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BOUNDS FOR THE WEIGHTED GINI MEAN
DIFFERENCE OF AN EMPIRICAL DISTRIBUTION

YU Mi1A0O, L1 GE AND ANG PENG

(Communicated by J. Pecaric)

Abstract. In the paper, we obtain various bounds for more general weighted Gini mean differ-
ence of an empirical distribution, which extend the results of Cerone and Dragomir in [2].

1. Introduction

To measure the disparity of a probability distribution, the Gini mean difference
and its scale invariant version, the Gini index, are most widely used. The special case
of an empirical distribution is particularly important.

The Gini mean difference of the sample a = (ay,---,a,) € R" is defined by

1 &2 1
:_222“i—“j|:n—2 Y lai—aj|
imliml 1<i<j<n

and

is the Gini index of a, provided the sample mean a is not zero [5, p. 257].
The Gini index of a equals the Gini mean difference of the “scaled down” sample

a= (L 2), @ro)

a

That is to say,
1 n
R(a) =R(ay,---,a) = —22

HM:

We state several important properties of the Gini index for an empirical distribution of

nonnegative data [5, p. 257].
(i) Let (ay,---,a,) € Rl with ¥ a; > 0. Then

z 1
0=R(a,--~,a)<R(a17---,an)<R<07---,O,Zai> =1--<1,
i=1 n
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R(Bai,---,Ba,) =R(ay,---,a,), forevery > 0.
and

Rlai+A,-,a,+ 1) = R(ay,---,a,), forA >0.

a
a+A
(ii) R(-) is a continuous function on R’} .
These and other properties have been investigated by many authors. For a survey
and references, see [0, 3, 4, 5].
For a = (ay,---,a,) € R" and p = (py,---,pn) a probability sequence, meaning
that p; >0 (i€ {1,---,n}) and ¥, pi = 1, Cerone and Dragomir considered in [1]
the weighted Gini mean difference defined by the formula

1 n n
p.a)=3 > Ypipjlai—al= 3 pipjlai-aj), (L.1)
j=1li=1 1<i<j<n
and proved that
1 . z
_K(p7a) < G(p7a) < inf 2pi|ai - Y‘ < K(p7a)7
2 reR i3
where K(p,a) is the mean absolute deviation, namely
n n
a):= D pilai— 3, pjaj|-
i=1 j=1
They have also shown that if more information on the sampling data a = (ay,--,a,)

is available, i.e., there exist the real numbers a and A such that a < a; < A for each
i€{l,---,n}, then

1
Glpa) < (4-a) max [(1-p)] (< ;4-0)), (12)

where Py := 3 ;c;p;j. Also, they have shown that

i (g %(A—a)). (1.3)

Notice that in general the bounds for the weighted Gini mean difference G(p,a) pro-
vided by (1.2) and (1.3) cannot be compared to conclude that one is always better than
the other [1].

Recently, in [2], Cerone and Dragomir provided various bounds for the more gen-
eral r-weighted Gini mean difference. For a = (ay,---,a,) € R" and p = (p1,---,pn)
a probability sequence, meaning that p; >0 (i € {1,---,n}) and ¥}, p; = 1, Cerone
and Dragomir considered in [2] the r-weighted Gini mean difference, for r € [1,),
defined by the formula

A+a

n n
: Ez,pipj\ai—aj\r= > pipjlai—ajl, (1.4)
j=li=1

I1<i<j<n

NI'—‘
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and proved

L {p{p§+pipj(1—pipj)"1
2 (i.J)

1
(l _pipj)r_l |Cl[—(1jr} g Gr(p’a) g 5 max ‘ai_aj‘r7 (15)

2 (i,j)ea

where A := {(Z7J)|la.] € {17 e 7n}}

The main aim of the paper is to continue the work begun in [1, 2] and extends their
results for the more general weighted Gini mean difference that has been introduced in
[1,2].

2. Main results

Fixed two positive integers n,m, for a= (ay,---,a,) € R", b= (by,---,b,) € R™
and p = (p1,--*,pPu)> 9= (q1,"*-,qm) two probability sequences, meaning that p;,
q; >0 (ie{l,---,n}, je{l,---,m}) and 3! p; =1, > 1q;j =1, we introduce
the following general r-weighted Gini mean difference, for r € [1,), defined by the

formula .
ZZ iqlai— 2.1)

Obviously, if taking m = n, p; = q;, a; = b;, forall i € {1,--- n}, then G,(p,q;a,b)
becomes the r-weighted Gini mean difference (1.4). Now, if we define

A= {@G)lie{l,-- n},je{l,--- m}},

then we can simply write the relation (2.1) in the form

G,(p,q;a,b):

NI'—‘

G(p,g:a,b) = 3 Z pigjlai—bj|",
(i,j)eA

Now we state the following result concerning upper and lower bounds for G,(p,q;a,b).

THEOREM 2.1. Forany p;, q;j € (0,1) with ¥, pi=1, Yiqj=1and a;b;€
R, 1 <i<n, 1 <j<m,assume that

n m
2 aipi= 2, bjpj.
i=1 j=1
Then we have the following inequalities

1 ror T 1— r—1
L nax { pid; + ( PkfIzr)_l LT bm}
2 (k) (1= pxar)

2.2)

1
< Gr(p,q;a,b) < 5 max |ax— bl
2 (k1)eh

where r > 1.
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Proof. Since
Y, pigj(ai—b;) =0,
(ij)€A
then, for any fixed (k,1) € A, we have
prai(axr—b)=— > piqjlai—Dby).
(i./)ea\{(kD)}
Taking the modulus in above equation and by Holder’s inequality, we have successively

prqilax — by
= Z ptCIj( —b; )
(L)) ea\{(kD)}
1/a 1/r
<\ X pa 2 pgjlai—bl’ (2.3)
(i.)EA{ (K1)} (L)) ea\{(kD)}
1/a 1/r
= X pgi—pa Y. pigjlai—b;|" = prailax —bi|"
(i.j)€A (ij)eA

=(1—pea) ™ (2G,(p,q:a,b) — peailac—by|")""

where 7+a =lLo>1.
Taking the prower r in (2.3), we have

prdllar—bi" < (1—peqr)”" (2G1(p.q;a,b) — prai|ax — by|")

which implies

1 prai+ (L= pear)” ' e @
2 (I—pra))!

for each (k1) € A. Taking the maximum over (k,I) € A in (2.4), we deduce the first
inequality in (2.2). The second inequality is obvious on observing that

—b|" < G,(p,q;a,b) (2.4)

G,(p,q:;a,b) ZZp,qj max_|a; —b;|" = = max |a;—b;[". O
j li= (i,/)eA (1 /)GA

REMARK 2.1. If taking m = n, p; = q;, a; = b;, for all i € {1,---,n}, then the
bounds in (2.2) become the result (1.5) of Cerone and Dragomir.

REMARK 2.2. The case r = 2 is of interest, since

G pq,ab ZZPLCIJ‘% b|
j li=

Z%{zpla —2<sz“!> (2‘“ >+,21q’b2}
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for which we can obtain from Theorem 2.1 the following bounds,

1 1
= max {ﬂ(ak_bl)z} < Ga(p.q;a,b) < = max (ax—b)*.
2 anea U1 —prar 2 (kp)ea

REMARK 2.3. Itis easy to check the function

(=)t

ht)=——W—2— r>1
(1) (111 r
is strictly increasing on [0,1). Therefore
[ piar + (L= prg) prau .
mlnA{ ki 371 }: min_h.(piq;)
(k) eA (1 - prar) (kl)eA

where p =min{py,---,pn}, ¢ =min{qi, --,qnm}. Then we can obtain a coarse but,
perhaps, a more useful lower bound

G/(p,q;a,b) >

For the case r = 2, we then have

Gz(P7Q§37b) 2

THEOREM 2.2. Forany p;, q; € (0,1) with ¥\, pi=1, Yiiqj=1andabje
R, 1 <i<n, 1 <j<m,assume that

n m
D aipi= Y, bjp;.
i=1 j=1
Then we have the following inequalities

1
max_piqi|ax —bi| < Gi(p,q;a,b) < 5 max_|a; — bl (2.5)
(k1)eA (k1)eA
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Proof. As in the proof of Theorem 2.1, for all (k,l) € A

prqilar—bi| = Z piq(ai—Dbj)
(i.J)EA{ (k,1)}
Y. pigjlai—bj| — praila — a|
(i,j)eA

=2G1(p,q;a,b) — prqi|ar — al.

(2.6)

which implies the first inequality in (2.5). The second part is obvious. [

REMARK 2.4. If taking m = n, p; = q;, a; = b;, for all i € {1,---,n}, in [2,
Theorem 2, p183], Cerone and Dragomir obtained the following inequalities

1 1
= max ¢ pipilak—ay| | 1+ ———
2 (kDeh o max - pipj
(i.J)eA\{k 1} (2.7)
1
<Gi(p,q;a,b) < < 5 max, lax —ay].

However, we find that the lower bound of (2.7) is wrong. If we take p; = 1/n for any
i, then (2.7) becomes

1

1 1
2<1+n2>(g§1x lax —a;| < Gi(p,q:a,b) < 5( ) \ak—az

which yields a contradiction.

Next we shall give some more general results.

THEOREM 2.3. Forany p;, q; € (0,1) with 3 pi=1, ¥ gj=1and a;,b; €
R, 1 <i<n, 1 <j<m,assume that

n m
N aipi= Y, bjpj.
i=1 j=1
Then we have the following inequalities

1 Y (k1)ea, Prdqilar — by
—max{( (kD)eAr ) + Y pealac—bil”

2 Ay CA (1 — Z(k,l)eAl Pk‘ll) . (k1)eA;

(2.8)

1
<®@&am<§ a|%—mf
(k)eh

where r > 1.
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Proof. Since

2 pigjlai—bj) =0,
(i.j)eA

then, for any fixed A; C Z, we have

> palac—b)=— Y  pigjlai—bj).

(k1A (i,j)EM\A

Taking the modulus in above equation and by Holder’s inequality, we have successively

Y. prailar— bl
(k1) eA;

= 2 piqj(ai—b;)
(i.J)€A\A
1/a 1/r
2 Pidj Z pigjlai—bj|"
(i,J)EA\A (i,/)EA\A

( /o 1/r

N

Y pigi— Y pea > pigjlai—bil"— Y, praila—bil”
(i,j)eA (k1)EA (i,j)eA (k1)EA

r—1

= 1/r
(1 -y Pk%) <2G (pg:a,b)— Y, prailax— bl )
(

(k,l)eA; kl)eA;

(2.9)
where %—l—éz Lo>1.
Taking the prower r in (2.9), we have

r r—1
( Y PkfIzak—bz|> < (1 -y Pk‘ﬁ)
(k1)eh, (k1)eh,
<2G (pg:a,b)— Y, praila— byl )

(k,1)EA,

which implies

2

1| (Saea, pratlax —bil)" ,
{( LDt DS e b <G aab) @10
(1= Xk 1)ea, Pcar) (k1)eA

for each Ay C A. Taking the maximum over A; C A in (2.10), we deduce the first
inequality in (2.8). The second inequality is obvious. [
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THEOREM 2.4. Forany p;, q; € (0,1) with ' pi=1, Yiigj=1andajbje

R, 1 <i<n, 1 <j<m, assume that
n m
Y aipi= 2, bjpj.
i=1 j=1
Then we have the following inequalities

max |a; — by|.

max Y peqilag—b| < Gi(p,q:a,b) <
k1)cA

AICA (K 1)en,

N =

Proof. We omit the proof of the result. [

3. Related results

Let

1 r
G.(a,b) := o) ZA\ai—bﬂ ,
(i,j)eA

2.11)

then the following result provides a connection between G,(a,b) and G,(p,q;a,b).

THEOREM 3.1. Forany p;, q; € (0,1) with 3 pi=1, ¥ gj=1and a;,b; €

R, 1 <i<n, 1 <j<m,assume that
n m
Y aipi= Y, bjpj.
i=1 j=1

Then we have the following inequality

-1

Pidr 2
G:(p.q:a,b) < Y pra — n“G,(a,b)
(k,l)GA (Z(L HeaPidf — p,‘j‘q?‘)

where%—kézl, o>1,r>1.

(3.1)
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Proof. By Holder’s inequality, we have that

prqilax —bi| = Z piqj(ai—bj)
(i.j)ea\{(kD)}
1/a 1/r

< > ridf 2 la—bl

(i.))ea\{(kD)} (i.))ea\{(kD)}

1 e G2

= X pfe¥—pia’ Y, lai—bjl"—|ar—by|"

(i.j) €A (i.j) €A

/o
Ml

= X prat-plar|  (2°Giab)—la—nl")"

(t,j)eA

where %—l—é: Lo>1.
Taking the prower r in (3.2), we have
r—1
pigila—bil" < | Y, pfqf —plal (2°G(a,b) — |ax—by|")
(i.j)eh
which implies
-1
a—bi < |1+ Pii 212G, (a,b) 3.3)

r—1
(Sqpapfas —piar)

for each (k,l) € A. Now, if we multiply (3.3) with prg; > 0 and sum over (k,1) e A
then we have

-1

G:(p.q:a,b) < Y pra Pt — n’G.(a,b). O
s (Z(i, eaplad — piaf)

REMARK 3.1. If r= o =2, then

rar
Y par| 1+ P | =1-
(k)eh (Z(L HeaPidf — p,?q?‘)

which implies

Z( kl)e Aquz

GZ(paq;aab) < (1_
Y jealidi

) n’Gy(a,b). (3.4)
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If taking m=n, p;=gq;, a;=b;, forall i € {1,---,n}, then the bound in (3.4) becomes
Theorem 4. in [2].

The next result compares the Gini mean difference G;(p,q;a,b) and G,(a,b).

THEOREM 3.2. Forany p;, q; € (0,1) with ' pi=1, z;'":ﬂj =1landa;,bjc
R, 1 <i<n, 1 <j<m,assume that

n m
D aipi= Y, bjp;.
i=1 =1

Then we have the following inequality
1/a

Y pia’ | (22%G.(ab)"" (3.5)
(i,j)eA

Gl (pa qvaab) <

ENT

where %+é=1,a>1,r> 1.

Proof. By Holder’s inequality, we have that

prdilax — bl = Y pigjlai—b))
(i.J)eA{ (k,1)}
1/a 1/r

> by > Jai—by|
(i.J)EA{ (k,1)} (i.J)EA{ (k,1)}

/o 1/r
= X pfe¥—pia’ > lai—bj|"—lax—b|"
(i.j)eA (i.j)eA

/o

"1
= X pra¥-plaf|  (22%Gi(ab)—la—b")""
(i,j)eA

N

(3.6)

where %—l—éz Lo>1.
Using the elementary inequality

(Cr_dr)l/r(,ya_aa)l/a < cy—d6
provided ¢ >d, y> 6 and o,r > 1 with %4—% =1, we can obtain that

/o

1
pratlax—bil < | Y, piq¥ (2n°G,(a,b)) - prqilax — by
(i.j)€A
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which yields
/o

1
2pkaqilar—bil < | Y, piqd (2n*G,(a,b)) r
(i,j)EA

for each (k,I) € A. Summing in the above inequality over (k,/) € A we deduce the
desired result. [
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