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A REMARK ON EXTENSION OF ORDER
PRESERVING OPERATOR INEQUALITY

TATSUYA KO1ZUMI AND KEIICHI WATANABE

(Communicated by M. Fujii)

Abstract. We will give an extension of order preserving operator inequality of Furuta type.
1. Introduction

Each capital letter means a bounded linear operator on a Hilbert space. An operator
T is said to be positive semidefinite (denoted by 0 < T') if 0 < (T'x,x) for all vectors
x. We denote by 0 < T if T is positive semidefinite and invertible.

THEOREM 1. [11],[10] Let 0 < p < 1. If 0 < B < A holds, then BP < AP.

For 1 < p, 0 < B < A does not always ensure B” < A”. The following result has
been obtained from this point of view.

THEOREM 2. [2] Let 0< p, 1 <gand 0<r with p+r<(14+7r)q. f0O<B<A
holds, then
, NG e
(43 Brat)? <A’
It is known that the following result interpolates Theorem 2 and an inequality
equivalent to the main result of Ando-Hiai log majorization [1] by the parameter 0 <
r<1.

THEOREM 3. [3] Let 1 <p, 1 <s, 0<r<landt<r. If 0 <B<A with
0 < A, then the following inequality holds:

. 1—t4r
{af(atprass) as} 77 cqtort,

An elementary one-page proof is in the Monograph [4], which the first author
began his research of this direction by reading its Japanese edition.

Furuta [6] gave a further extension of Theorem 3, which is applied to development
of the theory of operator functions and log majorization (e.g. [7], [8], [9]).

DEFINITION. [6]. Let n be a natural number. Put
o2mnt] = (- (((pr —t)p2+t)p3 —t) pat+---—1) pop+r.

Mathematics subject classification (2010): 47A63.

Keywords and phrases: Lowner-Heinz inequality, Furuta inequality, order preserving operator inequal-
ity.

Supported in part by Grants-in-Aid for Scientific Research, Japan Society of the Promotion of Science.

© M, Zagreb 119

Paper JMI-06-12



120 T. Ko1ZUMI AND K. WATANABE

THEOREM 4. [6] Let 1< p;(j=1,---,2n), 0<t<landt<r.IfOSB<A
with 0 < A, then the following inequality holds:

1—t+4r
{A5 ( 1. (A% (AéBmA5>p2A3>p3---Aé)mAg}q’pw <A

The following result by Uchiyama [12] is 3 operators version of Theorem 3.

THEOREM 5. [12] Let 1 < pi,p2, 0<ty<landt; <t. FO<B<A <A,
with 0 < Ay, then the following inequality holds.

1-t1+1

9 P o\ Tim
{A;f (A Tpna; ) A;f} <Ay,

Another simplified proof of Theorem 5 is also given in [5] by using Theorem 3.
Yang and Wang [13] gave a unifying extension of Theorem 4 and Theorem 5.

DEFINITION. [13]. Let n be a natural number. Put

o)2n] = {---((p1 —t1)p2+11) p3 —12) pa+12) ps — - — tu} P2n +1n.
THEOREM 6. [13] Ler 1 < pj(] =1,---,2n), 0< < l(k=1,---,n) and
th <r. fO<B<K<A <A <+ <Ay < Azn with 0 < Ay, then the following
inequality holds:

S8 (42 A N e A A L N
{A2n <A2n 1<A2n 2 A {A {A (Al B A, ) A } As } Af
1—tp+r

[ P2n—1 m P2n r 2n—tn+r .
2 2 2 —In
A2n72 A2n71 A2n < A2n .

2. Results

We will give the following result which is an extension of Theorem 6.
DEFINITION. Let n be a natural number. We set

o2n)=1—t1+tr— - —try_1 +1tm

y(2n) ={--((p1—t)p2+12) p3 —13) pa+ - —tan_1} p2n + ton.
THEOREM 7. Let n be a natural number. Let 1 <p;(j=1,---,2n), 0<ty_1 <

Land ty 1 <tor(k=1,---,n). f 0 < B<A; <Ay and
AL  AQCRTD)  QHHTD (p— 0 ) ()

with 0 < Ay, then the following inequality holds:

1, n—1 2] P2 ) P3 Dp—1 Pan p %
2 —T7 2 2 14 2 —T7 2
{A2n <A2n1 o <A2 <A B lA ) A2 ) . 'A2n71 ) A2n }

<AL, (1)

n
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LEMMA 8. Under the assumption of Theorem 7,
1 < a2n) < y(2n).

Proof. y(2)=(p1—t)p2t+tr=>(1-t)pp+nh>1-t+n=0(2)>1.
Suppose 1 < o(2k) < w(2k) for some k such that 1 <k < n— 1. Then we have

W (2k+2) = (Y(2k)par+1 — tok+ 1) P2kr2 +toks2

(
0L (2k) pojs1 — taks1) Pok+2 + ok2

P
> o(2k) —typr1 ok =0 (2k+2) > 1. O

Proof of Theorem 7. For the case of n = 1, it is exactly Theorem 5. Let 1 <
Don+1, P2y O <topq1 <1, 241 <t2042 and
( n) o(2n) o(2n)
Ay < A2n+l < A2n+2

Suppose that the inequality (1) holds. We denote the left hand side of (1) by B;. Put

_v(@n) P U - B
(X(z ) P2n+1, (2]’1) ’ a(zn) ) P2n+2-

o
Then it is easy to check that 1 < p, 1 <5, 0<7r< 1 and r <r. We have

n Dp—1 1) P2 p3 Hy_1 P2n o P2n+1
P _ 2 T2, 2 P1 2 AL 2 2
Bl - <A2n <A2n—l <A2 (A B A ) A2 ) A2n—l ) A2n ) '

Since

n) n)
B < Aer < A2n(+1) < A2rE+2 J
applying Theorem 5, we have
a0\ 5 [ ( oo\ o (a0 ) (o) 31T aon
{ <A2n+2> <<A2n+l ) Bl (A2n+1 ) ) (A2n+2> } < <A2n+2> :

2

Then we have

oa(2n)(1 —t4+r) = a(2n) — tapr1 + tono = a(2n+2),

so the right hand side of (2) is A3, i";z)

r Dpt2 —L Dnt1
a(2n)\2 _ 2 aln)\ "2 4T
(A2n+2 ) =4y, and (A7 =441 -

It is obvious that

Furthermore, it is easy to see that

1—t+r o(2n+2)

(p—t)s+r y(2n+2)
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holds, so we can conclude that

o(2n+2)

Dni2 gl n -4 - t P2 n r3 g \ P20+2 0 40 ) w(Ent2)
2 2 ... 1 . 2 z
A2n+2 A2n+l A2 Al B Al A2 A2n+l A2n+2

< Aa(2n+2)

This completes the proof. [l

DEFINITION. Let n be a natural number. We set

[3(2n+ 1) =l4+H—-tr+ - +tmt1
y@n+1)={--((p1+1)p2—10)p3+-—tn} Pon+1+ns1

THEOREM 9. Let n be a natural number. Let 1 < p;j(j=1,--,2n+1), 0
t, 0<ty <1landty <tyyr(k=1,---,n). fO<B<A; and

2%—1 2%—1 2%—1
ABPAD < ABRETD  ABCKD (k= 1, )

with 0 < Ay, then the following inequality holds:

B(2n+1)
2p41 _%ﬂ _% izl‘ %_ p2 _% p3 _%ﬂ P2n+1 Dpil y(2n+1)
2z ce P c.. 2
{A2n+l (AZn (AZ (Al B 1Al ) A2 ) A2n ) A2n+l}
B(2n+1)
< A2n+1

Proof. Put t; =0 and p; =1 in the inequality (3). Then we have

o(2n+2)
’2n2+2 _ t2n2+1 %2 » %2 P3 _ t2,12+1 P2n+2 t2,12+2 y(2n+2) a(2n+2)
cee 2 cee
A2n+2 A2n+l A2 B A2 A2n+1 A2n+2 < A2n+2 .

For j=2,---,2n+2, rewrite t;, pj and A; by t; 1, p;1 and A; 1, respectively.

w2 - )

<

X

O

COROLLARY 10. Let n be a natural number and | be an even natural num-

ber. Let 1 < pj(j=1,---,2n4+1), O<t1, tn, tug 1, tng 3y - Inpi—1 < 1 and tqq

<

tit, s tngi—1 Stppr. 0SB <A <Ay < < Appyp, with 0 <Ay, then the following

inequality holds:
’n;l _ tn+2171 tn;rZ _ tn%»l % _ % ’71 _ %1 P _ %1 P2 ’71
. . 1
Agpia ( Ay Agiz (At (A (A2 Ay (A7 BTTA A;

!
o
m \ P2 g\ P2kl i\ P2 i N\ P23 i \ 7 )V

-7 2 -T2 2 LA T2 2
A2n—l> A2n> A2n+1 ) A2n+2> A2n+2 A2n+2

a/
S A%

.
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where
o =1 —tyy1+tngr— - —lyppi—1 +lap
V' = ((((pr—n)p2+11) p3— -+ —1tn) P2n+1n) P2ns1 —bns1) Pons2 + -+
~tni1-1) P2yl +lnsl-
Proof. By putting Az, 42 = Agp3 = -+ = Agpyy and replacing ty, 1, ,top—1,
ton, ont1, - ytopy in Theorem 7 to #y,ty,- - ,ty,ty, ty+1,---,ty; in Corollary 10, re-

spectively, we can apply Theorem 7 succesively. [J

COROLLARY 11. Let n be a natural number. Let 1 < p;(j=1,---,2n), 0 <

ta—1 <l and typ1 <ty (k=1,---,n). If 0 < B <A with 0 < A, then the following
inequality holds:

o(2n)
{A%n (a2 (4% (4 S pma4) " a3)" A—)A—}“
<Aa(2n)'
Proof. PtA=A,=A,=---=Ay, inTheorem7. [

COROLLARY 12. Let n be a natural number. Let 1 < pj(j=1,---,2n+1), 0<

t1, 0<ty <1 and ty <ty (k=1,---.n). If 0 < B <A with 0 <A, then the
following inequality holds:

B(2n+1)
2n n p. n\ P2n+1 1oy 2n+1
{A—z—z L (A—%—... (A—'% <A%BP1A%>p2A—%> 3...A—%—) L }7( )

< AP@n+D).

Proof. Put A=Ay =A;=---=A2,+1 in Theorem9. [

REMARK. If we omit the condition (*) in Theorem 7 and assume only 0 < B <
A; <Ap <--- < Ay, with 0 < A, we cannot always obtain the inequality (1). We may
take operators I < C; < C, such that C% jé C?, where I denotes the identity operator.
Putn=2, pj=---=ps=1, 1 =t3=1, h=y=2and B=A=1, Ay=C;, Az=
A4 =C,. Inthis case, o(4) = y(4) = 3. If the inequality (1) holds, we would have

_1 _1
GG GG G <G,
which leads to C% < C%, a contradiction.

REMARK. Theorem 7 becomes Theorem 6, when to; | =t (k= 1,---,.n—1),
thy=rand 0 < B<A; <Ay <--- <Ay, and rewrite fo;_1 to fx (k=1,---,n).
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