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SOME INTEGRAL INEQUALITIES IN TWO
INDEPENDENT VARIABLES ON TIME SCALES

TONGLIN WANG AND RUN XU

(Communicated by A. Peterson)

Abstract. The aim of the present paper is to investigate some integral inequalities in two in-
dependent variable on time scales, which unify and extend some integral inequalities and their
corresponding discrete analogues. The inequalities given here can be used as handy tools to
study the properties of certain partial dynamic equations on time scales.

1. Introduction

Following Hilger’s landmark papers [1], there have been plenty of references fo-
cused on the theory of time scales in order to unify continuous and discrete analysis.
Recently, many authors have extended some useful dynamic equations on time scale,
for example [2—10] and [12,13], and the references therein. In this paper, we in-
vestigate some integral inequalities in two independent variable on time scales, which
extended some discrete inequalities by Li [10] and Meng and Ji [11] to arbitrary time
scales. The inequalities given here can be used as handy tools in the qualitative theory
of certain classes of delay dynamic equations on time scales.

Throughout this paper, a knowledge and understanding of time scale notation is
assumed. For an excellent introduction to the calculus on time scales, we refer the
reader to monographs [2,3].

2. Some preliminaries

In what follows, R denotes the set of real numbers, R = [0,0),Z denotes the
set of integers, Np={0,1,2,...} denotes the set of nonnegative integers, T is an arbitrary
time scale, C,; denotes the set of rd-continuous, % denotes the set of all regressive
and rd-continuous functions, and Z* = {p € % : 1+ u(t)p(t) > 0, € T}. Throughout
this paper, we always assume that T| and T, are time scales, ty € T, so € T, t > 19,
s>s59 and Q=T x T,.

The following lemmas are very useful in our main results.

Mathematics subject classification (2010): 34C10.
Keywords and phrases: dynamic equations, integral inequalities, time scales, two independent vari-
ables.

This research was supported by National Science of China (11171178), the fund of subject for doctor of ministry
of education (20103705110003) and the Natural Science Foundations of Shandong Province of china (ZR2009AMO11 and
ZR2009AL015).

© M, Zagreb 107

Paper IMI-06-11



108 TONGLIN WANG AND RUN XU
LEMMA 2.1. ([2]) Suppose u(t),b(t) € €,q,a(t) € Z*, then
ut(t) <a(t)u(t) +b(t), t€T,
implies

u(t) < ulto)ea(t.10) +/[’ ealt, 6(2))b(DAT, 1 €T.

LEMMA 2.2. ([9]) Let u(z),f(t),8(t) € €a, u(t), f(t) and g(t) be nonnegative.
If f(¢t) is nondecreasing, then

) <0+ [ g(@u(oaz, 1€,

implies
u(t) < ft)eg(t,19), t€T.

LEMMA 2.3. ([11]) Assume that p > q > 0,a >0, then

ar <Lk a+ P"9y5
p p

k> 0.

3. Main results
In this section, we study some integral inequalities on time scales. We always
assume that p,q,r are constantsand p > ¢ >0, p>r>0.

THEOREM 3.1. Assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s), h(t,s) are
nonnegative functions that are right-dense continuous for (t,s) € Q and a(t,s) is non-
decreasing. Then

WP (t,5) < alt,s) 4 bt,s) / ’ /S;mx,y)uq(x,y)

+g(x,y)u"(x,y) +h(x,y)|AvAx, (t,5) € Q, v
implies
(15) < falt5) 5(05) [ BJen (1.0 eoea. @
where
4(09) = [ (S 1000+ 2K 600.9) ) ble)
8.9 = [ | e (4 at) + 2245 )

+g(t,y) (%krppa(t,y) + p_rk;> —|—h(t,y)} Ay.  (t,5) €Q.
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Proof. Define a function v(¢,s) by

() = [ [ Faten) +alond o) - hplanse. @)

Then (3.1) can be restated as
uP(t,s) <alt,s)+b(t,s)v(,s). %)

Using Lemma 2.3, for any k > 0 we easily obtain

wi(t,s) < [a(t,s) +b(t,s)v(t,5)]7 < Lk'7 [alt,s) + b(t,s)v(t,s)] + E—Tkr,
L S o
W 0,9) < [alt,5) 4 b(e,s)V0, )] < T ) (1 s)v(e,s)] + Pk

It follows from (3.4) and (3.6) that

() < [ {700 | 267 e +oteppten) + 20k

S0

et [ K alr) #0000 + 0| +he oy )
SB(t,s) +A(t,s)v(t,s),  (1,5) €Q,
where A(z,s) and B(t,s) are defined by (3.3) respectively. Obviously, A(z,s), B(t,s)

€%, A(t,s) and B(z,s) are nonnegative, A(z,s) is nondecreasing. Noting v(1p,s) =0,
using Lemma 2.1, from (3.7) we have

t
Wt,s) < / €)1, (1)) B(x,5)Ax. ®)
]

Therefore, the desired inequality (3.2) follows from (3.5) and (3.8). O
REMARK 3.1. Theorem 3.1 extends some known inequalities on time scales. If
b(t,s) =1, g(t,s) = h(t,s) = 0, then Theorem 3.1 reduces to [10, Theorem 2]. If

qg=1, b(t,s) =1, h(t,s) =0, then Theorem 3.1 reduces to the form of [10, Theorem
3].

COROLLARY 3.1. Let T =R, assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s),
h(t,s) are nonnegative functions defined for t,s € Ry, then the following inequality

uP(t,s) <aft,s)+b(t,s) /ot /Os[f(x,y)uq(x,y)+g(x,y)u’(x,y)+h(x,y)]dydx, ©)]

for t,s € Ry, implies

ult,s) < [a(t,s)+b(t,s)§(t,s)exp (/Otz(x,s)dx)r, LsER.,  (10)
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where

A(ts) = [ (97 1000)+ 2K 6(09) ) bl ),
ZS

( k
//[ (k” a(x,y) + ;qu) (11)
+g(x, )( kK7 alx,y) + _rkTr’)—kh(x,y)}dydx, t,sER,.

COROLLARY 3.2. Let T =7 and assume that u(t,s), a(t,s), b(t,s), f(t,s),
g(t,s), h(t,s) are nonnegative functions and a(t,s) is nondecreasing function defined
for t,s € Ny, then the following inequality

uP(t,s) < alt,s)+b(t,s) 22 9(x,y) + g(x,y)u"(x,y) + h(x,y)], t,s € Ny,

x=0y=0
(12)
implies

u(t,s) < {a(t,s)+b(t,s)§(z,s)ﬁ [1+2(x9)] }P, 1,5 € N, (13)

where

= s_1 q-p —q 4
Bt,s)=Y > [f(x,y) (%k?a(x,y) + pp qk?) (14)

—’ 17’) —|—h(x,y)] , 1,5 € Np.

THEOREM 3.2. Assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s), h(t,s) are
nonnegative functions that are right-dense continuous for (t,s) € Q and a(t,s) is non-
decreasing. Then

! ! N
P 14 q
wos) <alts) + [ peortesont [ [ reden o
+8(x,y)u"(x,y) + h(x,y)]AyAx,  (1,5) € Q,
implies
1

u(t,s) SR%(I,S) [a(t,s)—k/mt ec(.7_y)(t,0(x))D(x,s)Ax} , (1,8)€Q, (16)

where
R(Z,S) = €p(-,, )(t tO) (Z,S) €Q, (17)
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N — r=p r
Cl0) = [ |57 10008 0.0+ LT 0,008 1) 2
)

p—qk,z,>

D) = [ [1RF ) (2 atr) +

r=p

gt )RE (1) (gkpao,y)

Proof. Define a function v(¢,s) by

v(t.5) =altss) + [ [ [t (xn) + gl (v) + hix.) v,
Then (3.15) can be restated as

1
ul(t,s) <v(t,s)+ [ b(x,s)u (x,s)Ax.

fo

Noting that v(z,s) is nondecreasing, by Lemma 2.2, from (3.20), we obtain

uP(t,s) < R(t,s)v(t,s),
where R(t,s) defined as (3.17). From (3.19) and (3.21), we obtain

u(t) < R7 (t,5)[a(t) + w(n)]7,
where .
wiess) = [ 1o e g (5.) + () avae

It follows from (3.22) and Lemma 2.3, we get

Wi(t,5) <RV (1,5)[alt,s) + wit,s)]?
<R (1,9) %k?”( alt,s)+w(t,s) + 29k }

W (t,5) <RP(1,5)[alt,s) +w(t,s)]P
5 1 7 s)+w(t,s P ks .
<R (0)| 2 a9 wlr) + 2 k}

It follows (3.23) and (3.24) that

wh (1,5) < [S {f(t,y)R%(t,y) :%k%(a(t,y)+w(t,y))+P;qk%}

S0

et )RF (1) Li)k’,—f(a@,y)w(t,y))

< D(t,s)+C(t,5)w(t,s), (t,5)€Q,

! 73) +h(t,y)} Ay, (1,5) € Q.

- %] +h(t,y)}Ay
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19)

(20)
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(22)

(23)

(24)

(25)
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where C(¢,s) and D(t,s) are defined by (3.18) respectively. Obviously, C(¢,s), D(z,s)
€ G, C(t,s) and D(t,s) are nonnegative, C(z,s) is nondecreasing. Noting w(tg,s) =
0, using Lemma 2.1, from (3.25) we have
1
w(1.9) < [ ec.(t.000)D(x.9A. 26)
1o

Therefore, the desired inequality (3.16) follows from (3.22) and (3.26). O

COROLLARY 3.3. Let T =R, assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s),
h(t,s) are nonnegative functions defined for t,s € Ry, then the following inequality
t
ul(t,s) < alt,s) —|—/ b(x,s)dx
Y (27)
[y ) + gyl ) + hix.y)ldy

for t,s € Ry, implies

P

u(t,s)gH%(t,s)[ (t,5) + b(t,$)D(t,5)exp (/ stdx)}  s€R.,  (28)

where .
H(t,s):exp/ b(x,s)dx, 1,5 € R, (29)
0
€)= [ (e ) (7 o)+ 20
R DHF (KT ale3) + 204 +h<z,y>) ,

D(t,s) // (fxyHP xy)(zk%a(x,y)—i-?k%)

— rk%) —l—h(x,y)) dydx, t,s € R;.
(30)

COROLLARY 3.4. Let T =7 and assume that u(t,s), a(t,s), b(t,s), f(t,s),
g(t,s), h(t,s) are nonnegative functions and a(t,s) is nondecreasing function defined
for t,s € Ny, then the following inequality

+g(x,y)H? (x, y)( k7 alx,y)+

t—1s—1
ul(t,s) <alt,s —|—be$ x,s)—|—22[f(x,y)uq(x,y) 1)

x=0y=0
+g(x,y)u (x7y) +h(x7y)}7 r,se NO»

implies

x=0

u(t,s) < R (,5) {a(ns) +D(1,5) ﬁ [1 —l—ﬁ(x,s)] }P , 1,5 € No, (32)
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where |
t_
R=T[Jl1+b(xs)], 1,5 € No, (33)
x=0
= s=1 q—p_4 r o r-p_r
Clt.s) = [ik PR (1) () + K Rp<t7y>g<t7y>],
y=0 LP p
_ —1s—1 _ _
D(ts)=3 3, [F% <x,y>f<x,y>(€k"p”a<x,y>+” "kﬁ) (34)
x=0y=0 p p

ror-p

TR (. y)e(x.y) (;k P ary) +

_rk;> —|—h(x,y)] , 1,5 € Np.

THEOREM 3.3. Assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s), h(t,s) are
nonnegative functions that are right-dense continuous for (t,s) € Q and a(t,s) is non-
decreasing. If L : To x Ry — R4 is a continuous function such that

0 < L(t,s,u) — L(t,s,v) < M(t,s,v)(u—v) (35)

Sor (t,5) € Q and u>v >0, where M : Top x Ry — R is a nonnegative continuous
function. Then

uP(t,s) < alt,s) +/totb(x,s)up(x,s)Ax+/[: /Y:L(x,y7f(x7y)uq(x7y)

+g(x,y)u’ (x,y) + h(x,y))AyAx, (1,5) € Q,

(36)

implies

u(t,s) < Rl_l’(t,s) [a(t,s) + teE(,’s)(t,G(x))F(x,s)Ax] ’ , (t,8)€eQ, (37

fo

where R(t,s) defined as (3.17) and

Es)= [ M (z,y,f(r,ymz<t7y>(§k"p"a<t,y>+”;"k?”)

S0

+g(t,y)R? (t,y)(lgk%pa(t,y) + p; Ckr) +h(t,y))
x L%k¥f(;,y)1e% (t,y)+ %k%g(t,y)RTr’ (t,y)] Ay, (38)

p_qk%)

Fis)= [ SL(t,y,f(t,y)R%(t,y)(%k¥a(t,y)+

+g<t,y>R£(t,y>(§k'p"a<t,y>+”;rk5)+h<r,y>) Ay (1s) €Q.

Proof. Define a function v(¢,s) by
v(t,s) =a(t,s) +wlt,s), (39)
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where

wit.) = [ [ Lo et e) + e (e) + b)) kv d0)

Then (3.36) can be restated as (3.20). Similarly we have (3.21),(3.22) and (3.24).
Noting the hypotheses on L, from (3.24) and (3.40) that

50

w09 < [ {2 (R ) (T (o) wte0) + 20

SR IRF 1) (KT (a0.9) +w(0.3) + 27 +h<t,y>)

L (o R ) (2 atr) + Ak
PR 19) (KT o)+ k) ) @“h
4L (t,y,f(t,y)R;I’(t,y)(%kqﬁpa(t,y)+p_qk7’)
+g(t,y)R'_r’(t,y)(l€k'7_’pa(t7y)+ _rk%)+h(t7y)>}Ay

< F(t,8)+E(t,5)w(t,s), (1,5) €Q,

where E(t,s) and F(t,s) are defined by (3.28) respectively. Obviously, G(¢,s), H(t,s)
€ 6q, G(t,s) and H(t,s) are nonnegative, G(z,s) is nondecreasing. Noting w(tg,s) =
0, using Lemma 2.2, from (3.41) we have

t
W([,S) g/ eE(,7_Y)(t,G(x))F(x,s)Ax, (I,S) €Q. (42)
]
Therefore, the desired inequality (3.37) follows from (3.22) and (3.42). O
COROLLARY 3.5. Let T =R, assume that u(t,s), a(t,s), b(t,s), f(t,s), g(t,s),

h(t,s) are nonnegative functions defined for t,s € R,. LM € %(R?HRJF) satisfied the
inequality as (3.35), then the inequality

ul(t,5) < +/bxsup(xsdx—|—// (2, £ (x,y)u? (x,y)
+g(x,y)u (x,y)—l—h(x,y))dydx, t,scR,,

(43)

implies

1

u(t,s) <HP (1, )[a(z,s)+F(t,s)exp(/(:F(x,s)dx)}p,t,se&, (44)
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where H(t,s) defined as (3.29) and

E(t,s)= /OSM (t,y,f( V) H

r rorp
+g(t,y)H? (t,y)(l—)k a(t,y)+

T

(1,y )(%k¥a(1,y)+p;qk%)

— ki) +h(t,y)>
‘ [gk”r—”’fu,y)H%(t,y) ; ng'r—’”g(r,wa”(z,y)} dy.

— rors q q-p —q,4

F(t,s) :/o /0 L<x7y7f(x7y)H"(x,y)(gk P a(x7y)+pqu")

+g<x,y>H%<x,y>( kK7 a(x,y)+

— rké) —|—h(x,y)) dydx, t,s € R,.

45
COROLLARY 3.6. Let T = 7Z and assume that u(t,s), a(t,s), b(t,s), f(t,s),
g(t,s), h(t,s) are nonnegative functions and a(t,s) is nondecreasing function defined

for t,s € Ny, L:No xRy — Ry is a function that satisfies the condition as (3.35)
then the following inequality

-1
uP(t,s) <al(t,s)+ Y, b(x,s)u?
x=0

t—1s—1

x,s E / 2 ,L XN YU ’
g(;f,y)ll (;c,y) Al(/’C,y)), t,se NO,

implies

) _ _ 7
u(z,s)gRﬁ(z,s){a(z,s)w(z,s)H[1+E(x,s)}}  1seNg,  (47)
where R(t,s) defined as (3.29) and

q

Et,5) = zM(m R 1)) (307 atr)+ 22

el (K ate) + ""kﬁ)+h<t,y>)

+R

6] -p_4 vy r-p_r

=k? R ( +—kf’R’ , 48
L) )f(t,y) P (t, )(ty)] (48)

F(t,s) = ii ( %xy)f(x7y)(%k%a(x7y)+p;qk%)
x=0y=

R (x,y)g(x ,y)(lgk%a()@ywr _rkTr’)—l—h(x,y)), 1,5 € Ny.
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4. Some applications

In this section, we present two applications of our main result. Consider the fol-
lowing partial dynamic equation on time scales

(WP ()Y =F(t,5,u(t,s)), (1,5) € Q (1)
with boundary conditions

uP(to,s) = (1), uP(t,50) = B(s), u”(t0,50) =7, 2

where F': Ty x T x R — R is right-dense continuous on  and continuous on R,
o: Ty — R and B : T, — R are right-dense continuous, and y € R is a constant.

EXAMPLE 4.1. Assume that

F(t,s,u(t,s)) < f(t,s)ul(t,s)+g(t,s)u"(t,s),

la(t)+B(s)—yI<K, (t.5)€Q. 3)

where f(t,s),g(t,s) are nonnegative right-dense continuous function for (z,s) € Q.
p=2q>0,p=r>0, K >0 are constants.

If every solution u(z) of (4.1) satisfying the boundary condition (4.2), implies

utt9) < |1 K+ [ Bssgen g .0)] s ()€ @

where A(t), B(t) are defined as in (3.3) and (3.4) with a(z,s) = K, b(t,s) =1,
h(t,s)=0.
Indeed, the solution u(r) of (4.1) satisfies the following equivalent equation

uP(t,5) = o(t) + B(s)— v+ /[: A:F()@y,u()c,y))AyAx7 (t,5) € Q. 5)

It follows from (4.3) and (4.5) that

) I =l @)+ )~ 71+ [ [ 1 Fyuey) | avar
» o (©)
<K+ / /So[f(x,y)lu(w) 7 -+g(x,) [u(x,y) JAyAx, (t,5) € Q.

Using Theorem 3.1, the inequality (4.4) is obtained from (4.6).
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EXAMPLE 4.2. Assume that
‘ F(I’S’ul) _F(tasauZ) |< f(t,S) | uf(tas) - ’45(’75) |7 ([,S) € Q. (7

where f(z,s) is defined as in Example 4.1. Then the problems (4.1) and (4.2) has at
most one solution on Q.

Indeed, let u;(z,s) and uy(z,s) be two solution of the problems (4.1) with (4.2).
It follows from (4.5) that

[ (09) =) 1< [ [ ) 1)~ o) | avax, (1) €9 ®)

By Theorem 3.1, from (4.8) we have | u(t,s) —ub(¢,s) |= 0, which implies that the
problems (4.1) with (4.2) has at most one solution on Q. This completes the proof of
example 4.2.
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