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AN INEQUALITY ON JORDAN-VON NEUMANN
CONSTANT AND JAMES CONSTANT ON Z,, SPACE
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Abstract. Let A >0, Z) 4 denote R2 endowed with the norm

1
Welpg = (x5 +Alx3) 2.

Recently, James constant J(Z, ;) and von Neumann-Jordan constant Cy;(Z,4) have been in-
vestigated under the two cases of a space 2 < p < g <o and 1 < p < ¢ < 2. In this note,
we show an inequality on these two constants under the case of 1 < p <2< g <. Asan
application, we give a sufficient condition for the space Z, , with uniform normal structure.

2. Introduction and preliminaries

Let X be a non-trivial Banach space, and By and Sx denote the unit ball and
unit sphere of X, respectively. Many recent studies have focused on the von Neumann-
Jordan (NJ) constant and James constant (cf. [1-18]). The constant

J(X) = sup{min(|lx+yl[, [x —y[) : x,y € Sx}

is called the non-square or James constant of X . It is well known that([5-6])
(i) V2<J(X)<2.
(i) J(X) = sup{min(flx+yl[, [|x = y[|) : x,y € Bx }.
(iii) If 1 < p < oo and dimL,(u) > 2, then J(L,(u)) = max{2!/7 21-1/r}.
The von Neumann-Jordan constant of a Banach space X was introduced by Clark-
son [3] as the smallest constant C for which
L letsPels—yP
C = 2(lx2+ Nyl
holds for all x,y € X with (x,y) # (0,0). An equivalent definition of the NJ constant is
found in [8] as the following form:

x4+ y)* + [lx =yl
2(]1x >+ 11¥1?)
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Now let us collect some properties of these constants in [1, 3, 8, 9, 16]:
(1) Cny(X) =Cny(X*).

(2) 1 < Cny(X) <2; X is a Hilbert space if and only if Cy;(X) = 1.
(3) X is uniformly non-square if and only if Cy;(X) < 2.

(4) For any non-trivial Banach space X,

J(X)?
2

< Cny(X) <J(X). (1.1)
(5)If 1 < p<eoand dimLy,(u) > 2, then
2.1 1-2
Cny(Lp(u)) = max{2r ", 2" 7},

(6) X has uniform normal structure if Cy;(X) < (3++/5)/4.

It can be recalled that a norm || - || on R? is said to be absolute if ||(x,y)|| =
| (Jx], [y])|| for arbitrary (x,y) € R?, and to be normalized if ||(1,0)|| = ||(0,1)|| = 1.

Let A >0, and Z,, denote R? endowed with the norm

2 2\ 4
xlp.q = (XI5 +Allxllg) 2

then by the definition, it is clear that |- |, , is absolute and || -|| .4 =: \H’% is an absolute
normalized norm.

Recently, we gave the exact values of James constant J(Z,,) and von Neumann-
Jordan constant Cyy(Z, 4) under the cases of 2 < p<g<eoand 1 <p<g<2as
follows.

(i) If 2 < p < g < oo, then

P 2(h+1)
J(Zpg) =2y| 7> Cny(Zpg) =75
2P + 24 2r +A24

) If1<p<g<2, then

2 2 2 2
2r 4+ A24 2r +A24
J(Zpq) = \/ 1 Cny(Zpq) = 201

For2<p<g<e and 1 < p<g<2,James constant J(Z, ,) and von Neumann-
Jordan constant Cy;(Z, ) have been investigated. It is natural to ask whether the re-
lated question holds under the case of 1 < p < 2 < g < «. In this note, we consider
these two constants under the case of 1 < p <2 < g < - and give an inequality, along
with a consequence.
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3. Main results and proofs

Now, we prove the following inequalities on J(Z, ;) and Cny(Z, ).

THEOREM 2.1. Let A >0,Z,, = R? endowed with the norm

1
¥lpg = (Il + A [x112) 2

If1<p<2<qg< oo, then

_[20+1) 27 4220 ) 20 122
2 a0n 201 [ TS

2
A+1 |25 421
max | 2, [ — 5,
25 124 A+1

Proof. (1) First, we show that (2.1) is valid.

2025 +24)
2442

Let x,y € Zp 4, by the value of Cyy(Z, ) and Cn;(Z>4) as above, we have

2 2
|x+y|p7q+ |x_y|p7q
_ 2 2 2 2
= [lx+yll; + Al +yllg+ lx =yl + Allx =yl

2 2 2 2 2 2
= |x+y|pz+ e=ylpa+ x4yl + =yl — L+ ) (e 4yl + [x = ylI2)

99

25 120 2 2(1+2) 5 5
< — ik S
< S 2o+ R i) =200+ ) 1l I
_ZF +2A ) ’ (1—|—l) 2 )
= S0t 1)+ SR A+
2
AQ2A+2p 1+A
CALZD) L 40UXA) o (1B + 11D
+ 2+ A2i
Let , , .
220 424) 24427 2025 —2)A
24221 I+2 2in+2
we have

227 424) 24427 2i(27 —2)A

a+f =

24221 1+ 20 +2
_,p A 2"MiA 24420
2+/12q 1+2

A2 +27) 4144)
= +
1+2 2+AZ‘1

2(1+2).
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Applying
11 11
[xll2 < [xllp, Iyl < [yl and [Ix[l2 <2274 ([x[lg, [Iy[l2 <22 4]yl
we can obtain
|x—|—y|f,7q+\x—y\f,7q
2
27 +2A 2 ) 4(1+A)A 1-2 2 2
S| e (1[5 + Iy ll3) + 74432 | (llxllz + Iy [12)
2
27 +2A
<25 (x4 + bl5g):
20 0 +2
So
2
27 +24

Cny(Zpg) €
24 A +2

and by (1.1), we also have

2
2(27 +2A
‘](le) < ZCNJ(ZIW) < %
200 +2
Now let xo = (a,a), and yo = (a, —a), where a = ———. Then ||xo[|3 = [yolls =
2P 4224
1,x0 +yo = (2a,0), and xo — yo = (0,2a). Hence,
2(A+1)
Cni(Zpg) 2 73
27 + A24

and

A+1
J(Zpg) 22| 7
2p +A24

If let x; = (b,0), and y; = (0, —b), where b = ﬂlTl

Then |[x[|; = [[y1][x = 1,x1 +y1 = (b, —b), and x| —y; = (b,b).
‘We also have

2 2
27 4 A24
2(A+1)°

2 2

[2P + A24

J(Zyg) 2\ ————
( Pv’i) 2{_’_1

This completes the proof of Theorem 2.1. [

Cni(Zpg) =

and
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REMARK. We remark that the left inequality in (2.2) can also be obtained by the
following equality: (see [17])

7 (Z ) 2—2t ( 1 )
= max ,
PO <) Wpq(t) Vra 22t

where v, (1) = ||(1—1,t)||p4 forall r € [0,1]. And the left inequality in (2.1) can also
be proved by the results as follows: (see [18])

maX{MlaM2} CNJ( ) SM%M%7

V(1) — v (1) _
where Mj = [oax My = [max qu() and y (1) = ||(1 —1,1)||2 forall ¢ € [0,1].

As an application of Theorem 2.1, we give a sufficient condition for the space Z, ;, with
uniform normal structure. We have the following results.
THEOREM 2.2. 2

1n2 < In2 (3-V5)2p
(l)Iflr12 n(v3 )<p\2<1(f )<q,and0<7t<62\/_2q , then Z, 4

has uniform normal structure.

In2 In2 2-(3=V5)2r ﬁ
(Z)Ifl<p<7ln2fln(\/§71) <2<qg< WD) and A > 2 o250l , then Z, 4

has uniform normal structure.

N

Proof. (1)Byuse0f#<p we have 27 < \/— 7> and (3- \/—)21’ <2.

On the other hand, applying ™ (\1}2 0 < g, we also have 6 —2v/5 > 2‘1. Hence, by
6+2\[5’4'2§ = 27(37‘5)225 , wehave 0 < A < 2-(3-v5) 27 is equivalent to
8—(3++/5)24 6-2+/5-24 6-2+/5-24

2

20424 3445
5 <=
202 +2

By Theorem 2.1, we obtain that Cy;(Z, 4) < ”T‘E. Therefore, Z, , has uniform nor-
mal structure.
(2) The proof of this part is similar to (1), so we omit it here. [J
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