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GENERALIZED HILBERT OPERATORS
ON WEIGHTED MORREY-HERZ SPACES

KUANG JICHANG

(Communicated by Aleksandra C‘iimeiija)

Abstract. This paper give some necessary and sufficient conditions for the generalized Hilbert
operators to be bounded on the weighted Morrey-Herz spaces. The corresponding new operator
norm inequalities are obtained.

1. Introduction

Considerable attention has been given to the classical Hilbert operator 7y defined

by
=)
To(f,x) = 27 dy. 1.1
olf = 3 % (L.1)
and the classical Hilbert inequality
T
T; < —= , for0 oo, 1.2
ITflp < gy Il for0 << (1.2)

where | f|l, = (Jg |f (x)\”dx)% and the constant factor gm(%) is the best value [1]. In
view of the mathematical importance and applications, consli)derable attention has also
been given to various improvements, refinements and extensions of many inequalities
by various authors (see e.g. [3, 4, 11] and the references cited therein). However, hardly
any work was done on inequalities on the Morrey spaces and Herz spaces. It is well-
known that the Herz spaces play an important role in characterizing the properties of
functions and multipliers on the classical Hardy spaces, and the Morrey spaces have
important applications in the theory of partial differential equations, in linear as well as
in non-linear theory (see [5, 6]). In 2008, the author [8] obtained some new inequalities
related to the generalized Hilbert operator

1) = [ Kley) % f0)ay (13)

with the general kernel K(x,y) on the Herz spaces. In 2009, the author [9] introduced
the new weighted Morrey-Herz spaces. The aim of this paper is to generalize these
results of the author [8] to the weighted Morrey-Herz spaces. We obtain some necessary
and sufficient conditions for the generalized Hilbert operator T to be bounded on these
spaces. The corresponding new operator norm inequalities are obtained.
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2. Definitions and statement of the main results

Let k€ Z, By = {x € R": |x| < 2%}, Dy = By — By_ and let ¢4 = ¢p, denotes
the characteristic function of the set D;. Moreover, for a measurable function f on R”
and a non-negative weighted function ®(x), we write

£l = ol oto) "

In what follows, if @ = 1, then we will denote L?(R",®) (in brief LP(w)) by
LP(R").

DEFINITION 2.1. Let a € R}, 0 < p,g < o and s > 0. The Morrey spaces
M;(R") is defined by [5] as follows:

My(R") = {f € L, (R"):  sup - f)|*dy < w} ; (2.1)

r>0xeRn P Jx—y|<r

and the homogeneous Herz space K,}x P(R™) is defined by [6] as follows:

KEP(R") = {f € Lj, (R" —{0}) : [Ifllger gy < ==}, (2.2)
where
1 llgee oy = {2, 29| e3P (23)
kezZ

We can similarly define the non-homogeneous Herz space K;‘ P(RY).

In 2005, Lu and Xu [7] introduced the Morrey-Herz spaces MKIff 7(R") and
MKgi 7 (R™). In 2009, author [9] introduced the following new weighted Morrey-Herz
spaces:

DEFINITION 2.2. Let ¢« € R, 0 < p< o0, 0 < g <oo, s >0 and »; and a
be non-negative weight functions. The homogeneous weighted Morrey-herz space
MKy (@1, 6) is defined by

MK (01,02) = {f € L ('~ {0}, 02) : |F gt oy oy <=} (24)

where

Lok
1 ks o) = 52 an(Bko)—(ﬁ){kZ [ B foullfa P (25)
0 —=—o00

We can similarly define the non-homogeneous weighted Morrey-Herz spaces
MKy (w1,@;). It is easy to see that when @; = @, = 1, we have MKy (1,1) =
MK (RY). MES (R") = K (R"), My(R") C Mg (R"), K™/"7 (R) = L7 (x| d).
KpP(R") = LP(R").
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DEFINITION 2.3. [10] A non-negative weight function o satisfies Muckenhoupt’s
Ao condition or @ € A, if there is a constant C independent of the cube Q in R”,

such that
Qé/gw(x)dx) exp{a/an <$) dx} <C, all Q C R",

where |Q| is the Lebesgue measure of Q.
Our main results are the following two Theorems:

THEOREM 2.1. Let ¢ €R', 0 < p<oo, A,s>0 and 1 < g < oo, 0 € A, a
non-negative weight function w, satisfies

oy (tx) =tPan(x), >0, BeR’, (2.6)
3 (x) = x"1"Mag, (x). Let K(x,y) be a non negative measurable function on (0,o0) x
(0,00) and satisfying:
(1) K(tx,ty) = t_7LI('()c,)1)7 forallt >0;
(2) K(1,t) has compact support on (0,00). Let ||T| be the norm of the operator
T is defined by (1.3):
MK (o1, 03) — MK (01, 0).

(1) If t*=1=(B+1/aK (1,1) is a concave function on (0,0, and [y tA—1+(s=0)o=(B+1)/q)
K(1,1)dt < oo, then

Tl <C(p,a7/l)/ PrAF =) =B /ag (1 1)ar, (2.7)
0
where
(0=$)~(1/p)—2 1/p ls—o|8
C 20/P)=“(1+p 1+2 , O0<p<l,
Cpai)=4 " (P ) (2.8)
CY 21 CII (14 (1/p))(142599), 1< p<en

(Co and & are the constants given in (3.5), see § 3 below).
(2)If IT|| < oo, then

/mt/lflJr(sfa)ﬁ*(ﬁH)/qK(],;)dt <7l (2.9)
0

REMARK 1. @, is an extension of the power weight @, (x) = [x|?, (x € R"). We
use the following notation

MKF ={f € MK}";} (01, 3) : F(t) = sup |f(tx)|K(1,)is a concave function on (0,e0)}.
x€(0,00)

Then MKF is a subspace of the space Mf(,‘,’f;;)(wl,ag).
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THEOREM 2.2. Let a €R', 0 < p<oo, A,s>0and 0< g<1, o, @, @3
and K(x,y) are as in Theorem 2.1.Let ||T|| be the norm of the operator T is defined by
(1.3): MKF — MK, (01, ).

(1) If t*~1=B+D/aK (1,¢) is a concave function on (0,0), and [;°t*~1+(s=)0=(B+1)/q
K(1,1)dt < oo, then

17| <C(p7q7a,7t)/ s (B ag (1, 1), (2.10)
0

where
C(()O‘*-‘)z(l/p)*(l/q)%q*l/p(p +q)VP(14g)Va(1 + 25518y,
0<p<g<l,

C(p.g, o) = C\*20/0-2(1 4 g)Va(1425-1%) 0<g<p<1,

C\*2W/D=C/P=1(1 4 (1/p)) (1 + q)V/9(1 +215=18),

0<g<1<p<os,
(2.11)

(Co and & are the constants given in (3.5), see § 3 below.)
(2) If | 7| < oo, then

/Nt1—1+(s—a)8—(/3+1)/qK(1,t)d; <|I7. (2.12)
0

REMARK 2. If 0y = wp = 1, @(x) = w3(x) =x!"%)9. (So, Cy = 1,8 = 1), and
s =0, then MKy (1,1) = K&P(R"), MKSY (1, 03) = K&P (@), and so Theorem 2.1
reduces to Corollary 2 in [8]. Hence, our main results are significant generalization of

[8].

REMARK 3. There are some similar results for the non-homogeneous weighted
Morrey-Herz spaces. We omit the details here.

3. Proofs of Theorems

We require the following Lemmas to prove our results.

LEMMA 3.1. Let f be a nonnegative measurable function on [0,b]. If 1 < p < oo,

hen
t ( /0 ’ f(x)dx)p <prD /O " () 3.1)

Lemma 1 is an immediate consequence of Holder inequality.

LEMMA 3.2. (C, inequality [3]) Let ay,a,...,a, be arbitrary real (or com-
plex)numbers, then for p > 0,

(3 ) < (S lanl?), (3.2)
k=1 k=1
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where

C. — 1, O0<p<1,
PP 1< p<oo.

LEMMA 3.3. ([2]) Let f be a nonnegative measurable and concave function on
[a,b], 0 < o0 < B < oo, then

b b

B [irwlPary <395 freeaxy (33)

a a

Setting a=0, and for « = p, B =1, thatis 0 < p < 1, we obtain from (3.3) that

b P b
/ fdx | < pz—tl x bP1 / £P(x)dx. (3.4)
0 0

By the properties of A.. weights, we have

LEMMA 3.4. ([10]) If o € A, then there exist 6, &, >0, C,, C; >0, such
that for each ball B in R" and measurable subset E of B,

o(E) E[\® EN® _  o(E)
o< (m) = () <<om o

where |E| is the Lebesgue measure of E and ®(E) = [ 0(x)dx. We set Co =max{C,C,},
0 =min{d;,%}

In what follows, we shall write simply MK, (@1, @ )andMKp; (®;,@3) to de-
note MK (2) and MK (3), respectively.

Proof of Theorem 2.1. Since K(1,t) has compact support on (0,c), there ex-
ists b > 0, such that suppK(1,#) C [0,b]. First, we prove (2.7). Using Minkowski’s
inequality for integrals and (2.6), and setting u = tx, we obtain

b 1/q
H(Tf)(PkH%wz < /0 {/D f(IX)qx(ll)qwz(x)dx} K(1,1)dt
b 1/q . 1
:/0 {/2klt<lu|<2k[ f(u)‘fws(u)du} A=1=BE0/ag (1 )y

For each ¢ € (0,00), there exists an integer m such that 2"~! < ¢ < 2™. Setting

A ={u € (0,00) : k=l ) < 2Ky
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By (3.2), we obtain

I(Tf)

/{/“)m )0 )

+/ ()9 05 ()} V91 =B IR (1 1) (3.6)
km

</0(

A= BED/ag (1, 1)dr.

It follows that

ko
ITf ke < sup [@(Bko)]-"{ S [ (B

koeZ k=—o0
b

X [/ (
0

Now, we consider two cases for p:

(3.7)
1/p
)tll<ﬁ+1>/q1<(1,z)dt]} .

Case 1. 0 < p < 1. In this case, it follows from (3.7), (3.4) and (3.2) that

(L+p)'/»
S———

1T fllmke2) < sup (o1 (By,)] ¢ . [@1(By)]*

{ ;
2% br L kez [t

<[

< 2(1/P)—2(1 +p)1/l’bl_(%) sup [o, (Bko)]_s

1/
)t(k—l—(ﬁ-&-l)/II)PKp(],t)dt} ’

koeZ
3.8)
b ko ® (B) ap (
x O (Biym—1)*? m_”x*)
{{/o kzw 1 (Bitm—1) (| f Q111,05 <w1(3k+ml)
- . 1/p b ko
AR R A T T
k=—oco
o 1/
y (M) ptu—l—(ﬁﬂ)/q)pr(l7,)4 p},
wl(Bker)

By (3.5) and |B;| = 2%*1, we have

5
@By Co( |Bi| ) _ 08, @By oo, (3.9
o1 (Bism—1) |Bism—1] ©1(Biim)
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It follows from (3.8), (3.9) and (3.1) that

17 Fllax) < G202 (14 p) P sy /Ob<z<m—1><s—a>5
+ 2mls= @) A=I=(B+/ag (1, 1)ar
< C(()af-Y)z(l/P)*2(1_|_p)1/17(1_|_2\O£7s|3)Hf||MK(3)
x / " A3 (BD/aR (1 p)ay.
0

(3.10)

Case 2. 1 < p < oo. In this case, it follows from (3.7), (3.1), (3.2), (3.4) and (3.9)
that

ko
1T f o) < (25) /7 sup ooy <Bk0>w{ Y (on(B)

kocZ k=—o0

b 1/p
[ U0+ 00 BV ) |

b ko
< 00 supfon (8] | [ 3 o1 (B

kocZ k=—c0
po 1/p
X(M) t(x—1—<ﬁ+1>/q>pr(17,)4 }
wl(Bkerfl)
b b » (3.11)
[ 0B ol
k=—o0
1 (By) ),,a (A-1-(B+1)/a) }W}
x (LB ) DPKP(1,1)d1
(wl(Bk+m) ( )

<CE 2@+ (1/p) 1 f k)
X/‘b(z(mfl)("*a)ﬁ+2’”(-"*“)5)11’1*(ﬁ+1)/‘1K(1,t)dt
0
<CE2 I+ (1/p) (1421 | Fllaks)
X/wt)t—l-k(s—a)é—(ﬁ-&-l)/qK(lJ)dt.
0
Hence, by (3.10) and (3.11), we get

IT|| <C(p.c, A)/ A mad=(B+D/ag (1 1), (3.12)

where C(p, o, A) is defined by (2.8).
To prove the opposite inequality (2.9), we take ;(B;) = 250, w,(x) = xB,
x € (0,00) and
fO(x) :xl—l-‘r(s—a)é—(ﬁ-‘rl)/q’ xe (O,oo)
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‘We need to consider two cases:

Case 1. o0 # s. Then

k 1/q

2
Il fo@x 4005 =/2Hx‘(/3+1)+(S—0‘)q5+(7t—1)q+(1—l)q+ﬁdx :C31/42k(s—a)6’
where s
1 —2le=s))q
C3 = |
(s—a)go
It follows that

ko 1/p
I folly ) = supfe (Bkoﬂ‘s{ Y, [on(B) (c;/qzk@—a”f’}

koeZ he—oo (3.13)
_ C;/‘I(zp.\'a _ 1)7%'
Case 2. oo = s. Then
2k l/q
follvxz) = </2klx1dx> = (In2)!/4. (3.14)

It follows from (3.13) and (3.14) that fy € MK(3). By (1.3), we obtain

T(fo.) :x(sfa)éf(ﬁH)/q/mt/171+(sfa)37(ﬁ+l)/q1((1,t)d,
0

and
IT follmx) = ||fo||MK(3>/O A med=BED/aR (1, 1)dr.

Thus,

> Lokt _ = oveo-aa-nag 1,y
Ifollukzy — Jo

This completes the proof of Theorem 2.1.

The idea of proof of Theorem 2.2 is similar to that of Theorem 2.1, we omit the
details here.
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