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BOUNDEDNESS FOR THE MULTI-COMMUTATORS
OF CALDERON-ZYGMUND OPERATORS

XIANGXING TAO AND YUNPIN WU

(Communicated by G. Sinnamon)

Abstract. In this paper, the authors study the multi-commutators 7414 generalized by the
Calderén-Zygmund operator 7 and the (m; + 1) -th remainders of Taylor series of the functions
A; whose m;-th derivatives belong to BMO spaces for m; > 0 and i = 1,2,--- k. The bound-
edness from the weighted central Morrey space B,(w) to the weighted central BMO space
CMO(w) for these multi-commutators was derived. As corollary, the L? -boundedness for the
multi-commutators has been obtained.

1. Introduction

Let T be a non-convolution type singular integral operator with a standard Cal-
derén-Zygmund kernel K(x,y) defined on R" x R"\ {x = y}, this means that, for any
f € L*(R") with compact support and for x & supp (f), Tf(x) = [p K(x,9)f(y)dy,
with

C
e — [

K (x,y)| < (1.1)

and, for all 2|x—z| < |y—2,

bx —z[®

[K(x,y) = K(z,y)|+ |K(y,x) = K(y,2)| < CW’

(1.2)
with some positive constants C and 0 < € < 1. We note that, if the singular integral
operator T is bounded on L?(IR"), then T is called a (non-convolution type) Calderén-
Zygmund operator. It’s well-known that a Calderén-Zygmund operator is bounded
on LP(R"), 1 < p < oo, and is of weak (1,1) boundedness. The commutator of a
Calderén-Zygmund operator 7 and a BMO function b, [b,T|(f) = bT(f) — T(bf),
was first studied by Coifman, Rochberg and Weiss [2] who proved that ||[b, T](f)|lzr <
C”b”BMO”fHLI’ forall I < p <eeo.

We define the following multilinear commutator generalized by the Calder6n-
Zygmund operator 7 and the function A,

Rm+l (A,)C,y)

K(x, dy, 1.3
) (x, ) f (y)dy (1.3)

A -
e = [
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where Ry,1+1(A;x,y) denotes the (m+ 1)-th remainder of Taylor series of A at x about
v, more precisely,

R (Asxy) =A() = Y, =DVAG)(x—)",

ly|<m

and D7(A) € BMO(R") for all multi-indices |y| =m > 0. It’s clear that, in case m =0,
TA(f) = [A,T](f) is the classical commutator mentioned above.

Since L~ is properly contained in BMO, we see that in general the kernel of
the operator T4 fails to satisfy the standard kernel estimates (1.1) and (1.2), and one
can not get the L” -boundedness for 74 from the standard Calderén-Zygmund theory.
In 2002, Lu and Yan proved in [5] that if 74 is bounded on L?(R") with the bound
CYjyj=m IDAl|Byo . then T# is bounded from L= (R") to BMO(R") with the same
bound, which in turn implies that T4 is bounded on LP(R") for 2 < p < oo.

One aim of the paper is to derive the weighted CMO estimates for the operator
T4, which imply the endpoint estimates for the operator 74 and so generalize the Lu-
Yan’s results above. In fact, we consider the following more general multi-commutator

g A generalized by the Calderén-Zygmund operator 7" and the functions Ay, - -+, A,

k Rm Aisx,
/ny Rt A757) g (1.4)
1 |x —y|™

where Ry, 1+1(Aj;x,y) denotes the (m;+ 1)-th remainder of Taylor series of A; at x
about y, and DY(A;) € BMO(R") for all multi-indices |y| =m; >0,and j=1,2,--- k.

In particular if m; =my = --- =my =0, we write 74 as JA

0= [ Kxy)

which was introduced by Pérez and Trujillo-Gonzélez [6] in 2002 who proved that the

k

H[AJ (x) —

J=1

I f()dy (1.5)

operator 7, is bounded on L?(w) for w € A, and 1 < p < o whenever all A; €

BMO(R"). Recently in [7] the authors proved that Z,* is bounded on central Morrey
spaces if each A; belong to CMO spaces, j=1,2,---,k.

For the multi-indices Y= (%1, %, -, %), we will always use notations |y| =y +

— _— 9l
vt Y Y'—)/1")/2'Yn',andxy x1x2 xn,andD —W.FOT

a cube Q and a locally integrable function f, let fp = @ Jo f(x)dx and the sharp
maximal function

#
M () (x sup@ /\f ~ foldy.

A function f is said to belong to BMO(R") if M*(f) € L*(R"), and the norm is
defined by || fllamo = |M*(f)]|r= -

Denote by Q(x,r) the cube in R" with side length r and center point x and
with sides parallel to the axes. For a non-negative weight functions w, we denote
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the weighted central BMO space by CMO(w), which is the space of those functions
S € Liye(R") such that

1
I fllemonw) - _SHPW/(O )|f(x)_fQ(O,r)|w(x)dx<°°'

It is easy to see that

Ifllesior ~supint s [ 17(2) —elwt)

We remark that the CMO space is the dual space of the atomic space associated with
the Beurling algebra, which is in some sense a local version of BMO at origin. But,
they have quite different properties, for example, there is no analogy of the famous
John-Nirenberg inequality of BMO for the CMO space, see [1] and [7] for the details.

Let 1 < p < and w be a non-negative weight function, we define the weighted
central Morrey space B, (w) by

1 P
11, =350 (50757 o, OO ) <

As is easily seen, the spaces CMO(w) and B,(w) reflect local regularity of the
function more precisely than the Lebesgue space. We also denote by CMO(w) and
B,(w) the homogeneous versions of the weighted central bounded mean oscillation
space CMO(w) and the weighted central Morrey space B,(w), which can be defined
by taking the supremum over r > 0 in the definitions above instead of r > 1.

Now we state our main theorems as follows:

THEOREM 1.1. Let mj > 1 and DY(Aj) € BMO(R") for multi-indices |y| = m;

and j=1,2,--- .k, and let w € Ay, a Muchenhoupt weight. Suppose that T4 is
bounded on LPO(R") with the bound C]'[I;:1 X iyl=m; [ID?Aj||pmo for some 1 < py <.

Then the operator T A is bounded from B,(w) to CMO(w), and bounded from B,(w)
to CMO(w) for any p with py < p < o. Moreover,

— k
A YA .
EA2] . CIT X 107 llwol sy (1.6)
~ -
and
N k
A YA . .
R4 — <CIT 3 1074 lawoll (17)
J

with the absolute positive constant C.
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COROLLARY 1.2. With the same conditions of Theorem 1.1 for w =1, then the
multi-commutator T4 is bounded from L (R") to BUO(R"), and

H 2 IDYA; ||BMO||fHL°° R™) (1.8)

J=1yl=m;

7% vl

BMO(R")

with the absolute positive constant C. Moreover, the multi-commutator 7 A is bounded
on LP(R"™) for any po < p < e, and

k
<CIT X ID"Ajllzumollf e (1.9)

J=Lyl=m;

|75

LP(R")

with the absolute positive constant C.

We remark that Cohen and Gosselin [3] have proved the L”°(R")-boundedness

for the multi-commutator .74 in the special case k(x,y) = Q(x —y)/|x—y|* with
the three conditions: (1) Q € Lip(S"‘l), (2) Q is homogeneous of degree zero, (3)
Jsn—1 Q(x)x*dx = 0 for |ot| =m. By means of the ”T'1” theorem, S. Hofmann [4] ex-
tended Cohen-Gosselin’s result and obtained the weighted L” (w)-boundedness for the

multi-commutator .74 with the same conditions as in [3] and w € A p- But for gen-
eral kernel k(x,y), the LP0(R")-boundedness for the multi-commutator .74 remains

unknown. Here we point out that the results of Corollary 1.2 above have extended the
related works of Lu and Yan in [5] in which only the case k = 1 had been considered.

In Theorem 1.1, we assume that all m; > 1 for the multi-commutator .7 A (f) of
form (1.4). For the cases that some m; = 0, we may equivalently study the following
multi-commutator

Tz’j’ / K(x,y) m,+1(A/7x ¥)
1 [x —y[™

1
[H[Bi(X) —Bi(y)}] f(y)dy (1.10)

i=1

We will deduce the following weighted CM O estimates and L? -boundedness for

the operator ’]I‘XE. For convenience, we denote by Cf the family of all subsets 0 =
{01,07,-+,0;} of i differentelements of {1,2,---,1},andlet 6’ = {1,2,---,/}\ 0 and

-
BO' = {BO'UBO'Qa'” 7BO','}'

THEOREM 1.3. Let DY(A;) € BMO(R") for multi-indices |y| =mj and m; > 1,

j=1,2,--- k. Suppose that T* is bounded on LP*(R") for some 1 < po < oo with
the bound CTT;_y Xjy=m, |DYAjllsmo- If w € Ay and B; € BUO(R"), i =1,2,---,1,

then the operators T8 of form (1.10) have the property that



THE MULTI-COMMUTATORS OF CALDERON-ZYGMUND OPERATORS 659

I
<CIT X IDAjluo [ TIIBillmoll 15,0

J=1yl=m; i=1

=70

CMO(w

+CH||Bi||BMoHﬂ(f>\ (11

Bp(w)

+CZ > 11 ||BM0HTA Bo( H

i=lgectjeo’ (W)
with the absolute positive constant C.
COROLLARY 1.4. With the same conditions as in Theorem 1.3, then the operators

']I‘X’F of form (1.10) are bounded from LP (R") to LP(R") for any p with po < p < oo,
moreover,

%% p)

CH Y, |DYA; HBMOHHB a0l £1l g (1.12)

p(Rn
LP(R") J=1yl=m; i=1

with the absolute positive constant C.

From Corollary 1{ one can obtain the L? boundedness (1 < p < eo) for the mul-
tilinear commutator %B for any Calderén-Zygmund operator 7 and the BMO func-
tions ?, which was showed by Pérez and Trujillo-Gonzélez [6].

The paper is organized as follows: in the next section we will give the proofs of
Theorem 1.1 and Corollary 1.2; and in Section 3, we will prove Theorem 1.3 Corollary
1.4. In this paper we always use the letter C to denote a positive constant which is
independent of the main parameters, but it may vary from line to line.

2. The proofs of Theorem 1.1 and Corollary 1.2
Before giving the proof of the theorem, we need first recall some useful notations

and lemmas. The non-negative locally integrable function w belongs to the Mucken-
houpt weight class, denoted by w € A, if for any cube O C R",

1 1 A\
E/QW(X)dx<E|/QW(X) l"dx) <oo, 1< p<oo,

1
— [ w(x)dx < Cinfw(x), =1.
g e <Cintw). p

and

One knows that A, C A, if 1 < p < g <o, and that w € A, for some 1 < p < g if
weEA, W1thq>1
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LEMMA 2.1. [3] Let m > 1 be integer, and A be a function on R" with m-th
order derivatives in L1(R") for some q > n. Then

1

1 q
|Rim(A32,9)] < Cnlx —y[™ ( IDYA(z )|’1dz> 2.1)
mgm 0(x, )I/ ()

where é()@ y) is the cube centered at x with edges parallel to the axes and having
diameter 5+/n|x —y|.

LEMMA 2.2. Let w be an A, weight with 1 < p < e, and assume f € Bp(w)
and g € BMO(R™). Then there exists 1 < s < oo, for any cubes Q, such that

1/s
a1 o 700l < €l (Q| [ leta |dx) 22)

with the constant C > 0 independent of f, g and Q.

Proof. Recall that w €A, implies w €A, for some small € with 1 <p—e<p.

Welet s=£ and g = #, and so % + é +1 =1. By the Holder inequality and the

Ap_¢ weight property of w, we can deduce that

ig) e = \QI/ () 7lg(x) wix)~7dx

(QI / () dX) : (é /, |g(X)|“'dx>% (%' [wtor? dx)é

1

(v /‘f Pl d’“) (7 ffetora)
<l (17, g(x)Sde

which yields the lemma.

Now we give the proof of Theorem 1.1. Our proof depends on a little technical.
The spirit of the estimates for the operator .74 is treated on the local parts and the

nonlocal parts respectively. Without loss generality, we let k =2, i.e., A= (A,B), and
just consider the following multi-commutator

Rm1+1 (A;xay)Rszrl(B;xvy)
n |x_y|m1+m2

TAB(f)(x) = / K(x,y)f(y)dy

for the case m,my =1,2,3,---.
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It is sufficient to prove that there exists an absolute constant C > 0 independent of
f and Q, such that

@ 1T @) - Colwyas

<C| Y D"AllsuolDPBlsuo 1 £11B,(w)
[v|=m
|Bl=my

holds for any cube Q = Q(0,ry) with ry > 1, where Cy is a real number which will be
determined later.

Let A%(x) =A(x) = ¥ #(D"A)ox” and B%(x) =B(x) — ¥ 5;(DPB)oxP,
[Y|=m |Bl=ma "
then it’s easy to deduce that

Rerl(A;xay) :Rm1+l(AQ;x7y)7 RM2+1(B;x7y) = Rm2+1(BQ;x7y) (23)

and

DYA? = D'A— (D"A)g, DPB? =DPB—(DPB), 2.4)

forall |y| =m; and |B| = my, respectively. One also has
1
Rm1+l(AQ;xay):Rm1 (AQ,)C,y) 2 WDVAQ( )( _y))”
[Yl=m

Rm2+l(Bst7y):Rmz(Bst7y) 2 EDﬁBQ( )( _y)ﬁ
|Bl=m>

(2.5)

Fix the cube Q = 0(0,79), let 0 = 10y/nQ and write f = fi + f2 with fi = 25
and L= f X]R"\ o where g denotes the characteristic function of set E, then we can

write that TAB () (x) = TAB(f1)(x) + TAB(f,)(x). Take xo € d(2Q), a boundary point
of 20, we have

/|TAB(f — T8 () (x0) | w(x)dx
< @ [ @| i

+@/Q’TAQBQ(J%)(X)—TA,B(fz)(xO) (el

=1L+Dbh

(2.6)
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For 1 < pg < p < e we let pio = };—l— é, then by the Holder inequality, the LP0-

boundedness of 748 and the properties of A| weight it follows that

h< g (LA g (a1, w(x)m’dx) " Joj
<Cor ([ ineoman)™ (g [ war) o

<C| £ llsyom

with the constant C controlled by Y, 1y, ||DYAlzumo||DP Bl zao -

[Bl=my
For I, we will give the pointwise estimates of T4P(f,)(x) — TAP(f>)(xo) for
x € Q and xo € d(20Q). Using the inequalities (2.3) and (2.5), we can write

T () (x) = T2 (f2) (o)
0. 0.
_ leJrl_(A W,lx7y) Rm2+1_(B ’;X7y) K(X y)fz(y)dy
R x—y|™ x — y|m

- leH(AQ;xo,y)Rmz+1(BQ;x°’y) K(x0,y) f2(v)dy
no g —ylm [xo — y[™ B

:/R[ e ]le(AQ;x,Y)Rmz(BQ;x,y)fz(y)dy

x — y|mtm |y — y|mitm
K(xo,y)
[ R (42500 R (8%
—Ryn, (A%x0,9) Ry, (B3 x0,3)] fo(v)dy
1 (=K@ (=)7K (0,)
yiamy YR L ey [xo — y[rmtm

X Ry (BZ;x,y)DYAC(y) f(y)dy

1
+ 2 _]/ I:RmZ(BQ;xLY)_Rmz(BQ;Xan):I
[i=m 12 TR

B0 ) DA () )y
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: \ﬁlgmz % / !

X Ry (A%x,3)DP B (y) f>(v)dy

+ Y %/R [Rn, (A%;x,) = R, (A%;x0,)

‘x_y‘m1+m2 \xo—y|’“1+’“2

(x—)PK(x,y) (xo—y)ﬁK(xo,y)]

|Bl=ms
— WK
x0—y)PK(xo,y
X WM BC(y)f>(v)dy
Py 1/ (x=y)"PK(xy) (0 —2)"PK(x0,y)
o VB SR | o=y [oxg — y|mtm2

|Bl=my
xDYAC(y)DP BO(y) fa(v)dy
=N +h+h+h+Is+Js+T7

Before continuing the proof, it’s worthy to point out that, by Lemma 2.1, the in-
equality (2.4) and the following inequality

lbo, —bg,| <Clog(|Q21/|Q1])[|bllsmo  for any cubes O C 0,
we have that, if x € 20 and y € 28Q\2*"'Q, k=1,2,---,and m; > 1, then

Ry (A%x,3) < Cle—y{™ Y (|D7Allawo +|(D7A) g, — (D"A)o))

[yl=m1

2.7)
< Cklx—y[™ Y [|D"Allzmo
[v|=m
and similarly,
Ry (B x,y) < Cklx—y|™ . [IDPB|lamo (2.8)

1Bl=m>

for x€2Q and y € 2°Q\2¥" 10, k=1,2,---,and my > 1.
Note that |x —y| = |xo —y| for x € Q, xp € d(2Q) and y € R"\Q, we obtain by
the conditions on the kernel K that

K(xy)  K(xo,y)
e — y[mtm - xg —y|mtm

Clx — xol?
X |x0 _y|m1+m2+n+8

(2.9)

for some € > 0. Hence, by the inequality (2.9), and the inequalities (2.7) and (2.8), one
has

|x — xo|®
nee [ e R (%) R85 )20
o e
<C DAl g0 DPB 12 / b= xol® g
3 Il Bl R [y

|B|=my



664 X. TAO AND Y. WU

Noting, by Lemma 2.2 in case g =1,

|x — xo0|® Cr /
XL o) dy < ——0 dy <
Lrgmro e Oy < gty [ 17001y < 3 Wl
and thus
<C | ; IDA||pao]| DP Bl svo Z e ||fHB,,
Yl=m
1Bl=m
<C Y |D"Allsmol PP Bl suol| 115, )
[v|=m
|B|=my

To estimate J,, we note

K X0,
D < /Rn %fz(y) l(le (A%;x,y) = R, (A% x0,7)) Ry (B3 x,)

+ (Ryy (B23%,¥) — Runy (BZ3%0,))Ron, (A% x0,y) | dy

= /R Mfz () [Rmy (AZ%,¥) — Ry (A% x0,Y) | Ry (BZ:x,)dy

n |xo =yt

K(x0,y) 0. 0. 0.
+/]R" Wﬁ()’) [Rmz(B iX,y) = Ry (B ’XO:)’)] R, (A%:x0,y)dy
=:Jo1 +Jn.

We will need the following inequality

Rm(F;x,y)—Rm(F;XOJ) :an(F;x,x0)+ Z Rm,w(DﬁF;xo,y)(x—xo)ﬁ

0<\[3|<mB!
(2.10)
for any function F' and the integer m > 1. In fact, for any integer m > 1,
Rn(F3x,y) - DYF -y
friam V!
_ 1 V4 Y! o B
=F(x)— Y —D'F(y) ,B,(xo—y) (x—xo)
fri<m V" oty X
1 1
=F() = 3 gl X PR ) )"
[Bl<m " |o|<m—|B]
1
=F(x)— |/3\2' BI [DﬁF(xO) —Rm,w(DﬁF;xo,y)] (x—xo)P
<mr"

=Ru(F;x,x0)+ Y,

Ry 1| (DPFix0,y) (x—x0)P,
Iﬁ\<mﬁ
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which yields the equality (2.10). Using equality (2.10), Lemma 2.1 and the inequality
(2.7) we have that if x € Q, xo € 3(2Q) and y € 2¥Q\2¥"1Q, k=1,2,---, and the
integer m; > 1, then

‘le (AQ,)C’y) _le (AQ’XOLY)‘

1

<Ry (A% x,x0) [+ Y, E|lef|ﬁ\(DﬁAQ;x0’Y)(x—xo)ﬁ\
0<|Bl<m ©°
<C Y |x—xo|™ || DAllsmo

[Yl=m
+Ck Y Y be—xolPlwo =y P DYA | guo
0<|Bl<my |yl=m
< Cklx—xo| Y, [xo—y[" " DAllgmo-
[Y|=my
This and the inequality (2.8), and the fact |x — y| ~ |xo — y| for x € O, xo € d(20Q) and
y ¢ Q, and Lemma 2.2 imply that

X(), )‘
I<C 3, [DBlavo Yk [ A0
\/3|Zm2 Z 2#0\2¢10 \xo— [
X ’le A X y)—le(A 3 X0, |dy
|x — xol
<C |DPB| gy / Y, —— < ID"Allsmol f2(y)|dy
\mEmz 2 20\210 i, o=y
> k2 1
<C Y |DPBlgmo Y, HDYA”BMOsz % 2 )ldy
1Bl=m> = 2*0] /20
<C Y |D"Allsmo Y, ”DﬁB”BMOHf”B,,(w)'
[Yl=my |Bl=m2

Similarly one has the same estimates for J>, and so

L < |+l <C Y, ID"Allswo Y, IDPBllswoll £115, )
[Yl=my |Bl=m2
For J3, by the conditions on the kernel k and the fact that |x — y| & |xo — y| for
x€Q, xo € d(20) and y € R"\Q, we have for |y| =m;,

(x—y)"K(x,y) (0 —y)"K(x0,y) | _ _Clx—xol°
|x_y|m1+m2 |xO_y|ml+m2 = |xO_y|mz+n+£

for some € > 0. This together with the inequality (2.8) and Lemma 2.2 gives that

|x — xo|®
J3<C 2 /]R" W‘Rmz(BQ;x,y)\|DYAQ(y)Hf2(y)\dy
[Yl=my

SCT S DBl Tk DAy

|y|=m1 |B|=m> 2kQ\2K-10 [X0 —y
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<c Yy Y HDﬁBHBzuozzk,3

_|DYAC(y)[|f(y)|dy

ly/=m |BI=m 2"Q\ 20
1
<C Y Y IDPBlsmollfllz, 2 ( DVAQ(Y)SdY>
(yi=m [Bl=m2 o & 2k |2k Jtg
<C Y3 IDPBlsuoll 1, zzke (ID7Allsuo +(DA) 5~ (D"A)q] )
[y |Bl=m> =1
00 k2
<C Y S 10 Blovoll /s, Y, oz D" Allswo
[yl |B1=m> i1
<C Y |D"Allsmo Y, DPBlsmollfIls, -
[yl=my |B|=m2

Using the inequality (2.10) and size condition on K with the similar argument as
J21, and using Lemma 2.2, we obtain that

|x — xol
L<c Y |DPB / el ey
|ﬁ§n2| ”BMomzmlz 2*0\2-10 \XO—y\"“' OIIFO)]
<C X X IDBlavo ¥ 5 s [ IDTAC0)I70) dy
Y|=my |Bl=m; =1 2" |2kQ| J2+0
1 1/s
<C 2 2 ‘DﬁBHBMozzkaHBP < p / D yAQ(y)de)
[Yi=mi |Bl=m> 20| /)2
<CHZ HDYAHBMO”}‘Z‘ ”DﬁB”BMOHfHB,,(W)
YI=my =my

In a similar way to J3 and J4, one has

Js+Je<C Y [D"Allgwo Y, IDPBlsmoll fls,m)
[Yl=my |Bl=m2

At last for J7, we choose 1 < 51,5y < oo satlsfymg - + — = =, where s appears
in Lemma 2.2, then the conditions on kernel K, Lemma 2 2 and the Holder inequality
follow that

N

i |x — xo|®
r<Ccy ¥ Lké\zk,léW\DVA%)HD‘*B%)\|f2<y>\dy
ly|=m |B|=mp k=1

N

cy ¥ Z e 2,€Q|/2k IDYAC(y)|[DPBO(y)] | () dy

[Yl=my [B=mz k=

/

[Yl=my [B=mz k=
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1

| 2
X - DPB(y) — (DPB) ~|*2d v
<|2kQ 2kél (y) = (D"B)g| y) 1118, (w)

<CHZ lﬁ\z kz,l2%||DYAHBMO”DﬁB”BMOHf”B,,(w)
Yi=m |B|=m; k=

<C Y |DAllsmo Y, 1DPBllsmol| £l )

[yl=m |Bl=ma

Combining the estimates of J;, i = 1,2,---,7, then we get

1 7
b | Rir@ar<c 3 DAl 3 10 Blswol I,
Qi=1 [i=m |Bl=m>

Moreover, we have proved that

@ /Q T8 (£) () — T8 (f2) (x0)| wlw)dx < || + 1o
<C Y ID"Allsmo Y, 1DPBllsmoll £z, 0m)
[y|=my |B|=m>

with the constant C > 0 independent of f and Q, which implies the desired inequality
(1.6) in Theorem 1.1. The inequality (1.7) can be deduced by the same arguments
above. The proof of the theorem is complete. [

The proof Corollary 1.2. Carefully repeating the proof above, we actually obtain
that

1 e - k
0] /Q T4 /() =T fxo)ldx <CTT 3 1D7Ajllsasol|f =)

J=1 i=m;

for any cube Q C R”" and some point xy € d(2Q). This implies the desired inequality
(1.8) of the corollary.
Moreover, using the inequality (1.8) and the interpolation theorem, we can easily

see the L”-boundedness of the multi-commutators .74 and the inequality (1.9) for
po<p<e. [

3. The proofs of Theorem 1.3 and Corollary 1.4

The following lemma will be used in this section.

LEMMA 3.1. If w€ Ay, 1 < p <o, then for F € BMO and 1 < s < e we have

1/s
(@ / F(x)—FQPw(x)dx) < C|IFllawo

with the constant C independent of the cube Q.
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Proof. We note that the A, weight w satisfies the reverse Holder inequality,

(131 e ”’C)m < (g1 o

with some 1 <t < oo and for all cube Q. From this and the Holder inequality, we can
see that, for any function F, 1 < s < e and any cube Q,

) l/s 1 o 1/(st")
(g b F - Fobwivax) < (i [ 17~ Folar)

< C||F|smo

with the constant C > 0 independent of F' and Q, where [l + tl, =1. O

We are ready to give the proof of Theorem 1.3. For [ = 1, the multi-commutator

T4 8 reduces to the following form

k ) in X, e
x) = /R Ky B -BO)T Bn ) 1)y — 1B, 7)) )

j=1 ‘x_)"m]

where .7 Z( f) is the multi-commutator of form (1.4) for all m; > 1. For any fixed
r> 1, denote Q(0,r) simply by Q, and 0= 104/nQ. We write

) = f@xg+ 1) (1-15) = i)+ fo(x).

Recall the notation B?(x) = B( ) — Bp and take a point xo € J(2Q), we have
T(f)(x) = BC(x )ﬂA (f)(x)— g (B2f)(x), and by the boundedness for 74 we get

g7 o T = 77 50s) o)
l —
/ BOW T (Nt o |17 (B2 (@) ()

- @ 175 B2 @) = 7 (B o) sl

=Vi+W+VW;

For 1 < pg < p < oo, then applying the Holder inequality, the LP°-boundedness
of 74, and the properties of A; weight, we get from Lemma 3.1 that

Vi+V2 < C|Bllsmo ||9A( s, +H Y, ID"Ajllsyol| f1ls, )
J=1yl=m;
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Repeating the proof of Theorem 1.1, and noting by Lemma 2.2 that for any locally
integrable function g,

S CLCEIE

1
1 P '
<C<2kQ| /ﬂQ\g() <x>dx> 18,0 G.1)

1
1 2s ®
SCk<2ké| /2,@\8()6)\ dx) Bl ssmo|l f1l, ()

with some 1 < s < eo, we thus use the same argument in the estimates of I, in last
section to obtain that

_ k
|74 (BCf2) (x) — (Bsz )x0)l SCTIT Y. DA llsmol|Bllsumoll f1ls, )
J=Lyl=m;

which implies

>~

i <CIT X D74, llsmollBllsmol f1l5, ) (3.2)
J=1yl=m;

Hence we have deduced that

g7 LT = 7 H B2l

(3.3)
<ClBllavo | 1177 (£) D, w) +HlHZ ID7Ajl|gmo || 113, ()
J Yi=m;

which implies the desired inequality (1.11) when [ = 1.
Next we consider the case that [ > 1 and all m; > 1. Without loss of generality,
by induction principle we may only consider the case [ =2, i.e.

. kK R xy) 2
TAF (1)) = [ Koy [T Y500 [ 8,0) - B £y

R e o

Since B;(x) — Bi(y) = Bl.Q (%) — Bl.Q (v), we can decompose T4 % into four parts as
follows:

T4 (£)(x) = —BL(x)B(x) 7 4 <f><x>+B§<x>[Blﬂ’](f)(x)
+BYW) B2, 7 (1) + 7 (BIBSS) (1) G
=T f(x)+Tof (x) + T3 f(x) + Taf(x).
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Letting 1 + 1 4 % =1 forsome 1 < g,t < e and the assumption 1 < p < oo, and
applying the Holder inequality and Lemma 3.1, we obtain that

/\ 1(f dx<< (1Q /‘ (x 31Q|’1wdx>q
x (@/QBz(x)—Bzgltwdx)? ( / \7 |”wdx)% (3-5)

< C|BillsmolB2llsmoll 7 * f115, )

—

and similarly,

— / T2 f () + T3 £(x)| wix)dx
(3.6)

<CHBI||BM0||[B%yA}fHB,, +C||32HBM0||[BlayA}fHB,,

Take I%—Fé—k% = % for some 1 < g,t < oo, then we have

g hmsniwmars (oo [ |77 (BQBQﬂ)())powdx)%

1
1 Po 70 3.7
<C|— [ |B%BY
C(w(Q)/Q) i 2f1(x)‘ wdx)
< C||Bi|[mol|B2llsmoll f1 8, (w)

Choose a point xp € d(2Q) and recall the proof of the estimates (3.2), we have
T(£)@) —Talf2) 00)] = |74 (BBLL) (1) — 77 (BEBL12) (o)

k
<CIT > DA lsmollBillsuol|Ballsyollf 115,
51 i=m

Combing the inequalities (3.4), (3.5), (3.6), (3.7) and (3.8), we gain that
/ ’ —T4(f2)(x0) ’W

<C||31HBM0||32HBM0H Y, ID?Ajllswol| I8, )
J=1ly|=m;

+CHBIHBM0||[B%yA}fHB,, +CH32HBM0||[BI’yA}fHB,,

+C||B1|smo| B2 || Buol| T4 T8, ow)

(3.9)

This and the induction principle give the inequality (1.11). The proof of Theorem 1.3
is complete.
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We now turn to the proof of Corollary 1.4. If we check the proof of Theorem 1.3,
we in fact get for any x € R” that

75 k
M* <’]I‘A= ) H ‘Z DA, HBMOHHB l|BpoM (f)(x)
i=1yl=m;

=

+CTT B oM (77 (1)) (5 (3.10)

i=1

-1 — —
+CY, 3 TTIBilswoM (T45(5)) (x

i=lgec! jeo!

Applying the Stein-Fefferman’s inequality

11l eny < UM p ey < ClMECF) o (g (3.11)

and the well-known inequality [|M(f)||zr®n) < C||f|[zrmn) Whenever 1 < p < oo,
where M(f) denotes the Hardy-Littlewood maximal function of f, we can then de-
duce that

4% (p)

Clar (z%%)

CH Y. |ID7A; HBMOHHB | Bassol|M ()| 1 (mny

J=1]yl=m;

+c_1j||Bl-||BM0HM (7%)

LP(R") L (R”)

-0

+CX Y, TT 18 oo (1775 )] .

i= 16€C’J€0"

CH Y, DA HBMOHHB smoll Lo wn)

J=1yl=m;

+CY 3 I8, lsweo [ 145 (1

i=lgecl jeo’

LP(RM)

where in the last inequality we have used the L”-boundedness for the operator .74
for pg < p < o by Corollary 1.2. Finally, we make use of induction on [/, we can

derive the L? -boundedness for the operator T4 2 and the inequality (1.12). The proof
is finished. [J
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