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Abstract. An operator T is said to be positive (denoted by T > 0) if (Tx,x) > 0 for all vectors
x in a Hilbert space, and 7 is said to be strictly positive (denoted by 7 > 0) if T is positive and
invertible. Let logA > logB and ry,rs,...,r, >0 and any fixed 6 > 0, and
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Then the tollowmg inequalities (1) (11) and (iii) hold:
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(iii) §n(pn,ra) is a decreasing function of both r, >0 and p, > W, where

Ca p[n] and q[n] are defined as follows:
AT aT@atpatmatieat peat M at

C/\)B [I’l] = A ’7’1 {A

and
aln] = [.{(p1 +r1)p2+r2}p3 4+ rn1]pn +ra.

‘We remark that (ii) can be considered as “a satellite inequality to chaotic order
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1. Introduction

An operator T is said to be positive (denoted by T > 0) if (Tx,x) > 0 for all
vectors x in a Hilbert space, and T is said to be strictly positive (denoted by T > 0) if
T is positive and invertible.

THEOREM LH. (Lowner-Heinz inequality, denoted by LH briefly).
If A> B >0 holds, then A* > B* forany a € [0,1]. (LH)

This inequality LH was originally proved in [27] and then in [21]. Many nice
proofs of LH are known. We mention [28] and [3]. Although LH asserts that A > B >0
ensures A* > B* for any o € [0,1], unfortunately A* > B* does not always hold for
a > 1. The following result has been obtained from this point of view.

P (I+r)g=p+r

THEOREM A. If A>B >0,
then for each r > 0,

r ryl r ryl
(i) (B2APB2)d > (B2BPB2)4

and : 1
(i) (A2APA2)7 > (A2BPA?)
hold for p > 0 and q > 1 with S5

(1+rg=p+r. {1,0) 7
(0777’)

Fig. 1. Domain on p, q and r for Theorem A

The original proof of Theorem A is shown in [10], an elementary one-page proof
is in [11] and alternative ones are in [4], [24]. It is shown in [29] that the conditions p,
q and r in FIGURE 1 are best possible.

THEOREM B. (e.g., [12], [6], [24], [25],[19]) Let AZB >0 withA>0, p>1

and r > 0.
1+r

Gap(p,r) =AT (ATBPAT) 7 AT

is a decreasing function of p and r, and Ga a[p,r] = Ga glp,r] holds, that is,

AT > (ARBPAS)P holds for p>1 and r > 0. (1.1)

We write A > B if logA > logB for A,B > 0, which is called the chaotic order.
THEOREM C. For A,B > 0, the following (i) and (ii) hold:
(i) A>> B holds if and only if A” > (AXBPA2)? for p,r > 0.
—=r r r M —=r
(i) A > B holds if and only if for any fixed 6 >0, Fy p(p,r) =A2 (A2BPA2) PHAT
is a decreasing function of p > 6 and r > 0.

(i) in Theorem C is shown in [12], [6] and an excellent proof in [31] and a proof
in the case p = r in [1], and (ii) in [12], [6] and etc.
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LEMMA D. [13] Let X be a positive invertible operator and Y be an invertible
operator. For any real number A,

(YXY*)* =YX (X2y*Yx:)*lxiy*.
We state the following result on the chaotic order which inspired us (see detail,
§7).
THEOREM FKN-2. [9] If A>> B for A,B >0, then

At—l’ﬁ

I4r—t
(p—t)s+r

(A'g,BP) < A’ﬁ%Bl’ <B

holdsfor p>1, s>1, r>20andt <0.

We shall discuss further extensions of Theorem B, Theorem C and Theorem FKN-2.

The purpose of this paper is to emphasize that the chaotic order A > B is some-
times more convenient and more useful than the usual order A > B > 0 for discussing
some order preserving operator inequalities.

2. Definitions of Cy 3[1;p1,p2, .., Pu—1,Pulr1.72,-.,7n—1,a), (denoted by Cy z[n] or
Cy, briefly sometime) and q [n; p1.p2, .., pu—1,Pn|r1,72, . Fa—1,7] (denoted by
q[n] briefly)

Let A,B>0, p1,p2,..,pn =0 and r{,r,,..,r, > 0 for a natural number 7.
Let (CA’B[n;pl,pg,..,pn_l,pn|r1,r2,..,rn_l,rn] be defined by

CA,B [nQPl,PL~~7Pn717pn|”1,r27~~7rn717”n]

—at{a®t At aF@pratyatieat poate i e

'n

Denote Ca g[n;p1, P2, s Pu—t,Pnlr1,72, ., Fn—1,7a] by Ca pln] briefly.
For examples,

Cap[l]=ATBMAT and Cupl2) =AT(ATBNAT)P2AT
and I, r r r r r r P4 .
Casli)=a%[a%{aT (a3 priat)mat)nat]a?,
Particularly put A = B in Cy g[n] in (2.1). Then

CA,A [VZ;PI,PL~~7Pn71»pn‘rl7”27~~7rn717”n]
" T,
:AZ{A

n n—1

TLAT{AT (AT AP AT YA AT g™ }p"A%" 2.2)

— Al-Apr+r)patratps+.railpatr. (2.3)
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Nextlet q[n;p1,p2, .., Pa—1, PulF1, 72, -, Fu—1, 7] be defined by

q[n;plaPZa"apn—lapn|r17r2a"arn—larn]
= the exponential power of A in (2.3)
=[.{(p1+r)p2+r}tps+..rn1lpn+ra 2.4)
CI[n§P17P27-~:Pn—1;pn‘rla”27-~7rn—lyrn] denOtedby q[phpz""pn—l?p"} OrdenOtedby

qlri,7r2, .., 7u—1, 1) for simplicity or sometimes denoted by q[n] briefly.
For examples, q[1] = p;+r; and q[2] = (p1 +r1)p2+ 1, and

q[4] = [{(p1+r1)p2+r2}p3+1r3]pa+rs.
For the sake of convenience, we define
Capl0]=B and q[0] =1 (2.5)

and these definitions in (2.5) may be reasonable by (2.1) and (2.4).

LEMMA 2.1. For A,B > 0 and any natural number n, the following (i) and (i)
hold. ) )

(1) (CA’B[H} :ATn(CA’B[I’l— l]p”ATn.

(ii) qn] =qln—1]py+ra.

Proof. (1) and (ii) can be easily obtained by the definitions (2.1) and (2.4). U

We state two examples using these notations of Cy g[n] and q[n] for reader’s con-
venience.

r

A" > (AZBPAR) 7T <= A" > Cy p[1]701,

I

1+r 1+

AT > (AZBPAT) P = AT > Cy 1] 0.

REMARK 2.1. We remark that quite similar definitions to Cy g[n] and q[n] are
given in [18] and related results are discussed in [18], [22], [23], [34] and etc.

3. Basic results associated with C, 3[n] and q[n]

THEOREM 3.1. Let A> B and ry,ra,...,r, = 0 for a natural number n. Then
the following inequality holds,

Attt o 7'”;2[;]‘“” SC 'l+;2[’*1*]«+")1 .
= Cyaln] > Cy p[n] (3.1)
for p1,pa,...,pu satisfying
ritrt . trio

D - for j=12 ..n ro=0 and q[0]=1), (3.2)
! alj—1] ( 0] =1)
that is,

p1=20, p2= n S ntn ”1+V2+...+rn,17

= , P3 =z y vy Pn 2
p1+r1 (p1+r)p2+nr " q[n—1]
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where Cy g[n] is defined in (2.1) and q[n] is defined in (2.4).
Proof. We shall show (3.1) by Mathematical Induction. In the case n =1,

r r 1 L
A>B implies A" > (A7 BPIAT)PITT = Cy p[1]7T
holds for any p; > 0 and r; > 0 by (i) of Theorem C. Whence (3.1) forn=1,
Assume (3.1). We shall show (3.1) for ry,r,...1,rp+1 20 and p1, p2, .-, Pns Pr+1
which satisfies (3.2) for n+ 1: that is,

T rit+rnt..+rm- ri+rt..+r
p1>07 P2> PEEEES) = ) and Pn 1>—~
p1+n " q[n—1] " q(n] )
o (3.2")
ritry...+m

Put A = AN+ and B, = (CAB[I’Z] alr] in (3.1). Then Ay > B; >0 by
the assumption (3.1). Theorem B ensures

Ai*’ > (A}BjA})s+ forany s>1and7>0,

that is,
+rp..t %
ri+ry...+m rptr.tin ry+r...+m s+t
Al trm)(1+) > {A( L2t . CA7B[n}(%)SA( 1525 : } (3.3)
_ qln] ,
holds forany s > 1 and t > 0. Put s= | ——————— | py11 > 1 since q[n|pp+1 >
r4+nr..+r

ri =+ ra... + r, by the last inequality in (3.2”) and also put (r| + rp... + 1)t = ry4 in
(3.3).

141 .
Then the exponential power % of the right hand side of (3.3) can be written as
s

follows;

I+t (1+t)(ri+r..+r)

s+t qn)pprr+ (ri+ e F )t
..t
q[n]pps1 + g1
ri+r..+rm+rg

= a1 by (ii) of Lemma 2.1 (3.4)

and we have the following desired (3.5) by (3.3) and (3.4)
Ar1+r2...+rn+rn+1 > (A ’n;l (CA B[n]PnHArnTH) %

"1+’2~«+"n+r,1+1

= Cypln+1] aln+1] by (i) of Lemma 2.1, (3.5)

so that (3.5) shows that (3.1) holds for pi1,p2,..,pn, Pne1 Which satisfies (3.2°) and
F1,F2y Ty T+l = 0 for a natural number n. [
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COROLLARY 3.2. Let A> B and rl,r2,r3 > 0. Then
rytrntr

Q) Anrn S {A 4% (@t Briatymatpat YT
r r1-+r;
holds for py > Sl and p3 > G2
i , L
(ii) A {A% (AT BPAT)RAT  Drn

holds for p; 2 0 and p; > p1+r1

Proof. Put n =3 in Theorem 3.1 for (i) and put » =2 in Theorem 3.1 for (ii). U

REMARK 3.1. "

(i) implies (i) by putting r3 = 0, and (ii) implies A" > (A7 BPIAT )71 by
putting r, = 0 in (ii), which is (i) itself of Theorem C.

More precise estimation than Corollary 3.2 will be shown in Corollary 5.3.

We state the following Theorem 3.3 and Corollary 3.4 without proofs. In fact, by
the almost same way as Theorem 3.1 we have Theorem 3.3. (see Remark 3.2.)

THEOREM 3.3. Let A>B >0 and ry,r,...,ry 2 0 for a natural number n. Then
the following inequality holds,

Itri+ry...4m L+ri+ry...+rm

Al Caaln) > Cap[n] (3.6)

fOV P1,P2,---sPn Satisfying
1+"1+”2+...+rj_1

Dj - for j=1,2,...n (ro=0 and q[0]=1),
/ qlj —1] ’
(3.7
that is,
sl st s tendn o ldndnd et
p1tr (pr+ri)p2+r2 q[n— 1]
COROLLARY 3.4. Let A>ZB>0and r,ry,r3 > 0. Then
l+ri+rp+r3
@) AlFrtrtrs > {A_T[AT(ATBPIAT)FZA‘Q‘}PZ»AT} (P1+r)pa+1alp3+73 |
1+r L+ri+r
holds for p1 21, pa 2 55 and p3 2 o, o L+
(11) Al+r1+r2 2 {ArTZ(A%BPIA%)FZA%}(p1+rll)p22+r2

1471
pi+r’

REMARK 3.2. We remark that Theorem 3.3 is a parallel result to Theorem 3.1
and also Corollary 3.4 is a parallel one to Corollary 3.2, and Theorem 3.1 is usually
obtained from Theorem 3.3 by applying Uchiyama’s nice technique [31] after proving
Theorem 3.3.

Although many results on the chaotic order (A > B ) have been derived from
the corresponding results on the usual order (A > B > 0) by applying Uchiyama’s
nice method, we shall show Corollary 5.4 on the usual order (A > B > 0), which is a
further extension of Theorem 3.3, by using the corresponding result Corollary 5.2 on
the chaotic order (A > B) at the end of §5.

holds for py > 1 and p; >
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4. Monotonicity property on operator functions
S4ri+rt.otn —ry

Sk(Pr,ri) ZA%%CA,B[k] Al A

THEOREM 4.1. Let A> B and ry,r2,...,r, = 0 for a natural number n. For any
fixed 6 > 0, let py,p>,...,pn be satisfied by

O+ri+nrm+..+rji

P> : for j=1,2,...,n, @.1)
! qlj—1]
that is,
6-+r; O+ri+r+..+ri_1 O+ri+rt..+r,_1
257 2—7 (a3 = [ARARS) = .

The operator function F(px,ri) for any natural number k such that 1 <k < n is
defined by

Sttt ot —p

Slpr) =ATCaglk] W AT (4.2)
Then the following inequality holds:

Tk—1 Tk—1
AT F 1 (pr-1,1-1)A™ T 2= Sr(pro ) (Fo(posro) = B%) 4.3)
for every natural number k such that 1 <k < n.
Proof. Since Cyp[0] =B, q[0] =1 in (2.5) and pg = ro =0 in (3.2), we may
define Fo(po,ro) = B® in (4.3). Let A >> B. Then for any fixed § > 0,

8

o7 —r

—r r r +rq
B®>AT (ATBPAT) AT for py>8 and 1 >0 (4.4)

since Fy g(8,71) = Fa g(p1,r1) holds by (ii) of Theorem C. And (4.4) can be expressed
as

T 17 —r M —r
B =A% F0(po,r)AT = AT Cap[l] 1T AT =F1(p1,r1) by (42).  (45)

Since the condition (4.1) with & > 0 suffices (3.2) in Theorem 3.1, in fact, (3.2) is itself
(4.1) without 6 > 0, we can apply Theorem 3.1 and we have the following (4.6) for
natural number k£ such that 1 <k <n

ritrt.tn

AT S Cyp p[k] ™ W (4.6)

Since X > Y > 0 implies X > Y and then X’ > Y’ holds for any ¢ > 0, (4.6) ensures

Strptrttry
A5+r1+r2+...+rk > CAB[H g

S+rptrttry
Put A| = AStn+n+H and By = Cy plk] alk] and applying (4.4) for 6 =1
and A; > By, we have

1+r

B > A7 (AZBVAT)P AT holds for p > 1 and r > 0. 4.7)



22 TAKAYUKI FURUTA

Put rgpy =r(8+r1+ry+...+r) in (4.7). Then (4.7) can be rewritten by

—rgl ’k+1 Stritedr o rgyy 14 —Tepl

By >A"7 (A2 Caplk]” aW  PA 2 )pA"T . (4.8)

Put p = %pkﬂ 1, thatis, pyy1 = % in (4.8), then we have

% % 5+r1+r2+...+rk
A2 T (pr,1i)AZ = Cy plk] alk =B; by(4.2)

“Tk+1

>A"2 ( (CAB[ ]PkHA

Strptrptotrg gy

O+ry+rpto gty e

T
) kPt A2

— AN Cuplk+1) T T At
by (i) and (ii) of Lemma 2.1
= Bkt1(Pr+1:7%41) by (4.2) fork+1 (4.9)

and we have (4.3) for k such that 1 < k < n by (4.9) and (4.5) since (4.5) means (4.3)
fork=1. O

REMARK 4.1. We shall give an alternative proof of Theorem 4.1 in Remark 6.1
via Theorem 6.1 at the end of $6.

5. Order preserving operator inequalities via operator functions in §4

We shall give order preserving operator inequalities as an application of Theorem
4.1.

THEOREM 5.1.. Let A>> B and ry,r3,...,ry 2 0 for a natural number n. Then
the following inequalities hold for any fixed & > 0:

5 oSt
BS > AT (AzBPlAz) PIFTAT
—(r1+nr) ) r r r M —(ri+m)
>A 7 {Aj(AjgmAj)mAj} PRI AT 2
—(r +r+13) Strytrptrs r1+r2+r3)

> Af{A [A 2 (A 2 BPLA 2 )PZA 2 }PE»A 2 }{ prtr)patntrts A

—(r{+rp+.trm) S4ritrtodm (| tryt.trm)

> A 2 (CAJ;[I’Z] aln] A 2 6.1

fOV P1,P2,---sPn Satisfying
6+r1+r2+...+rj_1

pjz . for j=1,2,....n, (4.1)
! alj — 1]
that is,
pi=6, p 6+rl k>5+r1+r2+...+rk_1 >5+71+7‘2+...+rn,1

pl—"—rl "‘7p q[k—l} LR pn/ q[n—l] )
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where Cy g[n] is defined in (2.1) and q[n] is defined in (2.4).
Proof. Applying (4.3) of Theorem 4.1 for k such that 1 < k < n, we have

o 0
B = A2 Fo(po,ro)A2
S1(p1,r1) by p1 > 6in (4.3)fork =1
1

r r 6
> AT (pr)A T by pr > 2L in (43) for k=2
pi+n
| So+ri+n
>ATAT§ D3, 13 ATAT byps > ——————in(43)fork=3
5( ) Y (p1+r)p2+nr
—(ri4+rp+.try_q) —(ri+rp+.try_q) 6 e
> A e AT o s O e Tt )
qln—1]
S+ry+ry+...4n
—(ry+r + A1) hTpretin —(ri+rp+.try_1)
AT : (A7 (CH 2 AT)Ai1 - : by (4.2)

A —(r+ryt-trn) C W
- 7

7]

—(rptrttm)
A 2

and these inequalities yield the concrete inequalities in (5.1). [

COROLLARY 5.2.. Let A> B and r1,ry,...,1, 2 0 for a natural number n. Then
the following (i) and (ii) hold.
()
B> AT (At A

—(ry+r) r r r r _Lindn (ry+r2)

> A" 7  {AT(ATBNAT AT T AT
A __Mndndrs (i 4rptn)
> AT T AT AT (AT BRI AR ) AR AT Y rron s AT
> x Casl] ol A ) 5.2)

holds for p1,pa,...,pn satisfying (3.7), that is,

1+ 1+ri+m 1+ri+rm+... 41—
) p3 > T N A pn >
pitr (p1+r1)p2t+r2 gq[n—1]

WV

P1 17 P2>

)

(ii) (5.2) holds for p1,p2,...,pn = 1, where Cy g[n] is defined in (2.1) and q[n] is
defined in (2.4).

Proof. (i) We have only to put 6 = 1 in Theorem 5.1.

(i) If p1,p2,-ypn > 1, then w; = ”':[f% [0,1] in (i) holds for j such
_ Irntntarig

qlj—1]

1+r

that 2 < j <n. Assume p; > w; = FIE

€[0,1] for j. In fact wy =
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[0,1] by p; > 1. Then we have

14+n +}"2+...7‘j,1 +rj

Wit1 = ;
! alj]
_ 1+r1—|jr2—|—...rj_1—|-if,' <1
alj —1pj+r;

because the equality follows by (ii) of Lemma 2.1 and the inequality follows by the

Lt tint € 10,1] in ) holds

assumption. Whence if py,p2,...,pp > 1, then w; = =Tl

for j=2...,n and (5.2) holds by (i). U

COROLLARY 5.3. Let A> B and ry,r,...,1, 2> 0 for a natural number n. Then

r —r
I>A7 (A TpriatyiiaT
r r |+ (ri+r)

> A (A% (4T At )maR T A

i) % Zytryiry)
2 A {A [A (A 2 BPIA 2 )PZA 2 }PSA 2 }{ p1+r1 I’2+’2}I’3+’3A

—(rp+r+..+m) rtnteAm o —(ri4+rot..tm)
= 2 (CAJ;[}’Z] aln] A 2 (5.3)

holds for p1,pa,...,pn satisfying (3.2), that is,

r p3 > r+nr rn—+mrn+..+rm-
) 3 —7
p1+r1 “ (prtr)p2tn " gln—1]

WV

P1 07 P2>

Proof. We have only to put 6 =0 in Theorem 5.1. [J

COROLLARY 5.4. Let A> B >0 and ry,r3,...,ry 2 0 for a natural number n.
Then

—-r

. Iry
A>B >A : (ATBPIA'ZL)I)1+71A_2_1

al 1 n M_ —(r1+r)
> 7B’”A7)1’2A7} PRt AT 2
—(r+m+7r3) M SRR
>A 3 {A [A2 (AzBPlAz )P2A2]P3A2 }{p1+rl patratratrs A

—(r{+ry+etm) Ltrytrtetm (i 4ry+..tm)

T Capln] M AT (5.4)

WV

holds for pi1,pa,...,pn satisfying (3.7), that is,

14+r 1+r+nr l+ri+rmn+..+r_1
17 p2>—7 p3>—7 n>
p1+n (p1+ri)p2+nr gln—1]

WV

P1

)
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where Cy g[n] is defined in (2.1) and q[n] is defined in (2.4).

Proof. The hypothesis A > B > 0 implies A > B and the proof follows by (i) in
Corollary 5.2 and the hypothesis A > B >0. O

REMARK 5.1. Corollary 5.2 is a further extension of [24], [17], [19], [33] and
Theorem FKN-2 in [9]. Corollary 5.3 is more precise estimation than Corollary 3.2.

We would like to emphasize that Corollary 5.4 is a further extension of Theorem
3.3 since (5.4) easily implies (3.6) in Theorem 3.3 and moreover the essential part of
(5.4) in Corollary 5.4 on the usual order (A > B > 0) is derived from Corollary 5.2 on
the chaotic order (A > B).

6. Further extensions of Theorem B and Theorem C

Further extensions of Theorem B and Theorem C are given by using the operator

function
S+ritro.tm

Zn(puyra) =A 2 Cppln] @ A2 in §4.

THEOREM 6.1. Let A>> B and ry,r3, ...,y 2> 0 for a natural number n. For any
fixed 8§ >0, let py,pa,..., pn be satisfied by

5+I"1+7‘2+...+7‘j,1

pi - for j=1,2,...,n, (4.1)
! qlj—1]
that is,
0-+ry O+ri+r+..+ri_q O-+ri+ryt..tr—1
p1>67 p2>—7 ey pk> PEEEES pn> .
p1+ri qlk—1] q[n—1]
Then

S+ritrt.tm

Fa(pusrn) =A 7 Cppln] @ A ©6.1)
is a decreasing function of both r, > 0 and p, which satisfies
pn>5—|—r1+r2+...+rn_1. 62)

q[n— 1]

Proof. Since the condition (4.1) with 6 > 0 suffices (3.2) in Theorem 3.1, in fact,
(3.2) is itself (4.1) without 8 > 0, we have the following (3.1) by Theorem 3.1:

ryt+r..+m ry+r...+m

ANt — Cyan] AT > Cppln]” AT (3.1)

We state the following important inequality (6.3) for the forthcoming discussion
thanks to (6.2) which is the inequality in (4.1) for j =n:

qln) =qn—1ppt+ra = 6+ri+rn+...4+ra1+nm (6.3)
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because the equality in (6.3) follows by (ii) of Lemma 2.1 and the inequality follows by
gn—1)pn =8 +r +r+...+r,_1 obtained by (6.2).

For simplicity, let Cy g[n] be denoted by Cj,) in the proof.

(a) Proof of the result that Fa g(pn,ra) is a decreasing function of py.

Raise each side of (3.1) to the power S B, [0,1] by LH, then
ri+nr..+rm
A > W (A%Cr AT by (i) of Lemma 2.1 (6.4)

[n] [n—1]

n bn Pn rn;[i:{][n] pPn 'n
—atey (cf arct ) et A%bylemmaD  (65)
and (6.5) implies
o PN U=
2 mr 2 n Pn
(ca e ly) ™ =y, (6.6)
Put w
o= p_ €10,1] for p,=zw>=0. 6.7)
n

Let q[n|p1,p2, -, Pn+W|r1,72,...,74] be denoted by q[p1, p2, ..., pn +w] for simplicity.
Then we have

q[p17p27 »Pn+W]—Q[ ]
q[ |p1ap2a 7pn+w|rlar27 -7 ] [ |P17P2a 7pn|rlar2a"'7rn]
= (q[n] —ra)a by (2.4) and (6.7). (6.8)

Raise each side of (6.6) to the power o0 = v € [0,1] in (6.7), then
p

n

(afn]=rn)ex

Pn
(i) ™ g (6.9)
Whence we have
Strytry...tm
f(pn) _ C[n] q[n]
n n S+ri+ry..tm
— (AT(CI[‘;"_I]AT) alp1-p2sepn] by (i) of Lemma 2.1 (6.10)

alpy.ppsespntw] - Stritrp.tm
:{(A%"((:Pn ]A%”) o] } A2

s pnalpypyopntwl=aln] pn Stritrytm
_{A [n 1]((:[;71]Ar”©[371]) q(n] (C[n ]AZ}qf’ll’z ..... Pn+w]
by Lemma D
A% CT c¥ anc?® (ate), ol c? AT e (6.8
=1 ]( [n—1] n ]) n } y (6.8)
S+ri+ry..+rm
> (atct op_cf Aty

5+r1 +rp.trm

(A 2 CFH+TA 2 ) P12 Pnt+W]
= f(pn+w) by (6.10) 6.11)
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and the last inequality holds by LH because (6.9) and % € [0,1], which is

ensured by (6.3)and q[p1, p2, .-, Pa+w] = a[p1, p2; .., pu] by (2.4), s0 that o (pu, ra) =
A7 f(p,)AT is a decreasing function of p, by (6.11).
(b) Proof of the result that F,(pn,rs) is a decreasing function of ry.

Raise each side of (6.4) to the power L €[0,1] for r, > u > 0 by LH, then
T,

n

A > (AT"(Cf;"_l]AT")W. (6.12)
By (2.4) of the definition q[n] we have
q[l’l] q[ ‘pl7p2a 7pn|rlar27"'arn]+u
= a[n|p1,p2,-..,pulr1,72, st +u] - (denoted by q[ry,r2, ...+ ul).

(6.13)
We state the following (6.14) by (ii) of Lemma 2.1,

O+r+nt..trma+m—aqn=0+r+n+.+rm1+r—(n—1p,+r)
=0+r+n+..+r_1—qrn—1]p, (6.14)

Recall that the right hand side of (6.14) is the numerator of the exponential power
in the forthcoming (6.16) which does not contain the term “ry, ”.
Then we have
S+ry+ry..ry_1+m .

Salpmm) =A7C, ™A ©6.1)

S+ry+ry..ry_1+m

A%(A 7 (Cf’" 1 _) qfr] AT by (i) of Lemma 2.1

[n—l]((c[n A C[n 1]) 1 C,,_y) by Lemma D
_c¥ 2

[nfl] [nfl]
alnl+u  Strytryetry_y—al—llpn  py

— n 1]{( 1] n(c[ ]) “qn] } q[n]+u (C[;f—l]

=C

Pn Strytry At —aln—lpn  p,

ATCE )T TRl CE by (6.14) (6.15)

qln)+u  O+ritry.tr,_—aln—1]pa

Lo o
= n 1]{( - 1] [;71]) qln] } iy ra ] (C[;il] by (6.13)

S+rytry.try_—dln—llpn Pn

— n 1]{(‘:” 1]A2(A2(Cp" AZ) AT"(CPTn 1]} q[r. 72t C.2

[n—1] [n— [n—1]
by Lemma D
an S+ri+ry..Ary_1—an—1lpn an
>of ycf ataatel ) nm ok

S+ri+ry..+r,_1—an—1lpn n

2 +ug F [ +u] 2

= TnTU q[r1,19,es rnul

= Gy (A e~ Cly (6.16)
= Zu(pn,ra+u) by (6.15) 6.17)
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and the last inequality holds by LH because (6.12) and

5+r1—|—r2...—|—r,,_1—q[n—1] —{q 5—|—r1—|—r2 +Vn)}
qlri,r2, ..t +u] aln] +u

€ [-1,0],

which is shown by (6.14), (6.13) and q[n] > 6 +r| + r2... +r, in (6.3), and taking
inverses of both sides, so that §,(pn,r,) is a decreasing function of r, by (6.17). O

COROLLARY 6.2. Let A> B and ry,r2,...,t, 2 0 and also py,p2,...,pn = 1 for
a natural number n. Then

I+ry+rp+...4m —m

Balpnra) =AF Caply] 0T AT (6.1
is a decreasing function of both r, > 0 and p, > 1
Proof. Put 6 =1 in Theorem 6.1. It is shown in the proof of (ii) in Corollary 5.2

I+ri+r+..+rj1 [O 1]
)

that if py,po,...,pn = 1, then each of the right hand in (4.1), a=T]

for j =1,2,...,n, and we have the conclusion by Theorem 6.1. [

REMARK 6.1. An alternative proof of Theorem 4.1 via Theorem 6.1.
Assume all the conditions in Theorem 4.1. Then
5+r1+r2+ g —n

Sk(pk»rk) A 2 C[] AT (42)

p Ottt g _—
A7) alk=T]pg+rg A2

a7ty

by (i) and (ii) of Lemma 2.1 (6.18)

and by putting r; = 0 in (4.2) and (6.18) stated above, for every natural number & such
that 1 < k < n, we have

Str oyt Otritrot A

Sk(Pk;O) — (Cﬁk_l]) qlk—1]pg — C[k_l] q[k—1] (619)

and

Stri+rt. g .

“Tk—1 — k—1
Bk—1(Pr—1,1k-1) =A 2 C[k_l]q[k TATT by@2)fork—1

= AT Fp0ATT by (6.19)

A_ﬁ_gk(pk,rk)A_ﬁ_ (6.20)

and the last inequality follows by Fx(px,0) = Sk(pr, %) for py > W by

applying Theorem 6.1 for every k such that 1 < k < n and we have (4.3) in Theorem
4.1by (6.20). O

REMARK 6.2. Theorem 6.1 is a further extensions of (ii) in Theorem C. In fact,
(ii) of Theorem C is just Theorem 6.1 in the case n = 1. Moreover Theorem 6.1 is a
further extension of Theorem B since the hypothesis A > B in Theorem 6.1 is weaker
than the hypothesis A > B > 0 in Theorem B.
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7. Concluding remarks

Let us state the background of this paper. At first we state the following operator
inequality (G).
IfA>B >0 with A> 0, then fort €0,1] and p > 1

14+r—t

AT > (AS (AT BPAT P AS B (G)

holds for s > 1 and r > t.

This operator inequality (G) is shown in [13], [5] and [14], and the best possibility
of the exponential power (pljt’);ir is shown in [30], [32], [7] and see related papers
(e,g., [16], [19], [20], [25]).

This inequality (G) interpolates Theorem A and an inequality equivalent to the
main result of log majorization by Ando-Hiai [2].

If we replace the hypothesis A > B > 0 with A > 0 in (G) by weaker condition
A > B, what can we obtain the corresponding result to (G)? <)

Motivated by (<{>) and LH, we posed the following question in [15].
F-QUESTION. For A,B >0, A>> B if and only if

AT > {A%(A%’BPA%’)SA%}(/’IB?H (0)
holds forall p> 1,5 > 1, t €1[0,1] and r > 1?

By anicely applying Kantorovich type operator inequality, Fujii et al. [8] obtained
the following interesting result as an answer to F-Question.

THEOREM FKN-1. [8] For A,B>0, A > B if and only if
AT > {A%(A%'BPA%')SA%}@—’BZH
holds forall p> 1,5 > 1,1 €[0,1] and r > 1.

Fujii et al. [9] have been considering to discuss on the operator inequality (Q)
under the chaotic order. Among others, they obtained the following result by using a
mean theoretic idea in [26].

THEOREM FKN-2. [9] If A>> B for A,B > 0, then

AT 1 (A'BP) <A'$1.BP <B
p—t

(p—t)s+r
holdsforp>1,s>21,r>0andt <O0.

Inspired by Theorem FKN-2, we obtain the following results.
Let A> B and ry,ry,....,r;, > 0 and any fixed § > 0, let

5. py> 0-+ry > 5+r1+r2—|—...—|—rk_17 e 5+r1+r2+...+rn,1.
qlk—1] qln—1]

WV

P1 )
p1+r1
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Let §u(pn,ra) be defined by

S+ritrt.tm —r

Su(puyra) =A Capln] bl A7
Then the following inequalities (i), (i1) and (iii) hold:
Pk— Pi—
6] A%gk—l(Pk—l,rk_l)A% > Sx(pr,ri) for k such that 1 <k < n,
(1)

5+r

BS > AT (AFBrAT) AT

—(r+ S+ri+r +
> A aF Wt Brat Aty A
—(ry4+ry+r3) S+ritrm+n try4r3)
> e 272 3 {A%[A%(A%BPIAQ )PZAQ]P3A2 }{pl+r1 pz+r2}p3+r3AM
—(rptrt.+m) Stritrytetm —(ritrt+.tm)
>A" 7 A,B[n] qn] A T,
(iil) Fn(pn,rm) is a decreasing function of both r, > 0 and p, > %,

where Cy gln] ] and q[n] are defined as follows:

1 n

At af atanatyratyat sttt Vg

(CAB[I’Z] = A%n {A

and
qn] = [.{(p1+r)p2+r}p3+..rn1]lpn+ 1.

In fact, (ii) can be considered as satellite inequalities to the chaotic order and a
further extension of Theorem FKN-2.
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