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NECESSARY AND SUFFICIENT CONDITIONS FOR THE BOUNDEDNESS
OF THE RIESZ POTENTIAL IN MODIFIED MORREY SPACES

VAGIF S. GULIYEV, JAVANSHIR J. HASANOV AND YUSUF ZEREN

(Communicated by A. Kufner)

Abstract. We prove that the fractional maximal operator M, and the Riesz potential operator
Iy, 0 < a < n are bounded from the modified Morrey space L; ; (R") to the weak modified
Morrey space quj (R") if and only if, o/n <1—1/g < o/(n—A) and from Zp,l (R") to
L,;(R") ifand only if, ot/n < 1/p—1/q < a/(n—2).

As applications, we establish the boundedness of some Schodinger type operators on mod-
ified Morrey spaces related to certain nonnegative potentials belonging to the reverse Holder
class. As an another application, we prove the boundedness of various operators on modified
Morrey spaces which are estimated by Riesz potentials.

Introduction

For x € R" and 7 > 0, let B(x,t) denote the open ball centered at x of radius ¢
c
and B(x,1) =R"\ B(x,t).
One of the most important variants of the Hardy-Littlewood maximal function is
the so-called fractional maximal function defined by the formula

Maf () = sup|B(r.)| 5" | | ()lay, 0< o<,
>0 B(x;t)

Xt

where |B(x,?)| is the Lebesgue measure of the ball B(x,?).

The fractional maximal function M f coincides for o = 0 with the Hardy-Little-
wood maximal function Mf = Myf and is intimately related to the Riesz potential
operator

_ [ _fWdy
Iaf(x)—/Rn oy O<o<n

(see, for example, [1] and [23]).
The operators My and I, play important role in real and harmonic analysis (see,
for example [26, 29, 34, 35]).
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In the theory of partial differential equations, together with weighted L, ,,(R")
spaces, Morrey spaces L, ; (R") play an important role. Morrey spaces were intro-
duced by C. B. Morrey in 1938 in connection with certain problems in elliptic partial
differential equations and calculus of variations (see [24]). Later, Morrey spaces found
important applications to Navier-Stokes ([21], [37]) and Schrédinger ([25], [27], [28],
[31], [32]) equations, elliptic problems with discontinuous coefficients ([7], [13]), and
potential theory ([1], [2]). An exposition of the Morrey spaces can be found in the book
[16].

DEFINITION 1. Let 1 < p <o, 0 <A <n, [t]; = min{l,#}. We denote by
L, 5 (R") the Morrey space, and by L, ; (R") the modified Morrey space, as the set of
locally integrable functions f(x), x € R”, with the finite norms

1/p
_ —?t/ P
= su t d ,
I, xeRng>0( [ o) y)

1/p
fliz,, = su (r—*/ iy de)
| HLM xeR",It)>O Hl B(x7t)‘ Ol

respectively.

Note that B
Lpo(R") =L,o(R") =L,(R"),

L, (R") Co Ly (R")NLy(R") and max{||fllz, ;I fllz,} < ||szM

and if A <0 or A >n, then L, (R") = Zp’,l(R") = ©, where O is the set of all
functions equivalent to 0 on R”.

DEFINITION 2. [5,9,10, 11] Let 1 < p <,0 <A <n. Wedenoteby WL, ; (R")
the weak Morrey space and by szu 2 (R™) the modified weak Morrey space as the set
of locally integrable functions f(x), x € R" with finite norms

_ 1/p
Iflwe,, =supr sup (7 [{y € Blra): [f0) > r})
’ r>0 xeR" >0

£z, =suor sup (7 Iy Be): 17001 > r))

r>0 xeR* >0

respectively.
Note that
WL,(R") = WL, (R") = WL, (R"),
Lpa(R") C WL, (R") and [ flly, , < Ifll,,
Lpa(R) WL 2 (RY) and |l < Il -
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The classical result by Hardy-Littlewood-Sobolev states that if 1 < p < g < oo,
then I, is bounded from L,(R") to L,(R") if and only if @ =n (}—) - é) and for
p=1<g<eo, Iy is bounded from L (R") to WL,(R") if and only if oz = n (1 - 5) .
D. R. Adams [1] studied the boundedness of the Riesz potential in Morrey spaces and
proved the follows statement

THEOREM A. Let 0<a<nand 0< A <n—a, 1 <p< "2t

1)If 1 < p < "% then condition % — d

= Ll] = =7 is necessary and sufficient for the
boundedness of the operator Iy, from L, 5 (R") to L, 5 (R").
2)If p=1, then condition 1 — Ll] = % is necessary and sufficient for the bound-

edness of the operator Iy, from Ly 5 (R") to WL, ; (R").

If c =2 —2 then A =0 and the statement of Theorem A reduces to the afore-
mentioned result by Hardy-Littlewood-Sobolev.
Recall that, for 0 < o < n,

Mof(x) <vi L (1f]) (%), (1)

hence Theorem A also implies the boundedness of the fractional maximal operator My,
where v, is the volume of the unit ball in R”. F. Chiarenza and M. Frasca [8] proved
that the maximal operator M is also bounded from L, 3 to L, ; forall 1 < p < and
0<A<n.

In this paper we study the fractional maximal integral and the Riesz potential in
the modified Morrey space. In the case p =1 we prove that the operator [, is bounded
from ZM(R”) to WZ%;L(R”) if and only if, a/n < 1—-1/g< a/(n—A). In the
case 1 < p < (n—A)/a we prove that the operator I, is bounded from Zp7 2 (R™) to
Z%;L(R”) ifand only if, a/n < 1/p—1/g<o/(n—1).

The structure of the paper is as follows. In section 1 the boundedness of the max-
imal operator in modified Morrey space Zm . 1s proved. The main result of the paper
is the Hardy-Littlewood-Sobolev inequality in modified Morrey space for the Riesz po-
tential, established in section 2. In section 3 by using the (Lzu }qu,)L) boundedness
of the fractional maximal operators we establish the boundedness of some Schodinger
type operators on modified Morrey spaces related to certain nonnegative potentials be-
longing to the reverse Holder class. In section 4 we give some applications of the results
obtained in section 2 to certain operators which are majorized by the Riesz potential.

1. Zp.’ 5, -boundedness of the maximal operator
In this section we study the Zp7 ,, -boundedness of the maximal operator M.

THEOREM 1. 1. If f € Ly ; (R"), 0< A < n, then Mf € WL, ; (R") and

IMfllwz,, <CrallAlz,
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where C 5 depends only on A and n.
2 I fELH(RY), 1 <p<oo,0<A<n,then Mf € L,;(R") and

Mfllz , <Cpallflz, -

where C,, ; depends only on p,A and n.

Proof. By the Fefferman-Stein inequality
/,1 (Mf(y)"g(y)dy < Ci /R [f)IPMg(y)dy
valid for all non-negative functions g € Lll""(R") (see [15]), we get
L @) dy= [ (M) 2 ()
B(x,t)
<Cr [ 1FO)P Mty )y

As is known (see, [5], Lemma 2, p. 160), for all # > 0 and x,y € R"

() <t ()
ey tr) STRBOWIS TR )

Therefore, we have the following inequalities

| ar)yay
B(x,t)

"\ f(y)|Pdy
< / )Pdy+ /
<B | Y 2 B(x,27t1)\B(x,27t) (|x y|+l>
oo 2j+1t]/1
< ([th A+ W, 3
logy %] o N1/
(2/1;1 2 24-miy 3 2*"J> p,0<t<%,

<G| fI% ) 1t + j=[it;gz ¥+
Ps < E 2—nj> P’ 1‘2
=0

Sl

(CtM—Ct")l/p 0<r<]
A 2 3 ) bRl
<G ||f||£ R [t]7 + p ) 2
" G 123

Gl LA . O
4 [t]7 ||fHLM
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2. Hardy-Littlewood-Sobolev inequality in modified Morrey spaces

The following Hardy-Littlewood-Sobolev inequality in modified Morrey spaces is

valid.

THEOREM 2. Let 0< o <n, 0SA<n—aand 1 <p< "t
Difi<p & <11 s necessary and sufficient

for the boundedness of the operator Iy, from Ly, ; (R") to Z% 2 (R™).
2)Ifp=1< ";’1 , then condition % < —é < % is necessary and sufficient
for the boundedness of the operator I, from Zl, 2 (R") to WZ% 2 (R™).

RYand 1 <p<

?"t:
<

Proof. 1) Sufficiency. Let 0 < x<n,0<A <n-—«, fEZpJL(

I f(x) (/ e +/ ) V)| —y|*"dy = A(x,1) + C(x,1).

For A(x,t) we have

Awol< [ 170)

) / dy.
<X @) B(x2 I+ 1)\B(x.2- 1) £l

=1

x —y[*"dy

~.

Hence on
A(x,1)| < Cst"Mf(x) with Cs= 2V" - 2)
-

In the second integral by the Holder’s inequality we have

1/p
|C(x,1)| < </CB ) x—y‘ﬁlf(y)”dy)
1/p
(o bty )
“Bxr)

Let A <8 <n—op. For J; we get

1/
) b=y Pay)

oo

Ji =
! <J'Z()/B(x72j+ll )\B(x,2/1)

_B 1/p
<ol (2P
A

llog, ] o N1/
<27L tl 22 Z(A B) 2 2*BJ> 17’ O0<t< %,
j=0 ogy 4] +1
/p

B
Az
P Ly ( 2 5 BJ) >

=
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1/p
by, | (Gt o) o<y,
- L)A

A C71/17’ ZZ%
1 ;ﬁ 1
(Co+Cr)rt 7 ,0<1t< 5,
:”fHZp/1 L g |
’ Crt v, 123

|
=Gl2){ 7 1,

B 2B
where Cg = #, C; = % and

1

A
2P (Cr+Cy)r, 0<t < L,
1

cl, t>1

Cs =

For J, we obtain

J2 _ (/ dé /wrn—1+(€+oc—n>p/dr)
sn—1 t

From (3) and (4) we have

= -

n

B
= Cot P 7% W.

——>

w0l <Gl 5 Il -

Thus
T
o f(x)] < C1y (t“Mf(x)Jr[t}ft ’ IIsz>
. —n —n=h
gCnmln{tO‘Mf(x)—Ha P ||fHZp‘A,tO‘Mf(x)—|—ta p HfHZM}’

Minimizing with respect to ¢, at

t>0.

B /(n=2)
t= {(Mf(x)) IHf“ZM]p
and /
p/n
= [0arG) I
we have
1- 2% =5
) (Miw) T (Mie) )T
Inf(x)| <C 7 "
| f(x)l 11 min <f||zpﬂ> (fZM> Hf”LpJL
Then

faf (3] < Cor ()" £} 7.

3)

“4)

(&)
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Hence, by Theorem 1, we have

q-r »
/B(m Haf W dy < Crz III7 7 /B oy IOy

P
< Gl I

which implies that I, is bounded from Zm 2 (R") to Z% 2 (R™).

Necessity. Let 1 <p <"™%, f€ ZNL (R") and I, bounded from Zwl (R™) to
L, (R™).

Define f;(x) =: f(rx), [t]i + = max{1,7}. Then

. 1/p
I, = s (117 [, 150 a)

r>0,xcR"

5 1/p
s (1% [ 10y )
x€RM, >0 B(x,tr)

n [1r]y Alp y) p
=t rsup (—) sup ([tr]1 / |f(y)|”dy)
r>0 [}"] 1 r>0,xeR" B(x;tr)

n A
- u
=i 7 [t]ll,-t,- ”szlM )

=1

<=

and

Lofi(x) =1 1o f (1),

1/q
sl = s (0% [ raseltay)

x€R™ r>0

n Ala 1/q
% asup (ﬂ) sup <[tr]17t/ IIaf(y)quy)
r>0 [r]l r>0,xeR” B(tx,tr)

A
—o—n -
——— q[l]f,+||laf||ZM'

By the boundedness of 1, from Zp7 2 (R™) to Zq, 2 (R™)
A

+2 07y
lafllz,, =5 11,7 afillz,,

A
]
< A,
o+2-1 Lt
i u
SCpgat 77 [1]1’& ! Hf”ZM?

where C, , ; depends only on p.q,A and n.
If % < 54—%, then in the case r — 0 we have ||l f||; , =0 forall f €Ly, (R").
" :
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As well as if % > %I—f— —&-, then at ¢ — e we obtain ”I"‘f”% =0 forall fe

Lp’,l(R").
o 1 1 o
Therefore RIS 57 <3S

n
2) Sufficiency. Let f € Zl., 2 (R™). We have

Hy € B(x,1) : [Inf(y)| >2B} < |{y € B(x,1) : |A(y,1)| > B}
+H{y€Bx,t) : [C(yt)| > B}.

Then
Clyt)= / ey
(y ) 12:‘6 B(Y72j+lt)\3(y72j[) |f(Z)Hy Z| z

<t Sl X 2T R
i

5 [logy 4] y ) o )
PN VA D A R AN R
=g,y j=logs 4144
' 2 Zi(nia)ja 14 2
j=0
:ta,n”fHN C14IA+C15I"7(X, 0<t< %,
Lia Cis, >
Ato— 1
— ||f||~ (Cl4+C15)t to n? 0<t <1 2
Lia Cyst*™", 123

=Cisl2e)t 17" £z, -

n—a 2(n—a)

2 2
where Cj4 = oy Cis= a1 and

Cie — 27}”(C14+C15), 0<t< %,
o Cis, t>1

Taking into account inequality (2) and Theorem 2, we have

‘{yEB(x,l) . \A(y,t)| >ﬁ}| < HyEB(x,t) : Mf(}’) > Csﬁtoc}‘

Ciqt®
< 17

S B

A, -

where C17 = Cs-C;; and thus if Cy6[2¢]} %" Hf“ZM = B, then [C(y,)]
consequently, |[{y € B(x,t) : |C(y,t)| > B}|=0.

1
<7,

Sl

< B and
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Then
[y €B(x1) : af()] > 2B} < #[]’L Iz,
< Cigl]? (%) o L if2r < 1
and
[y € B(x.t) : [Iaf()] > 2B} < #H%t“ I1lz, ,

f
< Ciol)t (” ﬁL”> Jif2r > 1,

where Cig =Ci7-Cjs”* ™ and Cj9 = Cy7-C*
Finally we have

T =l
[y € Ble) : af ()] > 2B}] < Caoltl} min > .

B B

1 q
<calit (511, )
where Cy9 = max{Cig,Cjg}.

Necessity. Let Iy is bounded from Zl., 2 (R™) to qu’ 2 (R™). We have

l/q
HI f || ~ = Sup 7 Sup ([F] -A / )
aJtlly L“) ~0 XER",T>O {yEB(X, L') : \locft(J’)|> }

1/q
=supr sup ([‘L’]l_’1 / dy)
>0 xeR",7>0 {veB(tx,7) : |la f(ty)|>rt*}

Alq
o1 t
=t “asup (ﬂ) sup rt%
>0 [T]l r>0

X sup ([tr]ll/ dy)
xeR? >0 {yeB(x17) : |Iof(y)|>rt*}

_g_n &
=t a [t] 1q,+ ||106f||WZWL .

1/q

By the boundedness of I, from ZL 2 (R") to WZ% 2 (R™)

A
+2 A=g
”IO‘f“WZ,M é Cl,q,)tta q n[t]l,+q ||fHZl/1’
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where C, , ; depends only on g,A and n.
If 1< l+£ then in the case t — 0 we have HlafHWz =0 forall erM(R").
Similarly, if 1 > 2 + —&, then for 1 — o we obtain ||Iaf||WL =0 forall fe
Ly (R").

1
Therefore ¥ < 1— 7

COROLLARY 1. Let 0 <o <n, 0<A <n—o and 1 < p <=~

2 < 11—7 — Ll] < % is necessary and sufficient
for the boundedness of the operator My, from L A(R™) 10 Z% 2 (R,

2)If p= &<l é < % is necessary and sufficient
(

for the boundedness of the operator My, from Zl 2 (R") 10 WZ% 2 (R™).

Proof. Sufficiency of Corollary 1 follows from Theorem 2 and inequality (1).
Necessity. (1) Let My, be bounded from L, ; (R") to L, ; (R") ”j .
Then we have

Mo fi(x) =1~ Mo f (1x),

and

A
||1thft||iw1 70‘77[ hq+ ”MocfHL ah

By the same argument in Theorem 2 we obtain % <
(2) Let M, be bounded from ZL 2 (R") to WZ% 2 (R?

1
q
. The

N A

1 < ¢
Z

). Then we have
Mo fi(x) =1~ Mo f (1x),

and

Wk
Hl‘/locftHWzW1 :t_a_ﬁ[ hq ”MafHWL

+

Hence we obtain & <1— - < O‘)L . O

n—

Q=

3. The modified Morrey estimates for the operators VY(—A+V)~# and
VIV(-A+V)P

In this section we consider the Schrodinger operator —A+V on R”, where the
nonnegative potential V belongs to the reverse Holder class B,(R") for some q; >
n. The modified Morrey ZNL (R") estimates for the operators VY(—A+ V)P and
VYV(—A+V)~P are obtained.

The investigation of Schrédinger operators on the Euclidean space R" with non-
negative potentials which belong to the reverse Holder class has attracted attention of
a number of authors (cf. [14, 30, 38]). Shen [30] studied the Schroédinger operator
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—A+V, assuming the nonnegative potential V belongs to the reverse Holder class
B,(R") for g > n/2 and he proved the L, boundedness of the operators (—A+ V)%,
V2(—A+V)~!, V(—=A+V)~? and V(—A+V)~!. Kurata and Sugano generalized
Shen’s results to uniformly elliptic operators in [17]. Sugano [36] also extended some
results of Shen to the operator V¥ (—A+ V)’B, 0<y<PB<land VIV(-A+ V)’B,
0<y< % <B<Klad p—y > % Later, Lu [20] and Li [18] investigated the
Schrodinger operators in a more general setting.
We investigate the modified Morrey Zm a— Z% » boundedness of the operators

T =V'(-A+V) B 0<y<p<l,

1 1
S SB<LB-v=>5.
Note that the operators V(—A-+V)~! and V2 V(—A+V)~!in[18] are the special case
of T} and T3, respectively.

It is worth pointing out that we need to establish pointwise estimates for 77,
T, and their adjoint operators by using the estimates of fundamental solution for the
Schrodinger operator on R” in [18]. And we prove the modified Morrey estimates by
using ( pis Ly, ,1) boundedness of the fractional maximal operators.

L=VIV(-A+V) P 0<y<

DEFINITION 3. 1) A nonnegative locally L, integrable function V on R" is said
to belong to the reverse Holder class B, (1 < g < oo) if there exists C > 0 such that
the reverse Holder inequality

<ﬁ/BV(x)qu); < ‘%‘/BV(x)dx

holds for every ball B in R”".
2)Let V > 0. We say V € B.., if there exists a constant C > 0 such that

C
IV lleeio < 7 [,V

holds for every ball B in R".

Clearly, B C B; for 1 < g <. But it is important that the B, class has a
property of “’self-improvement”; that is, if V € B, then V € By, for some € > 0 (see
[18D.

The following two pointwise estimates for 7; and 7> which proven in [38], Lemma
3.2 with the potential V € B...

THEOREM B. Suppose V € B.. and 0 <y < B < 1. Then there exists a constant
C > 0 such that

T ()] < CMof(x), fe€CGRY),
where a0 =2(f —7).
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THEOREM C. Suppose V € Bo., 0 <y < % B<land B—y > % Then there
exists a constant C > 0 such that

T2f (%) S CMof(x), [ € CG(RY),

502

where oo =2( —v)— 1.
Note that the similar estimates for the adjoint operators 7;" and T,* with the po-

tential V € B, for some g1 > % also valid (see [19])
THEOREM D. Suppose V € By, for some q; > g, 0<y<p

1 — 2. Then there exists a constant C > 0 such that

1
a2, feGRY),

glandleth:

Ty f(x)] < C (Mag, (|£192) (x))

where a0 =2(f —7).
THEOREM E. Suppose V € By, for some q1 > 75, 0<y <
%. And let
1 o 1— q_yl7 lffIl > n,
C]l_ l—a—-H—F%, if§<q1<n.
Then there exists a constant C > 0 such that

T3 £(0)] < C (Magy (1F12) (), f € CR(RY),

where oo =2(—v)— 1.
The above theorems will yield the modified Morrey estimates for 77 and 7

SR

1. Let 1< p < ;’—, <

COROLLARY 2. Assume that V € Be, and 0 <y < 8 <
and 0 < A <n, where a =2(B—1vy) <n.

1_1 <%
P 4
1) Let p=1<22 )L . Then there exists a positive constant C such that for any
feCy R
173 llyz, , <CIAI,
”j . Then there exists a positive constant C such that for any
fecy®RY)
17 flz,, <Clflz,,-

COROLLARY 3. Assume that V € B.,, 0 <y < % <PB<Lland B—y> % Let
noacl Ly and 0 < A <n, where a=2(f—vy)—1<n.

lgpga,;\p g S 2
I)Let p=1<™= A . Then there exists a positive constant C such that for any

feCy(RY)
1T2/llwz,, <CIfI, -
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n—A
%

2)Let 1< p<
feCy(RY)

Then there exists a positive constant C such that for any

1211z, <CIfIz,,-

COROLLARY 4. Assume that V € By, for g1 >5,and 0 <y < B < 1.

Let q—lzzl—%, 1<p<%+%, %g})—ég%‘*—_l and 0 < A < nqp, where

oa=2(B—-y)<n.
n_j

1) Let p=1< "za . Then there exists a positive constant C such that for any

fecCyRY)
171 llyz, , <CISIE,

2)Let 1 <p< %. Then there exists a positive constant C such that for any

fecy®RY)

17 flz,, <Clflz,,-
COROLLARY 5. Assume that V € By, for q1 > 5, and

0<y<i<B<Ll, ifq>n,
0<y<il<B<l, ifl<q<n

N

Let a=2(B—y)—1l<nand B—y=> 1, andlet 1 <p< ﬁ %<
q n

Sl
_ =

o 1 o
. L=1-2 <
T 1 1 ql,andO\/l<nq2,where

i_ %7 if¢]1>n7
1 aq—J;l—F}%, l'f%<(h<l’l.

n—A
= -

I)Let p=1<
fecCy R

Then there exists a positive constant C such that for any

1T llyz,, <CIflz, -

o
2)Let 1 <p< "za . Then there exists a positive constant C such that for any
fecCyRY)
Iz, <Clflz,,-

4. Some applications

The theorems of the section 2 can be applied to various operators which are esti-
mated from above by Riesz potentials. We give some examples.
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Suppose that L is a linear operator on L, which generates an analytic semigroup
e~'L with the kernel p,(x,y) satisfying a Gaussian upper bound, that is,

€l bl

|pt(x7y)‘ < tn/2e ! (6)

for x,y € R" and all > 0, where ¢y, ¢c; > 0 are independent of x, y and 7.
For 0 < o < n, the fractional powers L=%/% of the operator L are defined by

o 1 < dt
L2100 = sy fy W

Note that if L = —A\ is the Laplacian on R”, then L~%/? s the Riesz potential
Iy, . See, for example, Chapter 5 in [34].

THEOREM 3. Let 0 <o <n, 0< A <nan condmon (6) be satisfied.
o jtion % < % — é ) is sufficient for the bounded-
ness of L~%/* from L, (R") to Lq;L(R”)
2)If p= 21— é < ;% is sufficient for the bounded-

ness of L=%/* from ZL?L (R™) to WZ%;L (R™).

Proof. Since the semigroup e "L has the kernel p;(x,y) which satisfies condition
(6), it follows that

L= f(x)| < Clalf1(x)

for all x € R", where C > 0 is independent of x (see [12]). Hence by Theorem 2 we
have

IR 1y, <Clialfllz,, <CIf
where the constant C > 0 is independent of f. [

Property (6) is satisfied for large classes of differential operators (see, for example
[6]). In [6] also other examples of operators which are estimates from above by Riesz
potentials are given. In these cases Theorem 2 is also applicable for proving bounded-
ness of those operators from Zm 5 to Z% 2.

Acknowledgements. The authors would like to express their gratitude to the ref-
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