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WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR
COMMUTATOR OF LITTLEWOOD-PALEY OPERATOR

CHANGHONG WU AND MENG ZHANG

(Communicated by V. D. Stepanov)

Abstract. In this paper, we prove the weighted endpoint estimates for multilinear commutator of
Littlewood-Paley operator.

1. Introduction

Let b € BMO(R") and T be the Calder6n-Zygmund operator, the commutator
[b,T] generated by b and T is defined by

[0, T](f)(x) = b(X)T(f)(x) = T (bf)(x)-

A classical result of Coifman, Rochberg and Weiss (see [4]) proved that the commutator
[b,T] is bounded on LP(R"), (1 < p < o). In [3], [6], the boundedness properties of
the commutators for the extreme values of p are obtained. In this paper, we will intro-
duce the multilinear commutator of Littlewood-Paley operator and prove the weighted
boundedness properties of the operator for the extreme cases.

First let us introduce some notations (see [2], [5], [9], [10]). In this paper, Q will
denote a cube of R" with sides parallel to the axes. For a cube Q and a function f, let
fo=10I""! Jo f(x)dx and f(Q) = [, f(x)dx, the sharp function of f is defined by

— sup— / FO) = foldy.
x€Q |Q‘ | Q|
It is well-known that (see [5])

(x) _suplnf‘Q|/ lf () — cl|dy.

x€0 ceC

Moreover, for a weight function , f is said to belongs to BMO(w) if f* € L™ (w)
and define ||f]||pmo = Hf#HLw(w), if =1, we denote BMO(®w) = BMO(R"). It has
been known that (see[11])

|16 = bakgllBmo < Ck|[bl|smo-
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DEFINITION 1. A function « is called a H l(a))-atom, if there exists a cube Q,
such that

1) suppa C Q= Q(xo,7),

2) [[al|p=(0) < ®(0)",

3) Jmalx)dx=0.
It is well known that the weighted Hardy space H'(w) has the atomic decomposition
characterization (see [2], [5]).

DEFINITION 2.

Let € > 0 and y be a fixed function satisfies the following properties:

D [w(x)dx=0,

2) Jw(x)] < C(1+ )=t

3) [wc+y) - vl < C|y| (1 [x))~+1+¢) when 2]y| < |x];

Let b = (by,---,by,) with bj € BMO(R") for 1 < j < m. Then the multilinear
commutator of Littlewood-Paley operator is defined by

B . Ldydt]'?
- [//m) DN ]

R = [ T —bi)wiy )i

When m =1, set

where

o=[[ [ Fnerte]”

F)) = [ (600 =b@)wly—2f )z
and y; (x) =t "y (x/t) for t > 0. Set F,(f)(x) = f*y;(x), we also define that

dydt]'?
_ 2
a [//m) i)l t”“} ’

which is the Littlewood-Paley operator (see [1][7-8][11]).

Let H be the Hilbert space H = {h: ||h|| = ([ fR,fl |h(y, 1) Pdydt /1112 < oo},
Then for each fixed x € R", F,(f)(x,y) may be viewed as a mapping from [0, +<) to
H . It is clear that

where

Sy(£)) = |t F (£ )| and S}, (£) () = |l B A1

Given a positive integer m and 1 < j <m, we denote by C}' the family of all ﬁmte
subsets 0 = {o(1),---,0(j)} of {1 -,m} of j different elements. For o € C7', se

¢ ={l,--,m}\ 6. For b= (by,---,by) and 6 = {5 (1),---,6(j)} € C", set by =
(bo(1), s bo(j))s bo =Dbs(1) - bg(j) and |[bs||smo = [|bs1)l|Bmo - - - ||bo( )l BMO-
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DEFINITION 3. For a non-negative weighted function @, we define the weighted
central BMO space by CMO(w), which is the space of those functions f € L;,.(R"),
such that

Fllewow) = supo(@(0.1)" [ 1)~ foloo(x)dx < =
It is well known that (see [5][11])
fllewote) = supinf((0,1) ™" [ |£(x) - clo(x)dx
r>1¢eC 0

DEFINITION 4. Let 1 < p < e and w be a non-negative weighted functions on
R". We shall call B,(w) the space of those functions f on R", such that

1 £118,(0) = Sulf[w(Q(O,r))]_l/p|\f%Q(o,r)Hm(w) <
r>

2. Theorems and Proofs

We begin with two preliminaries lemmas.

LEMMA 1. Let 1 <r <o, bj € BMO(R") for j=1,---,k and k € N. Then, we
have

‘Q|/H\b \dy<CH|\b\|BMo
and

1/r X
(QI/H iy Qrdy> < C[]Ib;llauo-

=1
LEMMA 2. Let w €Ay and 1 < p < oo. Then Sy is boundedness on LP(w).
LEMMA 3. Let w €Ay, 1 < p <o, then w)g € Ay for any cube Q.

THEOREM 1. Let @ € Ay and b= (by,---,by,) with b; € BMO(R") for 1 < j <
m. Then Sﬁ, is bounded from L”(w) to BUO(w).

Proof. Itis only to prove that there exist a constant Cp such that

57 s SN~ Colowds < Ul -
Let w € Ay, for a cube Q, O = Q(xp,r), we decompose f into f = f; + f, with
fi="rxo f2=fxwm0)-
When m = 1, set (b1)g = 10| ™" [, b1(y)dy, we have

E () (x,5) = (b1(0) = (b)) B () (0) = F (b1 = (1)) 1) () = F (b1 = (b1)0) 2) (v),



324 C. WU AND M. ZHANG

SO
ISy (1) () = sy (((B1)o = b1) f2) (x0)|
= |l B ) e = 2 B (B1)o — b)) (0)]]

(
e B () (6:3) = 2y B (B1)o = b1) £2) ()]
[2r (o (b1 (x) = (b)) B (F) I+ [ 2r o B ((B1) g — b1) fr) )]
+l2r e F (b1 = (b1)0).f2) (¥) = Xrxg) F (b1 = (1) @) 2) W) |
= A(x) +B(x) + C(x).

For A(x), since w € A, where o satisfies the reverse of Holder’s inequality (see[10]):

(é/gw(x)%’x)l/qg é/gw(x)dx

forsome 1 <g<e.Let 1/p+1/p'=1, 1/q+1/¢ =1, by the Holder’s and reverse
of Holder’s inequality, we have

1
o) / A ()| (x)dx

- /\bl — (b1)olISy () (x)|o(x)dx

<
<

0(0)
< aigr (1160~ G0 o >dx)w ([ sviroma)”
g (frairm] ()

N

C 1/p 1/p
w—(/ 1)~ @0l o) 1o ( [ o))

1/p'

1/qd 1/q
< —— o Q l(/ ‘bl bl Q|qux> (/w qu> ‘| HfHLm(w)w(Q)l/p

, 1/qp'
< co(Q)""101"" b lswo (@ / w<x>qu) 1)
< Cllbillasollf (o

For B(x), taking p > 1, by the L?(w)-boundedness of Sy, and the Holder’s inequality,
we have

1
@) , Bl

1
= 210 | S (1= Bl ) B0

1/p
< (@ | 5wt —(bl)Q)fl)(y)”w(x)dx>
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)P (/R [(b1(x) — (b1)o) fi (y)|”w(x)dx> v
scole Up[(/ b1 (x ”qu)l/q (/ 1FO) P (x qu>1/q] Up
< Co(Q)'r (/an(x) (b1)o|P? dx)l/pq ( WP (x) qu)l/pq
(e
)

» 1/pqd 1/pq
7 (110~ (ol a) wrax) Wl
1/p

< Co(Q) 71017 b1 3uol ] /7 (01(—? A1l

< ClIb11smol f1|1= (@)
For C(x), we have

C(x) = |Ixr Fr (b1 — (b1)0) 2)(¥) = Xr(xo) Fr (b1 = (b1)0) f2) )|

2 avar ]
y
[ ( L Vs =200 116) = Gl 27 ) ,T]
t1 " dydt
c/ bi(2) - (b1)
\ 1 1 QHf b y‘<t t_|_|y_z‘)2n+2
// t'"dydt 1/2d
Z
o<t (£ + [y — 2)2+2

1
(t+|x+y—z|)2n+2)

<c [ @ -ooliral(f |
[t rty—z|<t

1 dydz)1/2
(t+|xo+y—z|)2n+42)| !

_ 1/2
/ 1b1(z) — (b1)ol|£(2) (// x — xolt! =" dydt) / i
i<t xty—zl<e (E+ [x+y—z[)?n+3

note that 2/ + |x+y—z| > 2t + |x —z| — |y| = t + |x — 2| when |y| <t and

* tdt
- :wa_Z —2}’1—1’
/0 (t+ |x—z])2n+3 =2l

then, for x € Q,
22143 vyl " dvdt 1/2
9 < [ @ ool ([ [ Fb IR e
v<r (2t +2)x+y—z|)2

1/2

t'"dydt
<c [ )= 1/2 // d
|, 101 = Gl @lie—xo ( s @
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- d 1/2
<c [ @ -olr@lk-n ([ ) e

t+]x—z]
o —x['/2
<c [ - <b1>Q|\f<z>|de
o —x|'/2
< cz / g 10~ Ol QI

<C Z 2 K2kt gt /WQ 1b1(2) = (b1)ol|f (2)ldz

<C), k~2_k/2||b1||BM0||fHL°°(w)
=1
< Cllbillsmol| f1 = (w)

thus |
(@) J, €l < Clipillsuollf (o)

When m > 1, forany by = ((b1)g, -, (bm)o) € R", where
(bo=lo1™ [ b0l 1<j<m

we have

= (b1() = (1)) -+~ (bn(x) ~ (b)) (1) )
ARG~ G0) -+ (o= G D)
+21 Y (1" (Bx) ~bo)o | (b(2) ~bo)rvi(y ~f (2)dz
J ceC’”

= (b1(x) = (b1)g) -+ (
+(=1)"F((b1 — (b1)g) -~

)+ (b — (b)) /1) (¥)
+H(=1)"F (b1 — (b1)0) -+~ (bm — (b)) 2) ()
m—1
+ Y X (1" (b(x) — bo)oFi((b—bg)ae ) (x,y),
Jj= 10'€C

thus

185, (£)(x) = Sy (((br)g — 1)+~ ((bm)o — bm) f2) (x0)|

)
2 B () (3) = Ary B (B1)g = b1) -+ (bm)o — bu) £2) )
|20 (b1 (x) = (B1) @) -+ (bm(x) = (b)) 2 (/) ()]
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+2 Y ar () = bo)oFi (b —bo)oe f) (x.y)l]

Jj= IO'EC’”
e Fe (b1 = (B1)) - (b — (b)) /1) W)
HxrwF (b1 = (b1)g) -+ (b — (bm) (
—Xr(o) Fr (b1 = (1) @) - (b — (bm) 0) £2) )|
=11 (x) + L(x) + (x) + L(x).

For I;(x), same as m = 1. Forsome 1 < g <eo, let 1/q1+1/qo+---+1/qu+1/q=
1, 1/p+1/p’ =1, by the Holder’s and reverse of Holder’s inequality, we get

—— | |
0(Q) o'

C I/P
<o ( [ 101) = 01)0)-+- () ~ )l w(x)dx)
1/
x ( / ISw(f)(X)I”w(x)dx) ’
1/p
< oy (1160 = G0l 00~ (ol was) 71

N

1/q
m”fHLM(w l/p [(/ |b1(x) — (b1 Q|pq1dx>

1/qm 1/‘1
(/ (%) |p‘1’”dx> (/w qu>
(@)
C

1 1/p'q
171l (@) 710100 ol 0] 7 (15 [ oty

<
w(0)
< Cl[B]|amol|f 1|1 ()@ (@) /P /P QP IV a1 ant1/g=1]

< ClIBlsuollf] = @)

For L(x), by the Holder’s and reverse of Holder’s inequality, we have

v / L) 0(x)ds

m 1
1 o( /| oISy (B —Dg)oe f) (x) |0 (x)dx
Jj= GEC’"
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m—1 . . , 1/p
<3 3 (g f B0 -Folel" oas)

For K|, by the Holder’s inequality, we have

~1/p [(/ |(b(x)—b de)w (/ w(x)qu)l/q] v
0
iy </ bQ pqu)l/Pq [(/w qu)l/q] 1/p'

/ /1= ! 1 l/pq
< Co(Q) V7 |VP9 b lpmol Q)P (@/Qw(x)qu)

Co(Q)~ VP QVP I+ VP a=1Y ()| | || aro

For K,, we have

i ( / |(B(x) ~Bo)ae f (x),,w(x)dx>1/ﬂ

. 1/pqd 1/pq
<co@ 7 ( [ 166 boorPlax) ([ rlroras)
(@)

~ A 1 1/pq
< Co(Q) |01 |[bocl ol Q)P (@ / w(x)qu) 11l @)

. 1/p
< Co(Q) 71017\ Boc lauo (%(f)) 1llm0)

< CHEUFHBMOHfHLm(w)

SO

m—1

/|12 No@dx<CY, > [bollamollbocllayol | £ll=(w) < CIIB|srol | f]|1=(w)
j= IGEC’"



‘WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR COMMUTATOR 329

For I3(x), taking p > 1, by the L?(w)-boundedness of Sy, and the Holder’s inequality,

we have
a@) Jy B Wlow
= w(lg | 1Su((b1 = (B1)o) - (b~ (bw)o) ) (0 (e
<C(w [ ISu((br <b1>Q>---<bm—<bm>Q>f1><x>|pw<x>dx)””

< CoQ) ([ (B1(3) = (br)o)-+ (b(x) - (bu)o) )P0 1))
Lo\ Vrd
Co(Q) " ( 1016 = G0)0)-+ b (3) - o) dx)

«( [ o) s

1/pq
< o) 710l M Blamol0 ™ (157 [ 0%ax) il

. 1/p 1/p
< cllllamo (225) " (52) " Wl

< Cl18]|zmol |/ |lz=()

For I4(x), we have

L4(x) = |[xrFi (b1 = (b1)@) -+ (bm — (bm)) f2) ()
=Xy Fi (b1 = (b1)@) -+ (b = (bm)0) f2) ()|

[//RM (/ | 20() = 21 (o) | lH|b bj)ol

similar to the proof of C(x) in Case m = 1, we have

1/2
dyd
w31/ (= >|d> tnﬁf) ,

9 <€ [ o= Pha 20+ [ )| @ldz
o =1
¢ 2 / A gw,@ = (0;)0)|If(2)ldz
—k/217k+1 -1 <
SC}Z,IZ 21| /MQ 1:[ ) 1f(2)ldz

< ClIBllamo X K™ 2752\ ] 1 (@)
k=1

< €115 zmol | £1]()-
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SO
1 —
@/Q\L;(x)lw(x)dx < ClIB|lmol £l (o)

This completes the proof of Theorem 1. [

THEOREM 2. Let @ €Ay, and b= (by,---,by) with bj € BMO(R") for 1 < j <
m. If for any H'(w)-atom a supported on certain cube Q and u € Q, there is

5, [, 10600l (// JRCORTSR >z2w<y—u>2dy‘”>1/2
20y o c g 4 L

o(x)dx < C.

Jj= 10'€C'"

then S%, is bounded from H'(w) to L' ().

Proof. Let a be an atom supported in some cube Q, since a is bounded and with
compact support, when m = 1, let u € Q, we write

/\Sh' (x)|o(x) dx—/ |Sb1 X)|o(x dx+/ | (x)dx.

We have
by
L, S8 @l

< €ISy (@) ()| = () - ©(20)
< C|b1|[smollal|i=(w) - ©(Q)
< C||b1||Bmo-

For F'(a)(x,y), we have

F (@) (x,y)| =

/Wt — Da(@)bi(x dz—/lllty 2a(@)bi(2)dz
< | [ = 2a@100 - )01z

+| [ 00=2)= wls ~ @) 01 - (gl
Q

/ / /
= V1+V2+V3,
SO

Sy (@ ®) = llxrw A (@) ()]

< // |v’\2dydt 1/2+ // |v’\2dydt 1/2+ // |v’\2dydt v
= o) T () 21 "t () 30 Tt

=A'(x)+B'(x) +C'(x).




‘WEIGHTED ENDPOINT ESTIMATES FOR MULTILINEAR COMMUTATOR 331

For A’(x), we have

(/1.

= Sy(a)(x)[b1(x) = (b1)ol-

For B'(x), we have
-(/1 )
-\ e s
(/ Lo %W(Z)Hb@—(bl)QIdz)zcjfff)l/z
(// t—l—)t/l_}:rydzﬂﬂ )1/2 (/ la(z)||u—z|*|b1(z) — (bl)de>

1-n92(n+l+e)
// (21 42|y — u|)2(n+1+¢€) dydt /‘”_Z| |a(2)||b1(z) — (b1)oldz.

Notice that 27+ |y —u| > 2t + |u — x| — |[x —y| >t + |u — x| when |x —y| <7, and it is
easy to calculate that

= tdt _ “2(nte)
/0 (t+ |x — u| )20+ 15e) =Clx—ul :

2 ayar )’
y
th) |b1(x) — (b1)ol

(y—2)a(z)dz

/Q (Wi (v —2) — wi(y — w))al2) (b1 () — (b1)g)dz

then, we deduce

t!="dydt
/
X)<C<//F(x (t+ | — u‘ n+1+£) /|u z|°la(z ||b z) — (b1)gldz

C(/Ow 1+ | tu| n+1+e>1/2/’4—7| |a(2)[[b1(z) — (b1)oldz

< Cle—ul~+9) g/ /Q la(2) b1 (2) — (b1)oldz

—(n+8)|Q|l+£/n

< Cl|b1|Bmolx — ul llal|z=(w)

For A’(x), taking some 1 < p <o, and 1/p+1/p’ =1, and noting ® € A;, we get

w‘gz‘) w‘ﬁ;!) < C for all cubes By,B; with By C By. Thus by the Holder’s and reverse of

Holder’ inequality, we obtain

o A 00
(20)¢

= [ 15 (b1>Q|(//m)\/Qm(y—z)—w(y—u))a(z)dz

2 1/2
dydt
ﬂ’T) a)(x)dx
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gc/ |b1(x)—(b1)Q|</: — z;z _— )1/2 (/ u—2z[%|a(z) |dz> @(x)dx

<c/ Jb1(x) — (1)gllx — 1]~y w/m 2|fla(2)|dz

<C [ i@ = Grolb—ul = ot [0 al - o
(n+e) . 1+¢€/n .
<ck§ /QMQ\%le() (b1)gllx— 1|~ ()dx- 101"/ lal (o

< CZ 24|~ e/ g el /zkglln(x) — (br)olo(x)dx-||a||=(w)
k=2

O ke a1 ' U s ) 1/p
<€ 327I00(0 (sz| [ 1)~ G0l dx) <2k—Q| [ ot dx)

oo k
Z‘z 61810 20| ©(0)

< C||b1||Bmos
and
B'(x)ow(x)dx
(20)¢
< ClIb1llsmol @1/ al 1o /( ]~ (x)dx
< Cllb1[smol Q1" al |1 2 \x—ul*”*“w(x)dx
< C||bi1||Bmo-

From that we know, if

[, €0 / (//

2

12
/ —(b1)g)a(z)dz |Wt(y_”)|2f3}flt>

then

Aﬁ%@@m@wgc

L Ish@mlowar = [ Isj@@lowdrs [ s @@t

=I1+1I.

When m > 1, we have
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For I, by the boundedness of Sﬁ, and the Holder’s inequality, we have

1< CJISh (@) )| 1=(w) - ©(20)

<C
< Cl[Bllsmollal|r= (@) - @(Q)
<C

18| |5a0-

For 11, we first calculate Fj’(a)(x, y),

| (a)(x,y)] =

[ 110409~ byt —atas
Q=1

<

,ﬁ[ f(x)—(b./’)Q)/Qllfz(Y—z)a(z)dz

&
1
m
+2 2
j=1 ceC;”
m
+2 2
j=lceC;”
=V +Va+V3,

(B(x) — bo)or /Q (Wi (v —2) — Wiy — ) (B(z) — bo)oa(z)dz

(B(x) — Bo)oe /Q v (v —u)(B(2) — bo)oa(z)dz

SO

$h(a)(x) = |20 P (@) (x.y)]|

<// v 1|27nyf1t> (// v 2|2fnyff) (// v 32%11;)1/2

= A(x) + B(x) +C(x).

For A(x), we have

x>=<//”f[|b,,»<x> DoPl [ wiy—2)a |2f3ff>1/2

= Hlb Jo|Sy(a)(x).

For B(x), by the Holder’s inequality, we have
= [ [ |Z T Bw-boer [ (wO-2-wl-u)
L) |j=1oecy 0

) 1/2
- - dydt
% (b(z)~bo)sa(2)dz ty—)




334 C. WU AND M. ZHANG

<cf 5 1b0-sorel(f [, ([,

S 2 dydt\ '/?
x\(b(z)—b@cua(zndz) o)

8 3 00000 (1 i)
Sioecy oo (r+ [y — w20 1)
x /Q ju—z[fla(2)[|(B(z) — bo)oldz

tl n22 n+l+8) 1/2
CZ 2 bQ oc| // 2t+2|y—u\) n+l+£)dydt

Jj= 10'€Cm
x /Q u—z[fla(2)[|(B(z) — bo)odz.

similar to the proof of B'(x) in Case m = 1, we obtain

<CZ 2 B bQ)G”Hx ul” n+8)‘Q|1+E/n‘|aHL°°(w)HEGHBMO~

Jj= lo‘EC_’”
SO
0y .A(x)w(x)dx
< g, T~ G)ollSy@Wlowin
T dydt
<c/(2Q)CJl'II|b,-<x> Q|<// (/w S —u)|a()|dz) th)
X 0 (x)dx

T b > tdt 1/2
<c ) — (b
A2Q)¢' 11:[1 | j(x) ( j)Q| (/O (t n |x _ u)2(n+1+£))

x (/ |u—z|£|a(z)|dz> o (x)dx

<cf H|b bi)ol - bx—ul~ " ar(wdx- |0/ fall (o)

<cy prof e [ H|b b))l (- allz-a
k=2

< Clblmo T 2 L5 k. ook
k=2

< Clbllsmo,
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and

/( o B0

< Clibsllsuol@l " lalli= [, fe—ud )Y, 3 [(B3) ~Bo)orlo(x)ax

j=1 cfeC’T7

< Clfellmolol el 3 5, 3 [ )

j=loeCmk=1 k+1Q\2kQ

% (B(x) ~ Bo) el (x)dx

m

<CY X Ilbollmolel ™ llallimw) X, QI [ |(Bx) ~ boarlo(x)ax

j=loecy = 2kQ
- w(2*0) 10| & &
< C||bllBmo —= ) k27
240 w(Q);Z‘z
< C[8||smo-
so, if
/ Cx) o (x)dx
(ZQ)C
CZ / ~bg)ec]
j= lO'ECm

<// |/ —bg)salz )dZ|2|Wt(y—u)|2f3}ff)1/2w(x)dx

then

[ Ish@@lowdr<c.
This completes the proof of Theorem 2. [
REMARK. S}, is bounded from H'(®) to weak L'(w) (see[7]).

THEOREM 3. Let 1 < p <o, ® € Ay and b= (by,---,by) with b; € BMUO(R")
for 1 < j<m. Then Sh is bounded from B,(w) to CMO(w).

Proof. Itis only to prove that there exist constant Cp, such that

57 o IS0 = Cola)d < €1l

holds for any cube Q = Q(0,r) with r > 1. Fixacube Q = Q(0,r) with r> 1. Set f; =
fXos o= fxrng and bo = ((b1)g,+, (bm)o) ER", where (b;)o=0|~" [, |b;(y)|dy,
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1 < j < m, we have

() = [ [ (b1() — b1(2))
J

thus
1S5,0F) () — Sy (((Br)g —b1)

)
< e E () (603) = Ze) B (010 = b1) -+ ((Bm)g — ) £2) )]
< | 2r (b1(x) = (b1)@) -+ (bm(x) = (bm) @) E: (/) ()]

+2 Y 0 ((x) =bo)oFi (b —bo)oe f) (x.y)l]

Jj= IO'ECJ

+xre F (b1 — (b1)g) -+ (b —
+||xF VEr((b1 = (1)) -+~ (b — (b)) £2)(¥) — Xr(x) Fr (b1 — (b1) )

(b — (bm) o) 2) W)
_11( Y+ D(x) + B(x) + I (x).

For I;(x), we have

1
o) / 11 ()| (x)dx

/ 1/p
< gy (1010 = @1)0) -+ (a0) ~ (o) o))

(

C
< ——

Q

1/p
ISy x)|pw(x)dx>

/ 1/p
<|(bl(x) —(b1)g)+* (bm(x) — (bm)Q)|plq/dx> 1/q </Qw(x)qu> I/Q] p
1/p
[ rlrota)
C

il |b||BMo|Q|1/M(

< ClIBlsrow(Q) 7| £ x0l1 7 ()
< C||Z||BM0Hf||B,,(w)

X

¢Q\

i

~

X

(9

1/p'
I 20ll2r
0] ) el (@)
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For L (x), taking 1 <s,s" <oo, and 1/s+1/s' =1, we have

1
@ / ()]0 (x)dx
< chw 7 1B~ Bo)elISy (B ~Bo)oe (W ()
— . . , 1/s
<c§ P (@ 1) ~B)ol o

1 7z 7 s 1
< (M | I5w(6-Bo)ox )0 w(x)dx)

m—1
=CY > KK.

j=1 O'GC;"
For Ki, by the Holder’s inequality, we have

Ki < Co(0) [( 160 -0l ) " ([ otorax) ! ]

1/s

B 1/5¢ 1/q 1/s'
< Co(0)" (/ (B) — (B)g )|“1dx) [(/ w(x)qu) 1
o
J g1 / (D(Q) l/s -
< colQy 10 00 (S o
< CHBO'HBM0~
For K,, taking 1 <,/ <oo, and 1/¢t+1/t' =1, we have
. 1/s
01 ( [ 16) ~Boloe )P w1ax
1/s

< Co(Q) ' [(/Q(Z,’(x) _ZQ)GES’dx>1/r </Q|f(x)"sw(x)’,dx>l/r’]

. , 1/r's
< Co(Q)™ 101" Boe lano ( / @ o) dx)
1/7'st
< co(@) 10l e lwo ( [ 110 0tiax) ([ as)
Q

. 1/p (p—s)/pas
< Co(Q) V101V |[Bor o ( / If(x)”w(X)dx> ( / w(x)qu)

Ca(Q)™?|boe|smol | fx0lr(0)

<
< Cllboe||ayol 1 £113, (@)

1/7st’



338 C. WU AND M. ZHANG

SO

1 -
i) J, N0 < ClBllavol o

For I3(x), we have

1
;mjémwwww

! E 1/s
< C(@/Rn|Su/((b1_(bl)Q)~..(bm—(bm)Q)fl)(xM w(x)dx)

/s
< Co(Q)' (/Q |(b1(x) = (b1)g) -+ (bm(x) — (bm)Q)f(x)|“‘w(x)dx)

Ca(0)V7(1BlIsmol | f %01 (w)
CHBHBMO”fHBp(w)

For I4(x), we have

<
<

5 1/2
dydt
/@H<gm~ Rl CER OIS Mﬂnﬁ>ﬂﬂ
- e ~(n1/2)) 5
<C§$M@wm>ﬂ Ixo - 1616~ (ol
© H—k/2|nk+1 A~ A
<Cy 2t QIAMQU — (b)0)|If R)ldz

< ClIB|Ismol | £, (w) 2 K2 km/2
i=1

< C||5||BM0|\f||B,,(w)

SO

1 —
0(0) /Q|I4(x)|w(x)dx < C11]|smol|f15, ()

This completes the proof of Theorem 3. [
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