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OPTIMAL INEQUALITIES BETWEEN NEUMAN-SANDOR,
CENTROIDAL AND HARMONIC MEANS

WEIFENG XIA AND YUMING CHU

(Communicated by E. Neuman)

Abstract. In this paper, we answer the question: what are the greatest values ¢, 0y and the
least values f3;,; , such that the inequalities

ouT(a,b)+ (1—oy)H(a,b) <R(a,b) < p1T(a,b)+ (1—P1)H(a,b)
and
T (a,b)H"' =% (a,b) < R(a,b) < TP (a,b)H' P2 (a,b)

hold for all a,b >0 with a # b? Here, R(a,b), T(a,b) and H(a,b) denote the Neuman-
Séandor, centroidal and harmonic means of two positive numbers a and b, respectively.

1. Introduction

For a,b > 0 with a # b, the Neuman-Séndor mean R(a,b) is introduced by Neu-
man and Sandor in [1, 2] as follows:

R(a,b)z‘l.;bb. (1.1)
2arcsinh(%77)

The main properties and inequalities for the Neuman-Séndor mean R(a,b) can be
foundin [1, 2].

Recently, the inequalities for means have been the subject of intensive research. In
particular, many remarkable inequalities can be found in [3—32].

2 l
Let T(a,b) = 3 CHLE  A(a,b) = 4L [(a,b)=1(5)75, P(a,b) = m

L(a,b) = m, G(a,b) = vab and H(a,b) = 311177 be the centroidal, arithmetic,

identic, seiffert, logarithmic, geometric and harmonic means of two positive numbers a
and b with a # b, respectively. Then

H(a,b) < G(a,b) < L(a,b) < P(a,b) < I(a,b) < A(a,b) < R(a,b) < T(a,b). (1.2)
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It’s natural to ask: what are the greatest values o, 0 and the least values S, s,
such that

ouT(a,b)+ (1 —oy)H(a,b) < R(a,b) < BiT(a,b)+ (1 —P1)H(a,b)

and
T%(a,b)H' =% (a,b) < R(a,b) < TP (a,b)H' P (a,b)

hold for all a,b > 0 with a # b? The main purpose of this article is to answer this
question.

2. Lemmas

In order to establish our results we need one lemma, which we present in this
section.

LEMMA 1. Let p € {m, 2} and g(t) = 3(—2p*+9p — 6)1° + (20p* —

30p+9)1° 4 (—26p> +21p)r* +6(4p> — 6p+3)1> + (—26p> + 21 p)t> + (20p*> —30p +
9)t —6p*>+27p — 18 the following statements hold:
()If p= (1+\/—) =0.8509..., then there exists A > 1, such that g(t) <0 for

€ (1,A) and g( ) >0 fort € (A,+);
(2)If p=1%, then g(t) >0 for t € (1,+).

Proof. Let p €{ , %}, then by elementary computations we have

4log( 1+\/_

g(1)=0, 2.1)

¢ (1) =18(=2p* +9p — 6)1° +5(20p> — 30p + 9)t* + 4(—26p> + 21p)r*
+18(4p* — 6p +3)1> 4+ 2(—26p> 4+ 21p)t +20p* —30p +9, (2.2)

g(1)=0, 2.3)

¢"(t) =90(—2p% +9p — 6)r* +20(20p* — 30p + 9)r> + 12(—26p> + 21 p)r*
+36(4p> — 6p +3)t — 52p* +42p, (2.4)

7
g"(1) =288 (p - §) , (2.5)

g"(t) =360(—2p* +9p — 6)1> + 60(20p* — 30p + 9)1%> +24(—26p° + 21 p)t
+36(4p* —6p+3), (2.6)

g”(1)=1728 < — %) , 2.7
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@ (1) = 1080(—2p%+9p — 6)1*> + 120(20p> — 30p + 9)t + 24(—26p* +21p), (2.8)

gW(1) = —384p% + 6624 p — 5400, (2.9)
gO) (1) = 2160(—2p* +9p — 6)t + 120(20p> — 30p +9) (2.10)
and
g®) (1) = —1920p> + 15840p — 11880 > 0. (2.11)
(HIf p= W —=0.8509..., then —2p?+9p—6>0, and (2.2), (2.4)~(2.10)
together with the expression of g(¢) lead to
Jim g (1) = oo, (2.12)
Jim g'(r) = o, (2.13)
g"(1)<0,  lim g"(1) = teo, (2.14)
g"(1) <0, lim g"(r) = +e=, (2.15)
¢Y(1) <o, lim gW(t) = +oo (2.16)

and g (¢) is strictly increasing in [1,4-c0).

The monotonicity of g () and (2.11) imply that g(*)(¢) is strictly increasing in
[1,4-e0).

It follows from the monotonicity of g(*)(r) and (2.16) that there exists A; > 1,
such that g"”(¢) is strictly decreasing in [1,4] and strictly increasing in [A;,+oo).

From the piecewise monotonicity of g”’(z) and (2.15) we clearly see that there ex-
ists A, > Ay > 1, such that g”(¢) is strictly decreasing in [1,A;] and strictly increasing
in [2,2, +oo).

It follows from (2.14) and the piecewise monotonicity of g”(¢) that there exists
A3 > Ap > 1, such that g'(z) is strictly decreasing in [1,A3] and strictly increasing in
(A3, +e0).

From the piecewise monotonicity of g’(z) and (2.3) together with (2.13) we con-
clusion that there exists A4 > A3 > 1, such that g() is strictly decreasing in [1, 4] and
strictly increasing in [A4, +e0).

Therefore, Lemma 2.1 (1) follows from the piecewise monotonicity of g(7) and
(2.1) together with (2.12).

QIf p= %, then —2p*>+9p —6> 0, and (2.5), (2.7), (2.9) and (2.10) lead to

g"(1)= (2.17)
g"(1 ):0 (2.18)
Y1) >0 (2.19)

and g0 (¢) is strictly increasing in [1, o).

It follows from the monotonicity of g3 (r) and (2.11) that g(*)(z) is strictly in-
creasing in [1,+4-o0).

Hence, g(t) > 0 follows from the monotonicity of g*)(¢) and (2.17)-(2.19), (2.3)
together with (2.1).
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3. Main Results

THEOREM 3.1. The double inequality

ouT(a,b)+(1—ay)H(a,b) <R(a,b) < BiT(a,b)+ (1 —B1)H (a,

holds for all a,b >0 with a# b if and only if oy < =0.8509..

(1+\f)
Proof. Firstly, we prove that
R(a,b) > oy T(a,b)+ (1 —o0y)H(a,b)

and

R(a,b) < %T(mb) + %H(mb)

hold for all a,b > 0 with a # b. Here o = =0.8509..

(1+xf)

b)

(3.1)

.and By = 3

(3.2)

(3.3)

Without loss of generality, we assume that t=%>1andpe {W 7}

then (1.1) leads to

pT(a7b) + (1 _p)H(a7b) _R(a7b)

2p a® +ab+b? 2ab a—>b
2T g

3 a+b a+b  2arcsinh(477)

2pt2+(6—4p)t+2p r—1 ]

=b

3(r+1) Zarcsmh(Tl)

Let

f0)=1o

3(r+1) 2arcsinh(=

Then simple computations yield

lim f() =0
and
[pr2+ (3 —2p)t+ p] (1?2 — l)arcsmh(Tl)
where
2= Dprr+B=2p)i+p . <t;
fl(t)_[(3—2p)t2+4pt+3—2p]\/2t2+2 arcsinh r+1
fi(1)=0
and
4g(1)

1= [(3—2p)2 +4pt +3 —2p]2(22 +2)32(1 +- 1)

| [2pt2+(6—4p)t+2p}_lol r—1 )].
t+1

1>,

(3.4)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9)

(3.10)
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Here, g(1) is deﬁned as in Lemma 2.1.

OHIf p= (1+f =0.8509..., then (3.5) and (3.8) yield
lim f(r) = (3.11)
and
lim fi(r) > (3.12)

From Lemma 2.1(1) and (3.10) we know that there exists A > 1, such that f;(7)
is strictly decreasing in [1, 4] and strictly increasing in [A, ).

It follows from the piecewise monotonicity of f;(7) and (3.9) together with (3.12)
that there exists & > A > 1, such that f(z) is strictly decreasing in [1,&] and strictly
increasing in [&,4eo).

Therefore, inequality (3.2) follows from (3.6), (3.11) and the piecewise mono-
tonicity of f(¢) together with (3.4)—(3.5).

Q) If p= %, then Lemma 2.1(2) and (3.10) lead to f;(z) is strictly increasing in
[1,4-e0).

Hence, inequality (3.3) follows from (3.6), (3.7), (3.9) and the monotonicity of
S1(r) together with (3.4)—(3.5).

Secondly, we prove that the parameters o = oal 1+ Tog11v3) — =0.8509... and B; = %
are the best possible parameters such that inequahty (3.1) holds for all a,b > 0 with

a#hb.

Forany € >0, o) = =0.8509... and x > 0, (1.1) leads to

41og( 1+\/_

lim (o1 +&)T(x, 1)+ (1l —oy—e)H(x,1)
x—oo R(x,1)

= §(a1+e)1og(1+f2)> 1. (3.13)

Inequality (3.13) implies that for any € > 0 there exists X; = X; (&) > 1, such that
(a1 +€)T(x, 1)+ (1—oy—€)H(x,1) > R(x,1) for x € (X1, 4o0).
For any € > 0 and x > 0(x — 0), making use of Taylor expression one has

R(1+x,1)— [(% —e> T(14x1)+ (é +£> H(1 +x,1)]

x 7 I+x+x%/3 (1 1+x
= || =+ te
2arcsinh(;35) 8 1+x/2 8 14x/2
1 1 7 1 1
{l+2x+ﬁx +o(x )]—[<§—8) <1+2x+ﬁx +o(x ))

- (% +£) (1 + %x— ixz—l—o(xz))}

:§x2+0(x2), (3.14)

Equation (3.14) implies that for any € > 0 there exists 0; = &;(€) > 0, such that
R(1+x,1)> (——8) (1—|—x,1)—|—(§—|—8)H(1—|—x,1) for x € (0,01).
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THEOREM 3.2. The double inequality
T (a,b)H' =% (a,b) < R(a,b) < TP (a,b)H'~P*(a,b) (3.15)
holds for all a,b >0 with a # b if and only if 0 < % and B > 1

Proof. Firstly, we prove that
R(a,b) > T"/¥(a,b)H"/*(a,b) (3.16)

and
R(a,b) < T(a,b) (3.17)

hold for all a,b > 0 with a # b.
From (1.2) we clearly see that (3.17) is true. So, we only need to prove inequality
(3.16). Without loss of generality, we assume that = £ > 1, then (1.1) leads to

R(a,b) —T"/¥(a,b)H"/3(a,b)

|t <2t2+t+1>7/8 ( 2 )1/8 G3.18)
B 2arcsinh(‘=1) 3 141 r+1 ' '

r—1 2024 0+1\"* /o2 '8
ht)=log | —— | —1og | (2222 (2L , 3.19
®) Og[Zarcsmh(Tl)] Ogl<3 t+1 ) (t—i—l) ( )

then by simple computations we get

Let

lim A(t) =0 (3.20)
t—1t
and ) X )
t*+8t° 4+ 30t~ + 8t + 1)y
h’(t)—( 8430 +841) 5)7 3.21)
8¢(z +1)(r* — 1)arcsinh(77)
where
- 16:(£2 — 1
hy(t) = arcsinh ( ) — ( ) : (3.22)
r+1 (t* + 863 + 3002+ 8¢+ 1)V212 +2
hi(1)=0 (3.23)
and 70
t
hi(1) = : 3.24
1) (t* 4+ 83 +30r2 + 8t + 1)2(t + 1) (262 +2)3/2 (3.24)
Here,

J(x) =8(¢ — 1) (¢ + 1)(17¢° + 11363 4+ 302¢7 + 646¢° + 880
+ 1841 + 1147 + 901> — 33t —9) > 0 (3.25)
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forr>1.

Therefore, h(r) > 0 follows from (3.25), (3.24), (3.23), (3.21) and (3.20). Thus
inequality (3.16) follows from (3.18) and (3.19).

Secondly, we prove that the parameters o = 7/8 and 3, = 1 are the best possible
parameters such that inequality (3.15) holds for all a,b > 0 with a # b.

For any € > 0 and x > 0(x — 0), from (1.1) and Taylor expression we have

T7/3%¢(1 +x, )H3¥(14+x,1) = R(1 4x,1)

2 2 43x+3\ ¥ roxq0) /e x
:<§ x+2 ) .<x—|—2) _Zarcsinh(ﬁ)
1 1 ) ) 7/8+¢€ 1 1 5 ) 1/8—¢
:<l+§x+ﬁx +o(x )) -(l—f—zx—zx +o(x ))
1 I, 2
- <l+§x+ 22" +o(x ))
:§x2—|—0(x2). (3.26)

Equation (3.26) implies that for any € > 0 there exists &, = &,(€) > 0, such that
T%+8(1 +x, I)H%_S(l +x,1) > R(1+x,1) for x € (0,6,).
For any € > 0 and x > 0, one has
lim R, 1) = lim x
oo TI€(x D)HE (x, 1) a=e log(1+4/2) -3¢

> 1. (3.27)

Inequality (3.27) implies that for any € > O there exists X, = X»(€) > 1, such that
R(x,1) > T'"¢(x,1)H¢(x,1) for x € (X5, +o0).

REFERENCES

[1] E. NEUMAN AND J. SANDOR, On the Schwab-Borchardt mean, Math. Pannon., 14, 2 (2003), 253—
266.
[2] E. NEUMAN AND J. SANDOR, On the Schwab-Borchardt mean, II, Math. Pannon., 17, 1 (2006),
49-59.
[3] G.POLYA AND G. SZEGO, Isoperimetric Inequalities in Mathematical Physics, Princeton University
Press, Princeton, 1951.
[4] H. ALZER AND S. L. QIU, Inequalities for means in two variables, Arch. Math. (Basel), 80, 2 (2003),
201-215.
[5] E.B.LEACH AND M. C. SHOLANDER, Extended mean values II, J. Math. Anal. Appl., 92, 1 (1983),
207-223.
[6] T.P.LIN, The power mean and the logarithmic mean, Amer. Math. Monthly, 81 (1974), 879-883.
[71 H.J. SEIFFERT, Aufgabe B 16, Die Wurzel, 29 (1995), 221-222.
[8] J. SANDOR, On refinements of certain inequalities for means, Arch. Math. (Brno), 31, 4 (1995), 279—
282.
[9] J. SANDOR, On certain inequalities for means II, J. Math. Anal. Appl., 199, 2 (1996), 629-635.
[10] J. SANDOR, On certain inequalities for means III, Arch. Math. (Basel), 76, 1 (2001), 34-40.
[11] E.NEUMAN AND J. SANDOR, Generalized Heronian means, Math. Pannon., 19, 1 (2008), 57-70.
[12] E. NEUMAN AND J. SANDOR, On certain means of two arguments and their extensions, Int. J. Math.
Math. Sci., 16 (2003), 981-993.



600

[13]
[14]
[15]
[16]
[17]
[18]
[19]
[20]
[21]
[22]
[23]
[24]
[25]
[26]
[27]
[28]
[29]
[30]
[31]

[32]

WEIFENG XIA AND YUMING CHU

P. A. HASTO, Optimal inequalities between Seiffert’s mean and power means, Math. Inequal. Appl.,
7,1 (2004), 47-53.

E. NEUMAN, Inequalities for the Schwab-Borchardt mean and their applications, J. Math. Inequal.,
5,4 (2011), 601-609.

Y. M. CHU, B. Y. LONG, W. M. GONG AND Y. Q. SONG, Sharp bounds for Seiffert and Neuman-
Sdndor means in terms of generalized logarithmic means, J. Inequal. Appl., 2013, (10) 2013, 13 pages.
Y. M. L1, B. Y. LONG AND Y. M. CHU, Sharp bounds for the Neuman-Sdandor mean in terms of
generalized logarithmic mean, J. Math. Inequal., 6, 4 (2012), 567-577.

E. NEUMAN, A note on a certain bivariate mean, J. Math. Inequal., 6, 4 (2012), 637-643.

T. H. ZHAO, Y. M. CHU AND B. Y. L1U, Optimal bounds for Neuman-Sdndor mean in terms of
the convex combination of harmonic, geometric, quadratic, and contraharmonic means, Abstr. Appl.
Anal., 2012, Article ID 302635, 9 pages.

Y. M. CHU AND B. Y. LONG, Bounds of the Neuman-Sdndor mean using power and identric means,
Abstr. Appl. Anal., 2013, Article ID 832591, 6 pages.

W. F. X1A, W. JANOUS AND Y. M. CHU, The optimal convex combination bounds of arithmetic and
harmonic means in terms of power mean, J. Math. Inequal., 6, 2 (2012), 241-248.

Y. M. CHU, Y. F. QiU AND M. K. WANG, Hélder mean inequalities for the complete elliptic integrals,
Integral Transforms Spec. Funct., 23, 7 (2012), 521-527.

Y. M. CHU, M. K. WANG, Y. P. JIANG AND S. L. Q1U, Concavity of the complete elliptic integrals
of the second kind with respect to Holder means, J. Math. Anal. Appl., 395, 2 (2012), 637-642.

Y. M. CHU, M. K. WANG AND G. D. WANG, The optimal generalized logarithmic mean bounds for
Seiffert’s mean, Acta Math. Sci., 32B, 4 (2012), 1619-1626.

Y. M. CHU AND M. K. WANG, Optimal Lehmer mean bounds for the Toader mean, Results Math.,
61, 3-4 (2012), 223-229.

Y. M. CHU, M. K. WANG AND S. L. Q1U, Optimal combinations bounds of root-square and arith-
metic means for Toader mean, Proc. Indian Acad. Sci. Math. Sci., 122, 1 (2012), 41-51.

S. L. Qiu, Y. F. Qiu, M. K. WANG AND Y. M. CHU, Holder mean inequalities for generalized
Grotzsch ring and Hersch-Pfluger distortion functions, Math. Inequal. Appl., 15, 1 (2012), 237-245.
M. K. WANG, Y. M. CHU, S. L. QIU AND Y. P. JIANG, Convexity of the complete elliptic integrals
of the first kind with respect to Holder means, J. Math. Anal. Appl., 388, 2 (2012), 1141-1146.

M. K. WANG, Z. K. WANG AND Y. M. CHU, An optimal double inequality between geometric and
identric means, Appl. Math. Lett., 25, 3 (2012), 471-475.

G. D. WANG, X. H. ZHANG AND Y. M. CHU, A power mean inequality for the Grotzsch ring func-
tion, Math. Inequal. Appl., 14, 4 (2011), 833-837.

M. K. WANG, Y. M. CHU, Y. F. QIU AND S. L. QIU, An optimal power mean inequality for the
complete elliptic integrals, Appl. Math. Lett., 24, 6 (2011), 887-890.

Y. M. CHU AND W. F. XIA, Two optimal double inequalities between power mean and logarithmic
mean, Comput. Math. Appl., 60, 1 (2010), 83-89.

W. F. X1A, Y. M. CHU AND G. D. WANG, The optimal upper and lower power mean bounds for
a convex combination of the arithmetic and logarithmic means, Abstr. Appl. Anal., 2010, Article ID
604804, 9 pages.

(Received October 31, 2012) Weifeng Xia

School of Teacher Education

Huzhou Teachers College

Huzhou 313000, Zhejiang, China,

e-mail: xwf212@163.com, xwf2l12@hutc.zj.cn

Yuming Chu

School of Mathematics and Computation Sciences
Hunan City University

Yiyang 413000, China

e-mail: chuyuming@hutc.zj.cn

Journal of Mathematical Inequalities

v.ele-math.com

jmi@ele-math.com



