.
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