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THE EQUIVALENCE OF CONVERGENCE THEOREMS OF
ISHIKAWA-MANN ITERATIONS WITH ERRORS FOR ®-CONTRACTIVE
MAPPINGS IN UNIFORMLY SMOOTH BANACH SPACES

ZHIQUN XUE

(Communicated by J. K. Kim)

Abstract. Let E be an arbitrary uniformly smooth real Banach space, D be a nonempty closed
convex subset of E, and T : D — D a generalized Lipschitz ®-contractive mapping with g €
F(T)#0. Let {a,},{bn}.{cn},{dn} be four real sequences in [0, 1] and satisfy the conditions:
D) antcn <1, by+dy < 1; (i) ay,by,dy — 0 as n— oo; (iii) ¢, = 0([1,,); (iv) Z:,czr)an = °°.
For some xo,z0 € D, let {u,}, {vn}, {ws} be any bounded sequences in D, and {x,} and {z,}
be Ishikawa and Mann iterative sequences with errors defined by (1.1) and (1.2), respecitvely.
Then the convergence of (1.1) is equivalent to that of (1.2).

1. Introduction and preliminary

Let E be a real Banach space and E* be its dual space. The normalized duality
mapping J : E — 2F is defined by

J@)={feE (v f)= x> = fI’}, Vxe€E,

where (-,-) denotes the generalized duality pairing. It is well known that

(1) If £ is a smooth Banach space, then the mapping J is single-valued and
J(ax) = oJ(x) forall x € E and o0 € R;

(1) If E is a uniformly smooth Banach space, then the mapping J is uniformly
continuous on any bounded subset of E. We denote the single-valued normalized du-
ality mapping by j.

DEFINITION 1.1. [1] Let D be a nonempty closed convex subsetof £, T : D — D
be a mapping.

(1) T is called strongly pseudocontractive if there is a constant k € (0, 1) such that
for all x,y € D,

(Tx—Ty, j(x—y)) <kllx—y|*
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(2) T is called ¢ -strongly pseudocontractive if for all x,y € D, there exist j(x —
y) € J(x—y) and a strictly increasing continuous function ¢ : [0, 4-c0) — [0, 40) with
¢(0) = 0 such that

(Tx =Ty, j(x =) < [x=yII> = ¢ (|x =yl x = y]|-

(3) T is called @-pseudocontractiveif for all x,y € D, there exist j(x—y) € J(x—
y) and a strictly increasing continuous function @ : [0,+oc0) — [0,+c0) with ®(0) =0
such that

(Tx =Ty, j(x—y)) < |x =yl = @(lx = y])).

It is obvious that @®-pseudocontractive mappings not only include ¢ -strongly
pseudocontractive mappings, but also include strongly pseudocontractive mappings.
Closely related to the class of pseudocontractive-type mappings are those of accretive
types.

DEFINITION 1.2. [1] The mapping T : E — E is called strongly accretive if and
only if I —T is strongly pseudocontractive; T is called ¢ -strongly accretive if and only
if I —T is ¢-strongly pseudocontractive; T is called ®-accretive if and only if I/ —T
is ®@-pseudocontractive.

DEFINITION 1.3. [4] For arbitrary given x¢ € D, Ishikawa iterative process with
errors {x,};_, defined by
{ Yn = (1 —b,— dn)xn +b,Tx, +dywy,

Xnr1 = (1 —an—cn)xn+anTy,+ cpvn, Yn =0, (.1

where {v,}, {wy} are any bounded sequences in D; {a,}, {bn}, {cn}, {d,} are
four real sequences in [0,1] and satisfy a, +c¢, <1, b,+d, <1 forall n >0. If
b, = d, =0, we define Mann iterative process with errors {z,} by

Znt1 = (1 —ay —cn)zn + anTzp + cpttn,n = 0, (1.2)
where {u,} is any bounded sequence in D.

DEFINITION 1.4. [5] A mapping T : D — D is called generalized Lipschitz if
there exists a constant L > 0 such that ||Tx — Ty|| < L(1+ ||lx—y||), Vx,y € D.

The aim of this paper is to prove the equivalence of convergent results of above
Ishikawa and Mann iterations with errors for generalized Lipschitz ®@-contractive map-
pings in uniformly smooth real Banach spaces. For this, we need the following lemmas.

LEMMA 1.5. [1] Let E be a uniformly smooth real Banach space and let J : E —
2E" be a normalized duality mapping. Then

e+ 1> < X[+ 200, I (x+y)) (1.3)
forall x,y € E.

LEMMA 1.6. [3] Let {p,};;_, be a nonnegative sequence which satisfies the fol-
lowing inequality
Pnr1 S (l—ln)Pn-i‘Gn,n?O; (1.4)

where Ay € [0,1] with Y57 oAy =0, 0, = 0(Ay). Then p, — 0 as n — oo.
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2. Main results

THEOREM 2.1. Let E be an arbitrary uniformly smooth real Banach space, D
be a nonempty closed convex subset of E, and T : D — D be a generalized Lipschitz
@ -pseudocontractive mapping with q € F(T) # 0. Let {a,}, {bn}, {cu}, {dn} be
Sfour real sequences in [0,1] and satisfy the conditions (i) ay+cn < 1, by+dy, < 1;
(ii) an, by, dy — 0 as n— e and c, = o(ay); (ii) Zy_ya, = °=. For some xo, zo € D,
let {un}, {vu}, {wn} be any bounded sequencesin D, and {x,} and {z,} be Ishikawa
and Mann iterative sequences with errors defined by (1.1) and (1.2), respectively. Then
the following conclusions are the equivalent

(i) (1.1) converges strongly to the unique fixed point q of T ;

(ii) (1.2) converges strongly to the unique fixed point q of T .

Proof. (i)=(ii) is obvious. We only show that (ii)=-(i). Since T : D — D is a
generalized Lipschitz ®-pseudocontractive mapping, there exists a strictly increasing
continuous function @ : [0, +o0) — [0, +0) with ®(0) = 0 such that

(Tx =Ty, J(x—y)) < [x=y[> = D(|x =),

i.e.,
(I=T)x=(I=T)yJ(x—y)) = ®(|lx—y|) 2.1)

and
|Tx—Ty|| < L(1+|lx—yl)

for any x,y € D.

Step 1. There exists xo € D with xq # Txq such that rg = ||xo — Txo|| - [|xo — q|| €
R(®) (range of ®). Indeed, if @(r) — +oo as r — oo, then ry € R(D); if sup{P(r) :
r€[0,4e0)} =r; < +eo with | < rp, then for g € D, there exists a sequence {V,} in
D such that v, — g as n — o with v, # g. Furthermore, we obtain that {v, — T, } is
bounded. Hence there exists a natural number ng such that ||v, — T, - ||v, —q[| < 3
for n > ng, then we redefine xo = vy, and ro = ||xo — Txo|| - [|xo — g|| € R(D).

Step 2. For any n >0, {x,} is bounded. Set R = ®~!(ry). From (2.1), we have

(X0 = Tx0,J (x0 = q)) = ®(||x0 — gl|), (2.2)

i.e., ||xo — Txol - |lxo — ¢|| = ®(||xo — ¢l|). Thus we obtain that ||xo — ¢|| < R. Denote
Bi={xeD:|x—gq|| <R}, B={xeD:|x—gq| <2R}. Since T is generalized
Lipschitz, then T is bounded. We may define

M = sup{[|Tx — g|| + 1} +sup{||v, — g } + sup{[jw, — g }-
n

XEBy n

Next, we want to prove that x,, € By . If n =0, then x¢ € B;. Now we assume that
it holds for some #, i.e., x, € By. We prove that x,.; € B;. Suppose that it is not the
case, then |[x,4+1 —q|| > R. Since J is uniformly continuous on bounded subset of E,
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o} R
then for gy = m

Vx,y € B. Now denote

there exists & > 0 such that ||Jx —Jy|| < € when [[x—y|| < 8,

. R R
0 _mm{z[L(l T2R) 1 2R+ M) A[L(1+R) 1 2R+ M]’

5 o) () @)
2[L(1+2R)+2R+M] 24R?’24L(1+2R)’48MR |’

Since ay,, b,, cn, d, — 0 as n — oo, without loss of generality, we assume that 0 <
anyby,cn,dy < 19 forany n > 0. Since ¢, = o(ay), denote ¢, < a,Ty. So we have

T —qll < L1+ |}x —g])) < L(1+R), (2.3)
[1yn =gl < (1= bn = dn) %0 = gl + bal| Txn — gl| + dnl| wn — g
< R+b,L(1+ ||xp—q||) + duM <R+ b,L(1+R)+d,M  (2.4)
< R+w[L(1+R)+M] < 2R,
1Ty, — gl < L(1+[lya —qll) < L(1 +2R), (2.5)
[0 = Txa|| < L+ (1+L)|xn— gl <L+ (1+L)R (2.6)
and
[[Gen = q) = n — @) || < bullxn = Txul| + dulllwn — gl + [l — 4]
< by[L+ (1 +L)R] +dy(M+R) < H[L(1+R)+ 2R+ M]
0
< w[L(1+2R)+2R+M]< 5 <8, Q2.7)
[ | = [1%n+1 = qll = anl| Tyn — xXall — cnllva — xal
2 [|xn1=gll=an[[| Tyn—qll 41X =gl =cnlllxa—ql[+]va—4ll]
> R—ay[L(1+2R)+R] —cy(R+M)
R R
>R—TO[L(1+2R)+M+2R}>R—§:E (2.8)
1yn = all = [1xn = qll = bull Txn — Xnl| — [0 — Wi
> = gll = BulL+ (1+ LJR] — il gl + [ — ]
> ||x, — gl| = bu|L+ (1 + L)R] — dy,(R+ M)
R R R
%1 =gl < (1 —an—cn)llxn — qll + anl| Tyn — gl + cullva — 4|
R+ 1[L(1+42R)+M] < 2R, (2.10)

an || Tyn — Xnl| + cnl|un — xa||
an[l|Tyn = gl + llxa = qll] + cullve — gl + [lxn — ql]
an[L(142R) +R] +cu(M+R)

[(nt1 =) = (=)

INCINCIN NN N

N

ro[L(1+2R)+2R+M]<g<5. 2.11)
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Therefore,
1 (X0 —q) —J (v — q)]| < €0,
I (X1 —q) = I (xn — q)|| < €.

Using Lemma 1.5 and above formulas, we obtain

||xn+1 _q”2 < (1 —dan _Cn)2||xn _‘JH2+2‘1H<TYH _%J(xn-H _CI)>

+2¢n(ttn — 4, (Xns1—q))

< (L= an)? | — ql1* + 2an(Tyn — q,J (Xns1 — q) — I (xu — q))
+2a,(Tyn — q,J (X0 — q) —J (ya — q))
+2an(Tyn — q,J (Yn — q)) + 2¢n(ttn — q,J (Xnt1 — q)) (2.12)

< (1= an)?|xn — gl + 2| Tya — gl| - |V (n1 — @) — I (50— q) |
+2an||Tyn —ql| - |V (X0 —q) — I (ya — 9)|
+2au(|[yn — qlI* = D[y — ql1)] + 2¢ulln — ql| - [Xn 11— gl

< (1—an)*R*+4a,L(1-+2R)€o+2an (|| yu—q||*—P(||ya—ql|)]+4caMR

and

H)’n—CIH2 < (1 _bn_dn)zuxn_‘JH2+2bn<Txn_‘IaJ(yn_‘J»
+2dn(Wn — 4, (yu — q))
< b — 11>+ 262(Tx0 — 4,0 (ya— @) = T (X2 — q))
+2bn<Txn _‘Ia-](xn _‘I)> —|—2d,,||w,, —CIH : ”}’n—CIH (2.13)
< N = ql1* 26| Txn — gl| - [T (vn — @) — T (xa — q) |
+2bu[|1%0 — q|* — D1 x0 — gl)] + 2dul|wn — gl| - lyn — 4
< R* +2b,L(1+R)gy + 2b,R* + 4d,MR.

Substitute (2.13) into (2.12)

st —qll> < (1 — an) R+ 4apL(1 +2R) €y + 2an[R® + 2b,L(1 + R) &y
+2b,R? + 4d,MR] — 2a,®(||y, — q||) + 4c,MR
< R* 4 a2R* + 4a,L(1 + 2R) &y + 2a,[2b,L(1 + R) &

R
4 2b,R? + 4d,MR)] — 20, ® (Z) +de,MR

— R*+2a, ["2—”1&2 +2L(1 + 2R)eo + 2b,L(1 + R)éo (2.14)
2¢,MR R
4 2b,R? + 4d,MR + =5 }—2an®<z>
an
@ (%) R
<R i) <_>
R”+2a, > D 1

< R2—®<§>an <R?
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which is a contradiction. Thus x,+| € By, i.e., {x,} is a bounded sequence. So {y,},
{Tyn}, {Tx,} are all bounded sequences. Since ||z, —q|| — 0 as n — o, without loss
of generality, we let ||z, — ¢g|| < 1. Therefore ||x, —z,|| is also bounded.

Step 3. We want to prove that ||x, — z,|| — 0 as n — oo,

Set My = max{sup,, || Tyn — Tzu||, sup,[[vn — unl|, sup, [lxn =z, sup, ||Tx, —
Xnl|s sup, [[Wn — Xul|, sup, [|yn — zull» sup, ||[va — x»||} . By Lemma 1.5, we have

%041 — 201 H2 <(I—an— Cn)szn _ZnH2 +2a5(Tyn — Tzn,J (Xn1 — Znt1))
+2¢n (Vi — tn, J (X1 — 20t 1))
< (1= an)? || — zal|* + 260(TVn — Tzn, J (Xn1 — Zns1) — J (X0 — 20))
+2a,(Tyn — Tzn,J(Xn — 20) — T (yn — 7))
+2an<Tyn —T20,J (Y — 2n)) +2CnHVn — Uy|- Hanrl — Znt1]|
< (1= ap)?|J%n — za||* + 2a,MoA,, + 2a,MoB,
+2au|lyn — 2all> = @([lyn — 2ull)] + 2caM5 (2.15)

and

‘xn —Zn H2 + 2bn<Txn _xmj(yn - Zn)> + 2dn<wn _xmj(yn - Zn)>
X — 2al|? + 2b,M3 + 2d,M3, (2.16)

||yn_Zn||2 < |
<
where A, = ||J(xp11— znt1) = I (n—z20)||, Bn = | (xn — 20) =T (yn — z) || With A, B, —

0 as n— oo,
Taking place (2.16) into (2.15),

X1 = 211> < (1= an)? %0 — 2l + 2anMoAn + 2a,MoB,
+2an[ 150 — 2al® + 25MG + 2duMG — D (|[yn — zal|)] + 2€aM3
< lxn — zal? 4 @2M3 + 2a,MoA,, + 2a,MoB,, + 4a,b, M3 + 4and, M3
—2a,D(|[yn — znl]) + chMg
= [l = zull> +2a[Co — 2ax®(|[yn — 2], (2.17)

2 2
where G, = 90 1 MoA, -+ MoBy +2b,M3 +2d, M7 + 20— 0 as n — oo.
o Olal)
20 T s 1—2ns 112

A >0. Let 0<y<min{l,A}, then —2n=a) > 5 je ®(|ly,—zal) = 7+

1+Hxn+l_zn+1H2
VX1 — 2ot 1> = Vl%ns1 — zas1]|*. Thus, from (2.17) that

Set inf,, A, then A = 0. If it is not the case, we assume that

||xn+1 —Zn+1 H2 < H»xn - ZnH2 +2an[Cn - 7Hxn+l - Zn+1H2}' (218)
It implies that
1 2a,C,
| Xn+1 — Zn+1 ||2 < ——|x _Zn“2 +t—
1+ 2a, 1+2a,
i v 2.19)

2 n 2 nCn
= (1= 2T ) gy P
1+ 2a,y 1+ 2a,y
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2any
1+2a,y°

2a,Cy

T any - Then we obtain that

Let p, = ||xn _Zn”z’ Ap =

Oy =

Pn+1 < (1 _)Ln)pn + Op.

Applying Lemma 1.6, then p, — 0 as n — . This is a contradiction and so A = 0.
(D(Hyn,'fzniH)

— 0 as i — oo,
1+Hxni+lfzn+lH2

Therefore, there exists an infinite subsequence such that
(D(H,Vn,-*ZniH)< D([|yn; —zn, 1)

N L
the strictly increasing continuity of ®, we have ||y, — z4;|| — 0 as i — eo. From (1.1),
we have

Since 0 <

then @(||y,, —zn,||) — 0 as i — co. In view of

||xni _Z"i” < Hyni _ZniH +bni||xni - TxniH +C"i||xni _WniH —0

as i — oo. Next we want to prove that |[x, —z,| — 0 as n — . Let Ve € (0,1),
there exists nj, such that [Jx,, — z,,[| <&, an < min{ 37557 sig }> & < o175 - bn-

(& .
d, < %, C, < % for any n;, n > nj, . First, we want to prove ||xu,4+1 — zn, 41| < €.

Suppose that it is not this case, then ||x,,+1 —z,,+1|| = €. Using (1.1), we may get the
following estimates:

||xni _Z"i” > ”xniJrl — Zni+1 ” - a"i”Tyni - TZn,-H _aninni _ZniH

_Cni”v"i - uniH - C"i”xni _Zni”

> €— a,,iL(l —|—M0) — (ani +chi)M0
€

> -, 2.20
5 (2.20)

||y"i _Z"i” > ||xni _Z"i” - b"iHTxni _xni” - d"i”v"i _xni”

€

> 7 (b"i +dni)MO
€

> —. 2.21
1 (2.21)

Since @ is strictly increasing, then (2.21) leads to @(||y,, —z4]|) = ®(§). From (2.17),
we have

[[%n+1 = Zny+1 H2 < [ — 2, H2 + 2a, [Cp; — P(|[yn; — 20, [])]
1_re £
2
< et [0(3) -o()
e |3 4
€
<& -o()a
< €, (2.22)
which is a contradiction. Hence, ||x,, 11 —zn,+1]| < €. Suppose that ||, 4m — Zn+-m|| < €
holds. Repeating the above course, we can easily prove that ||x,, 1m+1 — Zn+mr1]| <

€ holds. Therefore, for any m, we obtain that ||Xu4m — Zn+m| < €, which means
||x7 — zu|| — O as n — oo. This completes the proof. [J
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THEOREM 2.2. Let E be an arbitrary uniformly smooth real Banach space, and
T :E — E be a generalized Lipschitz ®-accretive mapping with N(T) = {x € E :
Tx =0} #£0. Let {a,}, {bn}, {cn}, {dn} be four real sequences in [0,1] which
satisfy the conditions (i) a, +c, < 1, by+d, < 1; (ii) a,, by, d, — 0 as n — o and
cn = o(an); (iii) Z7_oan = oo. For some xo, zo € D, let {u,}, {vp}, {wn} be any
bounded sequences in E, and {x,}, {zn} be Ishikawa and Mann iterations with errors
defined by

Yn = (1 —b,— dn>xn + by Sxy + dpywy,
(2.23)
Xntr1 = (1 —an— cn)xn+anSyn+cpvn, 120
and
in+l = (1 —anp— Cn)Zn + anSzn + cutty, (2.24)

where S : E — E is defined by Sx = x —Tx for any x € E. Then the following two
assertions are equivalent:

(i) {xn} converges strongly to the unique solution of the equation Tx =0;

(ii) {zn} converges strongly to the unique solution of the equation Tx = 0.

Proof. Since T is generalized Lipschitz and ®-accretive mapping, it follows that
1Tx =Tyl < L1+ [[x—ylI)),

i.e.,
[Sx = Syl| < Li(1+ [|x = [)), L1 = 1 + L;

(Tx—Ty,J(x—y)) = ®(|lx—y[),

ie.,
(Sx =Sy, J(x—=y)) < [lx = y[I> = D(||x —yI)),

forall x,y € E. Then S is the generalized Lipschitz ®-pseudocontractive mapping. By
Theorem 2.1, we obtain the conclusion of Theorem 2.2. [

REMARK 2.3. Itis mentioned that, in 2006, C. E. Chidume and C. O. Chidume [1]
proved the approximation theorem for zeros of generalized Lipschitz generalized ®-
quasi-accretive operators. This result provided significant improvements of past known
corresponding results. However, there exists a gap in the proof process of Theorem 3.1

of [1], i.e., X7 ycn < +oo does not implies ¢, = o(b,). For example, set the iteration
parameters: a, = 1 —b, —c,, where {b,}: by =0, b, = %, n=2; {cn}: 1, 2%, 3%,

11 111 11 1 11 1
T35 s g 00 TT e TSEe 160 T 3470 350 3670 - UP to now, we do not

know whether the condition ¢, = o(a,) is taken place by X ¢, < +eo in Theorem
2.1 and Theorem 2.2.
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