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BOUNDEDNESS FOR MULTILINEAR COMMUTATORS
OF INTEGRAL OPERATORS IN HARDY AND
HERZ-HARDY SPACES ON HOMOGENEOQOUS SPACES

CHEN XIANYI AND L1U LANZHE

(Communicated by Sergey K. Vodop’yanov)

Abstract. In this paper, we shall study the Hardy-boundedness for the multilinear commuta-
tors related to the singular integral operators on the space of homogeneous type. By using the
Holder’s inequalities and the LY(1 < g < =) boundedness for the singular integral operators on
the space of homogeneous type, we obtain the (Hé7 ,LP) and (HK:{ ,K5°") type boundedness

for the multilinear commutators on the space of homogeneous type.

1. Introduction

As the development of singular integral operators, their commutators have been
well studied. Let b € BMO(X) and T be the Calder6n-Zygmund operator, the commu-
tator [b, T| generated by b and T is defined by

[0, T](f)(x) = b(X)T (f)(x) = T (bf)(x)-

A classical result of Coifman, Rochberb and Weiss(see [8]) proved that the commutator
[b,T] is bounded on LP(R") (1 < p < o). However, it was observed that the [b,T]
is not bounded, in general, from H?(R") to LP(R"). But if H”(R") is replaced by a
suitable atomic space Hi) (R") and HI'(Z;)” (R"), then [b, T] maps continuously H£ (R™)
into LP(R") and HK:%” (R") into K;°P(R"). The main purpose of this paper is to
consider the continuity of the multilinear commutators associated with the singular

integral operator and BMO(X) functions in certain Hardy and Herz-Hardy spaces on
spaces of homogeneous type.
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2. Definitions and Results

Let us first introduce some definitions (see [1-7]). Give a set X, a function d :
X x X — RT is called a quasi-distance on X if the following conditions are satisfied:
(i) forevery x and y in X, d(x,y) > 0 and d(x,y) =0 if and only if x =y,
(ii) for every x and y in X, d(x,y) =d(y,x),
(iii) there exists a constant k£ > 1 such that

d(x,y) < k(d(x,2) +d(z,)) (1)

for every x,y and z in X.

Let u be a positive measure on the o -algebra of subsets of X which contains the
r-balls B(x,r) = {y:d(x,y) < r}. We assume that u satisfies a doubling condition,
that is, there exists a constant A; > 1such that

0 < u(B(x,2r)) <Au(B(x,r)) < oo ()

holds for all x € X and r > 0.

A structure (X,d,u), with d and u as above, is called a space of homogeneous
type. The constants £ and A; in (1) and (2) will be called the constants of the space

From (2), we can say that there exists a constant ng > 1 such that A} < 2", in
other words, there exists a constant ng > 1 such that u(B(x,2r)) < 2"0u(B(x,r)). This
condition is very useful in the proofs of Theorem 1 and Theorem 2.

We say that (X,d,u) satisfies a reverse doubling condition , that is, there exists a
constant A, > 1 such that

0 < Ayu(B(x,r)) < u(B(x,2r)) < eo 3)

holds for all x € X and r > 0.It can be proved that, under some general additional ge-
ometric assumptions on the space (X,d), (3) is actually a consequence of the doubling
condition on p (see [11]). In this paper, the homogeneous spaces which we discussing
are satisfied the reverse doubling condition.

In this paper, B will denote a ball of X , and foraball B let fz = p(B) ™! [5 f(x)du(x)
and the sharp function of f is defined by

1
740 = sup s [ 1709~ o).
It is well-known that (see [10])

£40) ~ supin e [ 176) —cld(y)

B>x

We say that b belongs to BMO(X) if b* belongs to L=(X) and define ||b||zyo =
||*|| 1 . Tt has been known that(see [10])

|16 — baig||Bmo < CK||]|mo-
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Given a positive integer m and 1 < j < m, we denote by C7' the family of all finite
subsets 0 = {o(1),---,0(j)} of {1,---,m} of j different elements. For o € C', set
o¢={1,---,m}\c. For b= (by,---,b,) and 6 = {c(1),---,0(j)} € C", set by =
(bo(1), s bo(j))s bo =bo(1) "+ bo(j) and |[be|lsmo = ||bo1)llBmo - -+ [|bo ()| BMO -

DEFINITION 1. Let b; (i = 1,---,m) be a locally integrable functions and 0 <
p < 1. A bounded measurable function a(x) on X is called a (p,b) atom, if

(1) supp a C B=B(xg,r),

@) lallz= < u(B)~V?,

3 Jpa)du(y) = [ga(y)[lieo bi(y)du(y) =0forany 6 € C7 .1 < j<m .

A temperate distribution (see [9][12-13]) f is said to belong to Hg (X), if, in the
Schwartz distribution sense, it can be written as

£ = 3 Ajaj(),
=1

where a; are (p,b) atoms, Aj€C and 37 [A;]F <eo.
Moreover, ||f||yr = inf (X7 [A;]P )I/P, where the infimum are taken over all the
b

decompositions of f as above.

DEFINITION 2. Let € R, 0 < p <o and 1 < g <eo. For k € Z and xp € X,
set By = {x € X : d(xo,x) <2k} and C; = By \ By_;. Denote by y; the characteristic
function of C; and Y the characteristic function of By.

(1) The homogeneous Herz space is defined by

KeP00) = {F L, 00\ (o))< W lgge <=}
where

- 1/p
1£llger = ( > u(Bk>“P|ka|£q) .
k= —oo

(2) The nonhomogeneous Herz space is defined by

K (X) = {f € L 00t |[fllgor < oo}

where

oo

1/p
A llgar = [Z H(Bk)ap|flk|£q+|flo|€q] :

k=1

DEFINITION 3. Let b; (i = 1,---,m) be locally integrable functions, 1 < g <
oo, 0t = 1 —1/q. A function a is called a central (oc,q,E) -atom (or a central (oc,q,E) -
atom of restrict type), if

(1) supp a C B = B(xo,r) (or for some r > 1),

) |lal|ze <u(B)™“,

3) Jfgalx)du(x) = [ga(x)ITicc bi(x)du(x) =0forany c € C7, 1 < j < m.
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A function f is said to belong to homogeneous HK:{ (X) (or nonhomogeneous
H KZ};]I’ (X)), if it can be written as f = ¥7__..Aja;(x) (or f=3X7 oAja;(x)), where

- -

aj is a central (a,q,b)-atom(or a central (o,q,b)-atom of restrict type) supported on
B(x0,27) and I7__,|A;|P <o (or 70 |Aj|P < o). Moreover,

11l gy = inf( Y 14177 (o inf (Y 14;17)1P),
q.b

j=—o0 Jj=0
where the infimum are taken over all the decompositions of f as above.
REMARK 1. Using atoms, Coifman and Weiss (see [5]) defined the Hardy space
HP(X) as a subspace of the dual of Lipy(X) and they proved that Lip,(X) is the dual
of H?(X). In [5], Lipy(X) was regarded as the space of functions modulo constants.

Therefore, we denote by (HP(X))* = Lipy(X)/g and  is the space of all constant
functions.

DEFINITION 4. Suppose b; (j =1,---,m) are the fixed locally integrable func-
tions on X . Let T be the singular integral operator as

TN = [ Ky)/0)dul)

where K is a locally integrable function on X x X\{(x,y)| x = y} and satisfies the
following properties:

C
D IKxY)| < Trmn gy
W) K@) S TEmamy)
(2) there exists a pg, 1 < pg < oo, such that T is bounded on L°(X) ,

x,y) — K(x,y x)—K(/,x d(v,y')°
(3) [K(x,y) = K(x,y")[ + K (y,x) — K(Y,x)| <CH(B(y7d(x’y)))d(x’y)5,

when d(x,y) > 2d(y,y’), with some § € (0,1].
The multilinear commutator of the singular integral operator is defined by

T30 = | TT0109 ~ bi0DK 0 ).
2

Note that when b; = --- = by, T is just the m order commutators. It is well
known that commutators are of great interest in harmonic analysis and have been widely
studied by many authors (see [1-4][6-7]).

Now we state our theorems as following.

THEOREM 1. Let 1< g <eo, b€ BMOX), 1 <i<m, b= (by, - ,bn),
no/(no+90) < p < 1, Then the multilinear commutator T, is bounded from Hf (X)
to LP(X).

THEOREM 2. Let 1< g <o, b€ BMOX), 1<i<m, b= (b, - bp),
O0<p<oand 1-1/g<a<1-1/q+8/ng . Then the multilinear commutator T;
is bounded from HK:{ (X) to Kg"P(X).
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3. Proof of Theorems

We begin with two preliminary lemmas.

LEMMA 1.. ([10]) Let 1 <r<oo, bj € BMO(X) for j=1,---,k and k € N.
Then

/H\ 1)~ G)sldns) < CTT s lwo

j=1

and

1/r X
( /H| i) — (b))l du(y )) <CIIjllsmo-

Jj=1

LEMMA 2. ([10]) Let 1 < q < po, then T and T; are bounded on L(X).

Proof of Theorem 1. It suffices to show that there exist a constant C > 0, such that
for every (p,b) atom a,
1Tz (@)]r < C.

Let a bea (p,b) atom supported on a ball B = B(xo,r). We write
| @ raue) = [ (7@ dut) +/ T (@) ()P du(x) = 1+11.

For 1, taking g > 1, by Holder’s inequality and the L7— boundedness of T3, we
have

/
1< (f, m@wiau) " nsy-r
Clfty(a >|\Lq~u<zB>1*P/q
C
C
C

5] Bmollal ‘LqH(B)lfp/q
18] g0 al 7= (BYP 4 (B) P/

18] 5rz0-

INCINCIN N

For 11, when m = 1, by the Holder’s inequality and the vanishing moment of atom
a, we get, for x € (2B)°,

T @] < [ 1K(x3) = Ko |o1 () = b1 0)la() )
d(x
€ e (o 0)~(01 ) 511 ) )l
79
<C (161(x) = (b1)s| + |Ib1] | Bro)w(B) =177,

d(x,x0)° u(B(xo,d(x,x0)))
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SO

8

TS gy ld()@xo)‘SH(B(xmd(x»xo)))

o
<C
2 /k+13\2k3 d(x,x0)Pd (B (xp,d(x,x0)))?

(‘bl( ) = (b1)s| +|1b1 || B3o) Pdu (x)u(B)? !
#Pd B
CZ WM(BV 1 [/2k+13|b1(x) — (by)p|Pdu(x) + |bl|§M0H(2k+lB)]

P
(bl(x)_(bl)B‘Hbl|BM0).“(B)1l/p] du(x)

< C};IZ"‘PSM(ZI‘B)‘P“(B)P*[u(zkHB)l—P (/m |b1(x) — (b 1)Bd“(x>>p
Hlo o 218)
< C X 2B (B R b g+ B o)
<l o 3 (6 -+ 120k
k=1
< C|b1]|5p0-

This finishes the proof of the case of m = 1.
When m > 1, denoting bg = ((b1)B, ", (bm)B) , where

(bs=n(B) " [ o PR, 1<i<m,
X0,"

by Holder’s inequality and the vanishing moment of a, noting that x € 2¥71B\ 2¥B, we
get

/ 1109~ 0IK e 3)al) )
s¢ / K (x,y) = K(x,%0 \H bj(x) = b; () la(y)ldu(y)
d(y,%0)°
/d)CX() S.U'(B an (X xO H| X Ha( )|d,u(y)
r6
< TP B et / 1109 b0l la)idu ().

SO
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=
VA
a
DM s

/2k+13\2k3 |T;;(a)(x)|Pdu(x)

P
w(2k+1p)i-r </2k+13\2k3 |T5(a)(x)dﬂ(x)>

Y

1—

) p</zk+13\zk3 400 A (Blrord (xx0)
V4

1b;(3) — ;) la(y)ldu (y)>du(x))

2k+1p l—prpS m . .
W(Z Z/ |(b(x) — bp)sldpu(x)

k+1p

~
Il
—

VAN
a
M

~
Il
—_

VA

X a
T

= =
== R
£

(o]

/
a
=

Mg/\

I
—
)

k j=0cecr 2

o . V4
1B0) - bB>cc|a<y>|du<y>)

k+1 m . p
CZ 7k175M2 D (/2k+lB(B(x)—bB)g|du(x))

(sz) j:()O'EC;-"
P
([ 160)~Ba)aclaty )du(y)>

p
<cyaIutn S Y ol ([ 1B0) -~ Bo)eekan) ) Bollo

Jj= 00‘€C’"

8 Q,\

/\

<c)y, 2’k1’6k1’u(2"“3)17’7#(3)%1HBHf;MO
=1

m
< CI[B|[fygp X, kP2 *pOmoki=r)
j=0

< C1p|3p0-

This completes the proof of Theorem 1. [

Proof of Theorem 2. Let f € HK ’p( ) and f(x) =X7__.Aja;(x) be the atomic
decomposition for f as in Definition 3 we write

oo

1/p
1T (N )lgar = ( Z W(B)“P||T( )mlﬂ)

o o PR
SC[ 2 M(B)“p< 2 )Lj|Tf,(aj)Xk|Lq) ]

e
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oo k=3 p1 VP
<Cl > M(B)“”< > )Lj|Tf,(aj)Xk|Lq) ]

k=—oo j=—oo

o oo PR
cl X H(B)‘”’< 2 )Lj|Tf,(aj)%k|Lq) ]
k=—co j=k—2

=J+JJ.

For JJ, by the boundedness of 7; on LY(X) and the Holder’s inequality, we have

pl/p

c[ T u(B ( A ||ﬂ<aj>xk|Lq)
[ jok—2

pql/p
A,-|ajxk|m) ]

<c| 5wy ( 3 wiue) ) | W

<C{ i HBkO‘p<,i

k=—o0 j=k—2

k=—oo j=k—2
[ooo j+2 ap1/p
RS (“(Bk) } , 0<p<i
L j=—co kffoo ‘u‘BJ)
S (5 () (8 ()Y
e L \u(B)) o \H(B)) ’
I<p<oo
r j+2 1/p
2|/1|P2A2 1’} , 0<p<l1
L j=—o0 k=—o0
¢ ! j+2 1/p
Z|,1|p ZAkjapﬂ ZAkjapﬂ)p/p] L l<p<oo
_/7700 k=—o0 k=—o0

- 1/p
C(,Z I/lj”>
jo—oo

< Cllfll e
q,b

For J, let Cp = B\Bi1, i = Xcp» bl = W(B)) ™" [, bi(x)du(x), 1 <i <m,bp, =
(b}-, e ,b’;‘). By the Holder’s inequality, the vanishing moment of atom a, the reverse
doubling condition, we get, for x € 2¢*1B\ 2B and u € B,

i () )
=1 [, K1) = ni)as)an ()

s¢ / K (x,y) — K(x,10) |61 (x) = b1 () (v) | ()
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du, g

= C/ d(x,u)dp ( y) (wd(x, u)))(|b1(x) —bi(y)])]a;j(y)ldu(y)
r,5

< R Bl Jo (1) = DIl

K
d(x,u)®u B(ud (/ |aj(y)[[b1(x b}du(y)Jr/B_a,-(y)||b1(y)—b}dy(y)>

S
y
<C . |b1(x)—b}[ajl|Lap(B;) 9+ ||ajl| o (Bj)' /4] b1 |srto
a0 R (Blu.d(r, >>>( j j )
5
<c (B} (b1 (x) — Y]+ (11 o).
TG j
then
1750wl < B0 [ (1(a) 5]+ ol )
k\DPk—1
1/q
<a (B (x) )
er w(B;)' Va=op =0 u(B )™
1/q
<[ ([ 1= elttan()) -+ oo 30
k
< C2U D0y (B ) A (B~ 9| [y || a0
< Cl|b1|1amo2Y 0 u(By) V% (By) TV,
thus
1/p
J= C[ Y uB) ( Y 1 |Tbl<a,>xk|m) ]
k=—o0 Jj=—o

p1l/p
<C|b1|BM0[ Y, wu(By) a;;( 2 |A; 20K )1—1/4—06H(Bk)—(1—1/q)> ]

k—=—oo

Jj=—o0

1/p
2 (B 2 A |P2U=R8p (B )(1 Va=apy(By)~ (11/4)17] ’

| k=—co j=—oo

[ k=3 ]
2 M(Bk)ap(Z ‘)LJ.|p2(rk)5p/2“(Bj)(lfl/qfa)Pﬂ
< Clbillsmod P77 N
x“(Bk)(ll/q)Pﬁ)
1/p

p/r
( D 282y J)(ll/qa)p’/2“(3k)(ll/q)P’/2> ] ’

Jj=—o0

I<p<oo
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1/p
[ZM!’ 221 K)8po (j=k)no(1=1/q—a)p ,0<p<l

J==e k=j+3
< Cl[billsmo [ > Mjp( D 2(j‘k)51’/22(f—k)"0(1—1/q—a)p/2)
J==e k=j+3
»/p 1/p
( > 2u —K)3p' /290~ )"0(11/406)17’/2> ] , l<p<eoo
k=j+3
& = 1/p
lz Ay 2 (j=k)no(1-1/q+8 /ng—a)p 0<p<1
J=—ee k=j+3
\ n 1 1 S/n 2
< Cl|bi]lmo [2 |/1jp< D 2(i=kno(1-1/q+8/no—0)p/ )
J=7e k=j+3
o P/ 1P
><< 2 2(j—k)"0(1—1/q+5/n0—oc)p’/2> l<p<e
k=j+3

. 1/p
< C|bl|BMO< D )L,-IP>

e

< g -
q.b1

When m > 1, let b = u(B;)~" Jp, bix)du(x), 1<i< m,EBj = (b},---,b). We have
el =1 [, »ﬁ(bi@c) ~ Bi)K (5,3)a,0)dn )

<c / H\ K () = K(x,)a;(v)|du(y)

C/ d(x,u) 5“ d(x u))) H‘(bi(x) _bi(y))Haj(y)‘d.u(y)

rd m
< P B d) Blgubl(x)—bi(y))Ha,( ldu(y)
V'S m . R
C . Y > 1(b(x) - bg,)ol

ri® o .
< Cara u(Bludte) 2,2, 0~ Polelllens



<C

C

N

SO

1T () xxllLe <

<C
<C

and

J= c[
k=—co

< C|B|BM0[

< Cl[B|lamo

< Cl[B|lamo
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)o|u(B)' 4 [boe||smo
d(x,u)‘s,u(B(u d(x,u) ;f)agém ’
Tj H( )1 Voo <
)olllboc||amo,
d(x,u)® w(B(u,d(x,u) ;%)Gg;m i

Criu(B))' Y boc | amo

1
( i d(x,u)? u(B(u,d(x,u)))

j—_°°

k=3

DI

i=0ceC

Y B ( S i a,mm)"} .

1/q
Jo|?dp(x ))

(B 4% boe| lmmor  (Be) 4 [bo | smo

16113102V =10 (By) =1 (By) 14

S ; p1l/p
2 ;,L(Bk)ocp< Z 7Lj|2(’_k)5u(Bj)l_l/q_o‘u(Bk)‘(l‘l/‘”) }
k=—0c0 j=—oo

x“(Bk)(ll/q)Pﬁ)

k=3
X( T 2Ry,

j=—o

I<p<oo

PLIES

Jj=—o k=j+3

Limw (

k=j+3

[i W(BY 3, 12,720 s

j jo—eo
0<p<l1
o k=3 .
3 w3
k=—eo i

1/p
(B )(1 1/q—a)p “(Bk)—(l—l/q)p]

k)5p/2“(3j)(171/q70¢)17/2

N-ta-a 2y -ty
(B]) nu'(Bk) )

1/p
K)épy(j— )"0(11/406)17] ,0<p<1

3 2U-R3p/2U K11 /g-a)p/2

_ p/p 1P
« ( 3 2(.fk)517'/22(.fk)"0(11/40‘)17,/2> , 1< p<oo
k=j+3
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< ClBlsmod | X 1Al
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o o 1/p
DR 2 (j=kno(1=1/q+8/no—0)p ,0<p<1
j=—ee k=j+3

oo

Y 2UKmal1-1/a+8/m-cp/2

Jj=—oo k=j+3
N p/p VP
% 2 9 (j=k)no(1-1/g+8 /ng—a)p' /2 , 1< p<oo
k=13
- 1/p

< Clbllamo | Y, 14507

Jj=—o0

< CHfHH['(O‘;P'
q,b

This completes the proof of Theorem 2. [

REMARK 2. Theorem 2 also holds for nonhomogeneous Herz-type spaces, we

omit the details.
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