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ON EXPONENTIAL CONVEXITY, JENSEN-STEFFENSEN-BOAS
INEQUALITY, AND CAUCHY’S MEANS
FOR SUPERQUADRATIC FUNCTIONS

S. ABRAMOVICH, G. FARID, S. IVELIC AND J. PECARIC

Abstract. In this paper we define new means of Cauchy’s type using some recently obtained
results that refine the Jensen-Steffensen-Boas inequality for convex and superquadratic functions
[4],[5]. Applying so called exp-convex method established in [8],[9], we interpret results in the
form of exponentially convex or (as a special case) logarithmically convex functions. We also
present some related results which generalize results in [2].

1. Introduction

It is well known that for a convex function ¢ : I — R, where [ is an interval in R,
x = (x1,...,x,) € I" is any n-tuple and a = (ay,...,a,) any nonnegative n-tuple such
that A, = Y a; > 0, the Jensen inequality

( - ) = S aip (x) (L)
Q| —Xaixi | < — 2 ai(x .
Api= Api=
holds (see [12, p. 43]).

The assumption “a non-negative n-tuple a” can be relaxed at the expense of more
restrictions on the n-tuple x.

If a is a real n-tuple that satisfies

0<A; =Y ai<A,, j=1,.,n, A,>0, (1.2)

and x € I" is any monotonic n-tuple, then (1.1) is still valid. Inequality (1.1) consid-
ered under conditions (1.2) is known as the Jensen-Steffensen inequality (see [12, p.
57]). In this case n-tuple a is called the Jensen-Steffensen coefficients.

The next integral variant of the Jensen-Steffensen inequality is given by R. P. Boas
[11]. In the following we allways assume that —eo < ¢ < ff < 0.

THEOREM 1. (Jensen-Steffensen-Boas) Let f : [o, ] — (a,b) be a continuous
and monotonic function, where —oo < a < b < oo, andlet ¢ : (a,b) — R be a convex
Sunction. If A : [a, B] — R is either continuous or of bounded variation satisfying

M) <A() <AB) forall x€la,pl, A(B)—A(x)>0, (1.3)
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then
B B
Jf(t)dA(z) Jo(f(t))dA(t)
0| <X

Jda(t) far0)

We deal in this paper with inequalities related to superquadracity. Here is it’s
definition and some theorems related to it.

DEFINITION 1. [6, Definition 2.1] A function ¢ : [0,b) — R is superquadratic
provided that for all 0 < x < b there exist a constant C(x) € R such that

@) = @(x) = o(ly —x|) = Clx)(y—x)
forall 0 <y <b.

THEOREM 2. [6, Theorem 2.3] The inequality

/(p(g(S))du >0 (/gdu) +/<p (‘g(s) - /gdu’) du (1.4)

holds for all probability measures U and all non-negative U -integrable functions g if
and only if @ is superquadratic.

The same inequality holds for the Jensen-Steffensen coefficients when ¢’ is su-
peradditive, as proved in [5, Theorem 1] and [4, Theorem 1]. We quote the part of [5,
Theorem 1] and [4, Theorem 1] that we use in the sequel.

THEOREM 3. [5, Theorem 1] Let f : [, B] — [0,D) be continuous and monotonic
and A : [0, B] — R be either continuous or of bounded variation satisfying (1.3). Let
@ : [0,b) — R be continuously differentiable and ¢’ : [0,b) — R be superadditive. If
©0(0) <O, then @ is superquadratic and

mfwﬂr))dxmw(f)ﬂ fcp(\f ). as

where f = ol B £(0)dA(0).

THEOREM 4. [4, Theorem 1] Let ¢ : [0,b) — R be a continuously differentiable
function and @' : [0,b) — R be superadditive. Let a be a real n-tuple satisfying (1.2)
and x € [0,b)" be any monotonic n-tuple. If ¢(0) <0, then @ is superquadratic and

n

1 -, Lz _
o 2 a0 () > 0 (9)+ 5 L (i), (1.6

= LS g
where X = = 3IL | aix;.
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REMARK 1. In the case when ¢ is strictly superquadratic and x; #0, i=1,..,n,
the inequality in (1.6) is strict unless one of the following two cases occurs:
(1) either x = x; or x = x,, (1.7)
(2) there exists k € {3, ...,n — 2} such that x = x; and
(VjE{l,...,k—l}) (éj:()\/xj':)cj',l)
(V]E{k—l—L,n}) (Aj:er-':jaiZO\/xj’:xj',l)
Specially, when @ is strictly superquadratic and a > 0 the equality holds in (1.6) iff
XI=Xp=...= Xy (1.8)

(see [7], [1]).

In the last section we use the next theorem together with Theorem 2 to prove some
related results which generalize results in [2].

THEOREM 5. [10, Theorem 1] Ler (Q,A,u) be a measurable space with 0 <
U(Q) < oo andlet ¢ :[0,b) — R be a superquadratic function. If g : Q — [a,b] C [0,b)
is such that g,og € Ly(u), then with § = mfggd,u we have

b—g
b—a

- el (690 —a)+ (e —a)p(b—p)ldn

9(a)+ F—0(b) (1.9)

1
mg{(l’(g)d.“ <

Now, we quote the definitions of exponential and logarithmic convexity and some
propositions which can be found in [8] and [12], and that we use later.

DEFINITION 2. A function @ : (a,b) — R is said to be exponentially convex if it
is continuous and

u,-uj(p(x,-—I—xj) >0

i,j=1

holds for all m € N and all choices u; € R,i = 1,2,....m and x; € (a,b) such that
xi+x; € (a,b), 1 <i,j <m.

NAYE

DEFINITION 3. A function ¢ : (a,b) — Ry is said to be logarithmically convex
or log-convex if the function log ¢ is convex, or equivalently, if

@ ((1=2A)x+24y) <o) o)
holds for all x,y € (a,b),A € [0,1].

LEMMA 1. Let ¢ : (a,b) — Ry be a log-convex function. Then for any xi, xa,
y1, 2 € (a,b) such that x; < y1, xa < y2, X1 # X2, Y1 # 2 the following is valid

(e <)




172 S. ABRAMOVICH, G. FARID, S. IVELIC AND J. PECARIC

PROPOSITION 1. Let ¢ : (a,b) — R be a function. The following propositions
are equivalent:

(i) @ is exponentially convex.

(ii) @ is continuous and

2 i (x,+x,> >0
i,j=1

holds for all m € N and all choices u; € R and every x;,xj € (a,b), 1 <i,j <m.

COROLLARY 1. Ifa function @ : (a,b) — Ry is exponentially convex then @ is
also log-convex.

Although there are some similarities with the results in [3], this paper deals with
the Jensen-Steffensen and the Jensen-Steffensen-Boas type cases and not as in [3] with
the Jensen type cases.

2. Exp-convex method for superquadratic functions

Throughout the paper we denote with e;, i € N, the functione;: [0,5) — R defined
byei(t)=t'.

Let L be a linear class of continuous functions ¢ : [0,0) — R. Let f: [o, 8] —
(0,b) be continuous and monotonic and A : [0, ] — R be either continuous or of
bounded variation satisfying (1.3). We define the functional } on L by

ety ) Y (S )| Y R R ER

OC

where f =yl [ F(1)dA (1),

In the dlscrete case we define the functional A on L by
Alp) = Zlaz[ ¢(xi) = o(jxi — 2] — 9 (%), (2.2)
nt

where x € (0,b)" is a monotonic n-tuple, a is a real n-tuple satisfying (1.2) and
T= Ly
X = A—nzizlalxl.

We use the notation y (@) = xo and A(Q) = A,.

REMARK 2. If ¢ € L is differentiable, ¢(0) <0 and ¢’ is superadditive, then ¢
is superquadratic and

(i) by Theorem 3 it follows that y, >0

(ii) by Theorem 4 it follows that Ay > 0.

Similary to the proof of [6, Lemma 3.1] is:

LEMMA 2. Let ¢ : [0,b) — R be continuously differentiable and ¢(0) <O0. If %’
is increasing, then @' is superadditive and ¢ is superquadratic.
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In the next lemma we introduce a new family of superquadratic functions which
we frequently use in the sequel.

LEMMA 3. [3, Lemma 5] Let s € R... We define the function y; : [0,b) — R by

sxe¥—e 41
et —entl oL ()

ws(x>={x3 B e (2.3)
3 SZO

Then y; is superquadratic.

, /
Proof. Since y;(0) =0 and (%T(x)> =e™ > 0, by Lemma 2 it follows that y; is

superquadratic.
Applying the functional y to y, we have

[ 8 (2F0) = 217(0) — 7)) dA () — 2 F)] 5 £0

S [ 2 (PO -0~ 77) a0 7] s =0

)

2.4)
where we denote
Hs(x) = sxe™ —e™ 4+ 1. (2.5)

Analogously, applying the functional A to y, we have

5B (50— el 5) ~ ()] 570
Ay, =

s — —
% [AL,,Z?:lai (xf’—|x,-—x|3)—x3} , s=0

THEOREM 6. Let )y, be defined asin (2.4). Then
a) the function s — Yy, is exponentially convex.
b) if xy, > 0, the function s+ Xy, is log-convex.

Proof. a) We can easily prove that lim,_.g Xy, = Xy, 1.€. §+— Xy, is continuous.

Letu; €R, p;ec Ry, i=1,...m, andpij:p";pj, 1<i,j<m.

We consider the function F : (0,b) — R defined by

m
F(x) = ) 2 luiuJ'WPij (x),
ij=

where V), is defined as in (2.3).
Then

F'(x) / m Wll’ij (%) ! m Diix m Piy 2
(T) =y Uil j " =3 uju et = Y uie? >0
i

i,j=1 i,j=1

and F(0) = 0. Therefore, by Lemma 2 it follows that F’ is superadditive and F is
superquadratic.
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Applying inequality (1.5) to F we have that

m
XF= 2 Uillj Xy, >0
ij=1

holds for all m € N and all choicesof u; € R, p; e Ry, 1 <i<m.

(2.6)

Since s — xy, is continuous and (2.6) holds, by Proposition 1 it follows that

s+ Xy, 1s exponentially convex function.

b) Since xy, > 0, by Corollary 1 it follows that s — xy, is also log-convex.
We introduce another family of superquadratic functions which we use in the se-

quel.

LEMMA 4. [3, Lemma 3] Let s € R... We define the function ¢, : [0,b) — R by

T S#2
q)s(x):{( 2)

%2 logx, s =2
with the convention 0log0 := 0. Then @ is superquadratic.

Applying the functional y to ¢ we have

i [ (0 — 21 i) - 7] s £2

Xos = 2 =
e 12 (P0)108£ (1)~ 21og|2)) dh () - Flog 7, s

where )
2=ft)- .
Similarily, if we apply the functional A to ¢s we have
A T [AL iai (g —|21°) - f“} , s#2
o5 =
: [,%nZ?zlai (x?logx; — 2*log| 7)) — & logf} . s=2

where
9 = Xi — X.

The next theorem can be proved in a similar way as Theorem 6.
THEOREM 7. Let g, be defined as in (2.8). Then

a) the function s — X, is exponentially convex.
D) if x4, > 0, the function s — Xy, is log-convex.

2.7)

)

=2

(2.8)

(2.9)

(2.10)

THEOREM 8. Theorems 6 and T are still valid if instead of X, and Xy, we choose

Ay, and Ay, respectively.
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3. Mean value theorems and Cauchy’s means

In this section we present Lagrange’s and Cauchy’s type of Mean value theorem
and introduce new means of Cauchy’s type. The next two theorems are special cases of
theorems in [3]. We state the proofs as they are somewhat different than those in [3].

We denote I; = [ming<,<p (1), maxq<<p f(1)] C (0,b).

THEOREM 9. Let x be the functional on L defined by (2.1) and suppose that
Xes 0. If @ € L is such that ¢(0) =0 and f—l € CY(I), then there exists £ € I such

that , )
x(p:%éqo @gz—q) ©,.. G0

’ / / /
Proof. Since ¢ et (IT), there exist m = min ((P—(X)> and M = max <q) (x)>
€1 x€l x x€ly

’ / Vi ’
such that m < (“’T(x)> = M < M foreach x € 1,.
We consider the functions ¢y, @, € L defined as ¢, = e3 —@ and @ = @ —Fe3.
Then @1 (0) = ¢(0) =0 and 2, 2 € Cl(1).

e1’ el
/ !/ /
Also ((p'T()C)) , (%)5 )> > 0, i.e., the functions fl , fz are increasing on /.
Then by Lemma 2, @, ¢ are superadditive and ¢y, @, are superquadratic on I .
Applying inequality (1.5) to ¢; and ¢, we have

0< Yye,—xp and 2p—2%e; >0
Since x., 7# 0, by combining the above two inequalities we get

m<3% <M.

’ ! " ’
Then there exists & € I such that (%) = w = 3;“’
€3

THEOREM 10. Let x be the functional on L defined by (2 1) and suppose that
Xes # 0. If @, w € L are such that ¢(0) = y(0) =0 and e € C'(I), then there
exists & € Iy such that

2w (EQ"(E)—0'(&)) = xo (EW"(E)—W'(8)). (3.2)

L’

Proof. We consider the function & € L defined as k = Xy ¢ — xo V.
Since k(0) =0 and 6 C'(Iy), we can apply Theorem 9 and we get

PRELCRICPS
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Therefore, since x; = 0, we have % =0, i.e.

w(E9"()=¢') _ 2 EW(E) V() _
& & o
from which it follows (3.2).
Theorem 10 enables us to define new means. If we choose ¢ = ¢; and v = ¢y,
where 1,5 € Ry, r#s, r,s # 2, then from (3.2) it follows x &2 = 24,773, i.e.

i
E= (ﬁ) """ and we have
Xor

min f(¢) < <&>” < max f(r).

a<t<f
x(bé ) S—=r
s T A .
(2

For r,s € Ry we can extend this mean to the excluded cases as follows:

1
M) r(r-2 (m I8 |9\S>dx<z>—f‘) o
A s<s—2>(ffa<f'<t>—|9\'>dx(r>—f’)

a)fa (0log /()| 2/ log| 2)ah ()7 ogf 5, 5 | L)
BT S r-12naae-F )

We denote

) r#sﬁ rﬁs#zﬁ

M;,(f;A) =exp (

ﬁf (2(6)log? £ (1)~ 22 log? | 2])dA (1)~ F log®
Mo (f32) =exp | ZEAE
(> ()08 1)~ 22108l 2] () e )

1
2 bl

where 2 is asin (2.9).
We can easily check that these means are symmetric and the special cases are
limits of the general case, i.e.

Mnr(f;)t) = yLI}FMs,r(f;)L)a
Mo (f5) = lim,,(f:2).
Now we prove the monotonicity of these means.

THEOREM 11. Let r,s,u,v € Ry suchthat r <u, s <v. Then

My (f3A) < Myu(fi). (3.3)

Proof. By Theorem 7 it follows that the function s+ ) is log-convex. Then by
Lemma 1, for any r,s,u,v € Ry, such that r <u, s <v, r#s, u#v, we have

1
)@
Xor Xu

L



ON EXPONENTIAL CONVEXITY 177

which is equivalent to (3.3). For r = s and u = v we consider limiting case.
In the same way we can derive discrete cases of the previous means. For r,s € R,

1
r#s, rs#2, wedefine & = (Az°> ~" and we have

1

Ao\ 77
1 ~ — < 1
o= (5) < oy o)

We use notation
L

A
wiro=(3)"

We can extend this mean in other cases. For r,s € R, we define:

1
r(r=2) (£ X0 jai(x—|2) %) \ 7
M) = ( AHE (e =) TS A

a; ’logx, \j|’log\j|) —x"logx 22
M, (x;a) = ex Sl — =L r#2
nr p ;1 la,(x —|2|" ) r(r=2) )7 7& ’
2 2 =2 2=
a, log xi—9*log? \9|) X“log” x 1
My, (x;a) = ex ’ 1 — 5
22 p la, Zlogx, P%log|P \) leogf) 2 )

where 2 is as in (2.10).

We can easily check that these means are also symmetric and the special cases
are limits of the general case. Similarily as before, in the next theorem we state the
monotonicity of these means without proof.

THEOREM 12. Let r,s,u,v € Ry such that r <u, s <v. Then

M, (x;a) <M, (x;a).

4. Related results

In this section we present some related results which generalize results in [2]. We
use the same technique as used there.

Let g: Q — [a,b] C (0,b) be such that g € L;(u) and g = mfggdu. Let L
be a linear class of functions @ : [0,b) — R such that pog € L;(u). We define the
functionals T" and T on L by

F(<p)=ﬁz)g((p(g)—co(lg—g’l))du—w(é) 4.1)
L(9) = 1= ¢(a) + §=50(b) (4.2)

We use the notation I'(¢) =T, and ['() = I['y.
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REMARK 3. If ¢ € L is superquadratic, it is obvious that from (1.4) and (1.9) it
follows that I'y, I’y > 0.

If we suppose that y, € L, where v is given by (2.3), then applying " and T’
we have

) 5 it o (4(8) ~ 2418 — &) du — #,(8) |, s 0
.

Hatwlo (€ - 1e—2P)du—g] s=0
~ sL3 [W fg( S(8)+ 5 (B2 (o )+%%S(¢%’)])d;¢} ,s£0
Ly, = .

L[ BBt o (64 [+ %)) au) s =0

where % is defined as in (2.5) and
A =g—a, B=b—g, o/ =g—aand B=b—g. 4.3)
THEOREM 13. Theorem 6 is still valid if instead of )y, we choose 'y, and f%.

If we suppose that ¢ € L, where ¢ is given by (2.7), then applying I" and I" we
have

()[mug4@gmw—ﬂJ¢z

Ly, =
[ (g logg — g)210g|g—g|>du—§2log§},s:2
1 Ba*+Ab* 1 1
s6-2) [ oa o Jo (8°+ 5 (B’ + o P°)) du] S£2
To=1 1 Btz ey
2 b—a

- ﬁfg (g*logg+ 7 [%’mﬂlogd—l—%%ﬂlogﬂ])d‘u} s=2
where o7, o/, B, B are as in (4.3).

THEOREM 14. Theorem 7 is still valid if instead of Xy, we choose 'y, and f‘(Ps'

In a similar way as in Section 3 we derive new means of Cauchy’s type. For

rnseERy, r#£s, r,s #2, we define & = <¢> dé (%)i,meansonthe
or

segment [a,b]. We use the notation

1

r N\ T
M\',r(g;“) = (rﬁ:)
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and

We can extend these means in other cases. For r,s € R} we define:

1

1 _ =
r(r=2)(gray Jo (& —le—2l)du-2") \ *
M, (g:p) = (M(l ) ) LTS, ns#£2,
s66-2)( 7y Jeale'~ls—8lNdu—g")
1 r =|r = =r =
o mfg(g logg—|g—g| log|g—3g|)du—g" logg 22
M”J’(g’nu') = eXp fQ -2 )du—-g" r(r=2) | 7‘74 27
1 f 2 e p 21002 5
— 5 g(g log? s~ (g~2)*log’ [~ )du~g"log? s
Moo (gip) = exp [ £ -3
2y Jo(oge—(e-2) togle—7)du—*10g7)  * )
and
_ 1
M, (gip) = ’(’—2)(—‘%25/1’3—#fg(g“rbla[@ B )du) \ rs, rs#2,
sr&H) = s(5-2) (ZGETY — s o (87+ g |2+ 7)) dn) ’
~ ) Mf)%fﬁ’rk’gb—#mfg(g’logg+ hla (B og o+ % ’log%’])d/x 2r—2
Mr,r(gnl’t) = eXp Ba +db" 1 r 1 [op g7 aar - ?
StV oy Jo &7+ 5 | B+ 2] )dp r(r—2)
r#2,
Fallogat /b log b Zt?bz log?h _ ﬁg)fg (g2 log? g+ ,,la [!’ZMZ log? o + .o/ B2 log? %’} )du 1

b—a

Mzz(g"u) = exXp - =
AS? PBa?loga+d b2 logk 1 L (g2 2 ’
2<M7mfg(gzlogg+m[%,@/ log o+ % loge%’])du 2

where o7, o/, %, A are as in (4.3).
These means are symmetric and the special cases are limits of the general case.
They are also monotonic as we express it in the next theorem.

THEOREM 15. Let r,s,u,v € Ry suchthat r <u, s <v. Then
(i) Msr(g:p) < Myu(g; ).
(i) Mr(g: 1) < Myu(g: i)
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